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VECTORS
AND
KINEMATICS

1.1 Vector algebra 1
A=Q2i-3j+7k) B=Gi+j+2k)
@ A+B=Q2+5i+B3+Dj+T+2k=71-2]+9k
G A-B=Q2-5i+(-3-1Dj7-2k=-31-4j+5k
© A-B=(2)5)+(=3)(1)+(N(2) =21
i j) Kk
2 -3 7
5 1 2
=-131+31j+17k

(d AxB=

1.2 Vector algebra 2

A=(@i-2j+5k B=(6i-7j+4k)
(@) A=A A=3+(-2+5 =38

(b) B =B-B =6+ (=77 +4 = 101

(©) (A-B)’ =[(3)6) + (-2)(=7) + (S)@)I* = [18 + 14 + 201> = 52* = 2704



2 VECTORS AND KINEMATICS

1.3 Cosine and sine by vector algebra
A=GBi+j+k B=(2i+]j+k
(a)

A-B=ABcos(A,B)

A-B
cos(A,B) = ——

AB
_ (-6+1+1) _ -4 ~ 0.492
VO+1+DVA+1+1) V116

(b) method 1:
|A X B| = ABsin(A,B)

AxB

sin(A,B) = A Bl

AB
i jk
AxB=|3 1 1
2011

=1-Di-G+2)j+3B+2)k =-5j+5k
AxB|l= V32452 =512

AxB| 52
sin(A.B) = | AXB |- «/1_1\/_\/8 ~ 0.870

(c) method 2 (simpler) — use:

sin6 + cos’ 9 =1
sin (A, B) = /1 —cos? (A, B)
= 41 -(0.492)> from (a) ~ 0.871

1.4 Direction cosines

Note that here a, S, v stand F

for direction cosines, not for

the angles shown in the figure: [ T T T

0, = cos” ! a, A’b @% IN

6, = cos™' B,

6, = cos™!y. Ay
N, L8y

continued next page — B, P~



VECTORS AND KINEMATICS 3

A=A i+Aj+Ak
Ax:A-f =A cos(A,i)EAa/

@ = COoS (A,'i\) = cosb,.
Similarly,

A, =Acos(A,]) =AB
B = cos (A,j) = cos 6,
A, =Acos(Ak) =Ay
y = cos (A, K) = cosé.

Using these results,

AP = AT+ A+ A
=A@ +p+7)
from which it follows that
A +p+y =1
Another way to see this is
A =p’+ A = AT+ A+ A =A@+ B +Y)
and it follows as before that

a? + Byt =1,

1.5 Perpendicular vectors

Given |A—B| = |A+B| with A and B nonzero. Evaluate the magnitudes by squaring.

A2—2A -B+B>=A>+2A-B+ B
—2A-B=+2A-B.
A-B=0

and it follows that A 1 B.
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1.6 Diagonals of a parallelogram

The parallelogram is

equilateral, so A = B.

B
D;=A+B
D,=B-A
D;-D,=(A+B)-(B-A) =A>-B*> =0.
/

Hence D; - D, = 0 and it follows that D; L D,.

1.7 Law of sines

The area A of the triangle is

1 1 1
ﬂZEAh :EAB smy :§|AXB|

Similarly,

1 1
A= ElB xC| = EBCsinoz

1 1
A= EIC XAl = EAC sin 3.

Hence AB siny = BC sina = AC sin S, from which it follows
siny sina _ sinf
C A B
Introducing the cross product makes the notation convenient, and emphasizes the

relation between the cross product and the area of the triangle, but it is not essential
for the proof.
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1.8 Vector proof of a trigonometric identity

Given two unit vectors & = cos §i+sin6j and b = cos ¢i+sin¢j, witha = 1,b = 1.
First evaluate their scalar product using components:

¢
a-b=abcosfcos¢ +ab sinfsin¢ ) 1
= cos 6 cos ¢ + sinfsin @
then evaluate their scalar product geometrically. ) “
9
6

~>
A 4

a-b=abcos(a,b) =abcos(¢p—6)=cos(¢p—0)
Equating the two results,

cos (¢ — 0) = cos¢pcosb + singsind

1.9 Perpendicular unit vector

Given A = (i+j—k)and B = (2i+j—3Kk), find C such that A - C = 0and B - C = 0.

C= Cxi+Cyj+CZlA<
= i+ (C,/CHj + (C./CHk)
A-C=C(1+(Cy/Cy)—(C,/Cy)) =0
B-C = Cu2+(C,/C)—3(C./C)) = 0

We have two equations for the two unknowns (C,/Cy) and (C,/Cy).

I+ (Cy/cx) - (Cz/cx) =0
2+ (Cy/cx) - 3(Cz/cx) =0.

The solutions are (C,/C,) = -1 and (C,/C,) = 1, so that C = C4(i - £j + 1k). To
evaluate C,, apply the condition that C is a unit vector.

2_§ 2
=3¢ =1
C. = +2/3)
RN Y YR S

continued next page —



6 VECTORS AND KINEMATICS

which can be written
~ 1 A A A
C=x—Qi-j+k)
V6
Geometrically, C can be perpendicular to both A and B only if C is perpendicular

to the plane determined by A and B. From the standpoint of vector algebra, this
implies that C o« A X B. To prove this, evaluate A x B.

ij k
AxB=|1 1 -1
2 1 -3
=2i+j-k

1.10 Perpendicular unit vectors

Given A = 3i + 4j — 4k, find a unit vector B perpendicular to A.

(a)
B=Bi+Bj =Bli+(B/B]l
A-B=B,[3+4(B,/B,)] =0
B,/B, = -3/4

A 34
B=B,i——]j
[i 1 J]

To evaluate B,, note that B is a unit vector, B> = 1.

Coole 3V _(25)
rfor ] -

which gives

B, = +(4/5)
. . . 1 o~ s
B =+(4/5)1-G/4)) ==+z(4i-3))

continued next page —



VECTORS AND KINEMATICS 7

(b)
C=C,i+Cj+C.k
= Cii+(C,/CJ + (C./CK]
A-C=0 = C[3+4(Cy/C,)—4C,/CHI=0
B-C=0 = %Cx[4 -3(C,/CHI =0
C,/C,=4/3 C,/C,=25/12

To make C a unit vector,

2 ale L (AY L (25
ccfors (3 (3] -

C, ~ £0.348

(c) The vector B x C is perpendicular (normal) to the plane defined by B and C, so

we want to prove

AxBxC
i j Kk
BxC=C|? -2 0
1 4 2
3 12
[ (75\: (100\. (25).
=Col-|=)1- (= ]i+|=]k
(o) i<(5)¢
el

lz)cx(—si—4j+4f<) « A.

1.11 Volume of a parallelepiped

With reference to the sketch, the height is A cos «,
so the frontal area is AB cos a. The depth is
C sin S, so the volume V is

V =(ABcosa)(CsinB) = (Acosa)(BCsinB) =A-(B xC)

The same approach can be used starting with a different face.

V=C-(AxB) V=B-(CxA)
Note that A, B, C are arbitrary vectors. This proves the vector identity

A-BxC)=C-(AxB)=B-(CxA)
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1.12 Constructing a vector to a point

Applying vector addition to the lower triangle
in the sketch,

'\1?= (7 -7)

A:I'1+)C(I'2—I'1)

=(1—-x)r; +xr;

1.13 Expressing one vector in terms of another

We will express vector A in terms of a unit vector m
. As shown in the sketch, we can write 1‘
A as the vector sum of a vector A parallel to fi
and a vector A, perpendicular to fi,

sothat A = Ay +A,.

Ayl = Acosa

The direction of A is along , so it follows that
A= (A-h)h.
A, | =Asina = [fixA|

The direction of (fi X A) is into the paper, so taking its cross product with fi gives a
vector (i X A) x fi along A, and with the correct magnitude. Hence

A=A -hHh+(MxA)xin

1.14 Two points

S:I'Z—I‘l B =xS A:I'1+B

x=0atr=0;x=1ater=T
so that x = ¢/T, linear in ¢
t

t t
A=r+xS =r; + =(r; - :(1——) + =
r; + X I T(rz ry) T Iy Trz
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1.15 Great circle

Consider vectors R; and R, from the center 7
of a sphere of radius R to points on the surface.

To avoid complications, the sketch shows the geometry

of a generic vector R; (i = 1 or 2) making angles A; and ¢;.
The magnitude of R; is R, so Ry = R, = R.

The coordinates of a point on the surface are

R; = Rcoslicos¢,~f+Rcos/li sind),-j +Rsin/lilA(

The angle between two points can be found using the dot product.

R; - R R;-R
6(1,2) = arccos L 2) = arccos | ———2
RiR, R?

Note that 6(1, 2) is in radians.

The great circle distance between Ry and R is § = RO(1, 2).

R; - R, = R*(cos A, cos @1 cos Ay cOS ¢y + cos Ay sin ¢y cos A, sin ¢, + sin A; sin A,)
Hence

S =R06(1,2)

= Rarccos [cos A cos A,(cos ¢y cos ¢, + sin ¢y sin@,) + sin A; sin A5 ]

= R arccos {% cos (A; + Ap) [cos (¢ — ¢pp) — 1] + %cos (A1 — ) [cos (¢ — o) + 1]}
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1.16 Measuring g

The motion is free fall with uniform
acceleration, so the trajectory is a
parabola, as shown in the sketch. Take
the initial conditions at 7=0 to be

7 = z4 and v = v4. The height z is then

I
Z:ZA+VAT—§gT
The height is again z4 when T = T4.

1
2a =24 +vals — EgTi

so that

1 1
0= val s — EgTi = Va4 = EgTA

Le.i.aht
B ™
S e— Ty —> ‘\\
A \
i A
A i \ time

By the symmetry of the trajectory, the body reaches height zp for the second time

at T = 2(T + Tp).
h =2 — <A

2/\2

1
= 38(Ti-Tp)
_8h
CTI-T3

8

1 1 1
Za + EVA(TA + Tp) — Eg[E(TA + TB)]Q] -

I\(1 1 2
=== gTA(TA + TB) - gg(TA + TB)

I
24 +valy — =gT;

2
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1.17 Rolling drum

The drum rolls without slipping, so that when it has rotated through an angle 6, it
advances down the plane by a distance x equal to the arc length s = R6 laid down.

x = R0
a=% =RO =Ra

so that

a
a=—
R

1.18 Elevator and falling marble

r 1

Starting at ¢ = 0, the elevator moves upward
with uniform speed vy, so its height above the ground * T
A

at time ¢ 1S z = vyt.

Attime T, h = voT, so that T = h/vy. At the instant T} L

/,/////// ////////

when the marble is released, the marble is at height &
and has an instantaneous speed vy. Its height z at a later time ¢ is then

1
z=h+vy(t-T)) - Eg(t -1
The marble hits the ground 4 = 0 at time # = 7.
1
O0=h+vo(T2—Ty) - Eg(Tz -7
=h+ h(T 7)) ! (T, — T))?
= T, 2 1 28 2 1
=h———g(T, - T
T 28( 2 1)
1T,

h=—-—g(T,-T))>*
2T28(2 1)
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1.19 Relative velocity

()
'a =TIp +R

ry=rg+R

(b)
R = 2/sin (wh)i R
R = 2lwcos (wi) 1 O
,Yh ‘s X
From the result of part (a) \
Va = Vi, + 2lw cos (wh) i
1.20 Sportscar

With reference to the sketch, the distance D traveled is the area under the plot of
speed vs. time. The goal is to minimize the time while keeping D constant. This
involves accelerating with maximum acceleration a, for time 7, and then braking
with maximum (negative) acceleration a, to bring the car to rest.

Vinax = Agly = ah(T - tO)
a,T mas

th =
a, + ap

p=l, L pp = L[ G )
= ZVmax = 4, ==
2 270 2\a, +a,

7o [Pt a)
a,ap

_ 100km/hr _(100km)(1000m)( 1 hr )( 1

gﬁ. e —— e e —
-

9= "33y hr 1km J{3600s/\355
a, =0.7g =0.7(9.80m/s*) ~ 6.86m/s>

) ~ 7.94m/s?

~ 23.5s

/(2000 m)(6.86 + 7.94) m/s?
- (6.86 m/s2)(7.94 m/s?)
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1.21 Particle with constant radial velocity

(a)
v=it+r00 = 4.0m/s)t + (3.0m)(2.0rad/s) &

(Note that radians are dimensionless.)

v=40f+6.00)m/s v=2+v2 = V16.0+36.0 ~7.2m/s
(b)

a=@F—r")f+ (b +2i0)0

F=0and =0

a, = —rf* = —(3.0m)(2.0rad/s)> = —12.0m/s’
ag = 2i9 =2(4.0m/s)(2.0rad/s) = 16.0m/s’

a=4Ja>+a; = V144.0 + 256.0 =20.0m/s’

1.22 Jerk

For uniform motion in a circle, 0 = wt,
where the angular speed w is constant.

r=rt =R¥T
v=rf0 =wRO

a=—rfft = -Ru’t
Let j = jerk.

da dr o
j= — = —Rw’— = —Rw’0
1= “dr @

The vector diagram (drawn for R = 2 and w = 1.5)
rotates rigidly as the point moves around the circle.
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1.23 Smooth elevator ride

(a) Let a(t) = acceleration
1
a(t) = Eam[l —cosat/T)] 0<t<T
1
a(t) = —Eam[l —cos2at/T)] T <t<2T

Let j(t) = jerk

.. _da

Jj@) = ar

j() = an(n/T)sin 2at/T) 0<t<T
j(t) = —a,(x/T)sin Qnt/T) T <t<2T

Let v(t) = speed

v(t) = v(0) + f al)dt' 0<t<T
0

_ %am[t —(T/27) sinxt/T)]

v(t) =v(T) + f a(tydt' T <t<2T
T

= %amT - %am[(t — T) — (T/2n) sin(2nt/T)]

1
= Eam[(ZT — 1)+ (T/2m)sin2nt/T]
The sketch (in color) shows the jerk j(z) (red), the acceleration a(¢) (green), and

the speed v(#) (black) versus time ¢.

continued next page —

j
()

2T
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(b) The speed v(¢) is the area under the curve of a(f). As the sketch indicates, v(¢)
increases with time up to # = T, and then decreases. The maximum speed v,
therefore occurs at r = T, so that v,,,, = v(T).

T 1 T
Vimax = V(0) + f a(t)dt = Eamf [1 - cos(2nt' /T))dt
0 0

! 1
= 5 [t — (T/2x)sin2at' /Ty = EamT
(c) For t < T, we can use the small angle approximation:

. 1
51n9—[0—§9 +...]

v(t) = f a(@)dr = %am[t — (T /2r) sin 2rt/T)]
0

= %{t —(T2m|[2nt/T) — %(27U/T)3 + ...}

G 1 25 o (T
~ Z 5 Cn/T)r) ~am(3)(T2)

(d) direct method.:

Let the distance at time ¢ be x(7).

x(1) = f v(t')dt

where

1 f
v(t):—fa(t’)dt’ 0<t<T
2 Jo

_ %’"[; —(T/2m)sin@nt/T)] 0<t<T

T t
v(t) = f a(®)dt’ + f a(tydt T <t<2T
0 T

- %"[T —t+ T +(T/27)sin Qnt/T)] T <t<2T

(Note that v(2T') = 0.) Then

D = x(2T)
B a, T 2T

== [t = (T/2m)sin 2rt’/T)]dt" + %’" [2T — ¢ + (T /2n) sin 2nt’ /T)]dY
0 T

a
=272
2

continued next page —
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(e) symmetry method:

By symmetry, the distance from x(0) to x(7") and the distance from x(7) to
x(2T) are equal. The distance from x(0) to x(7) is

T
x(T):f v(t')dt
0

a T
== f [t — (T/27) sin nt’ | T)ldt’
0

= 27?2

= 2 [¢2)2 + (T/21)? cos 2nt' /T))] 0 =2

2
By symmetry

|T a,

1
D =2x(T) = 5a,,,T2

as before.

1.24 Rolling tire

Let x, y be the coordinates of the pebble measured Yy

from the stationary origin. Let p be the vector /4 .

from the stationary origin to the center of the Vol SO ~
rolling tire, and let R’ be the vector / <
from the center of the tire to the pebble.

p=ROi+R]) ~ 2 -
R’ = —Rsin#i—- Rcos6] ]

From the diagram, the vector from the origin to the pebble is

xi+yj=p+R =ROi+Rj—Rsinfi—Rcosbj
x=RO—-Rsinl x=R6O-Rcoshb
y=R-Rcosf y=Rsinho

The tire is rolling at constant speed without slipping: 8 = wt = (V/R)t.

continued next page —
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% =Rw—Rwcosf i=Rw’sind
y=Rwsinf ¥ = Rw*cosb
Note that

i+yj=p+R =R

The pebble on the tire experiences an inward radial acceleration V?/R, and from

the results for X and y

JETF = R
V2
“R

as expected.

This result shows that the acceleration measured in the stationary system is the

same as measured in the system moving uniformly along with the tire.

1.25 Spiraling particle

(a)
) p at?
r = — = —
b4 2
at?
r=—
2
o at
F=— 0=at
T
i*:g 0=a
T
; . A 34 50217\ A
a=G-rO)i+0i+2i0)0 = |- L) (22 ) 0
b4 2 2r
(b)
a ot o
a,=———=0attimet
Vg 2r
a_ott _ o V2
T 2 o
2
at’ 1
()= —— = —rad
2 2

continued next page —
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© T
a=@GF-réH)t+h+2i0)0 AN

Using the expression for 6 from part (a),

a= (;—”) [(1-26°)F +500]

Setting |a,| = |agl, then |1 — 26°| = |56)|

\
\ . /
If0 < L, then 1 —26% =560 \

\f’

Because 6 > 0, the only allowable root is

9= _5+T‘/§ ~0.186 rad ~ 10°

1 2 _ 1 —
If9>ﬁ,then29 1=56

9= # ~2.69 rad ~ 154°

In the sketch, the velocity vectors are in scale to one another, as are the acceleration

vectors.

1.26 Range on a hill

The trajectory of the rock is described by coordinates x and y, as shown in the
sketch. Let the initial velocity of the rock be v, at angle 6.

1
x = (vpcosh)t y:(vosine)t—igt2

The locus of the hill is y = —xtan ¢

Let the rock land on the hill at time ¢’.

X

’

Vo cos 6

The locus of the hill and the trajectory of the rock intersect at ¢'.

1({g x?
—xtan¢ = xtan 6 — ) (W)(cosz 9)

continued next page —
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Solving for x,

2vg : 2 2vg\[1 . 2
x=|— [cos 6sin @ + (cos” 6) tan qb] =(— 3 sin 260 + (cos” 0) tan ¢
8

8
The condition for maximum range is dx/d6 = 0. Note that ¢ is a constant.
d
d_z =0 =cos20—-2sinfcosftan¢ = cos26 — (sin26)tan ¢
cot26 = tan ¢
Vs
tan 260 = tan(i - ¢)
0= r_¢ for maximum range
"1 2 .

The sketch is drawn for the case ¢ = 20° and vy = 5.0 m/s.

1.27 Peaked roof

Let the initial speed at t = 0 be v,. A straightforward way to solve this problem is
to write the equations of motion in a uniform gravitational field, as follows:

1
X =—h+ vyt Y = voyt — Egt2
Ve = Vox Vy = Voy — &t
At time 7', he ball is at the peak, where y = h and v, = 0.

Voy
0=vy—gT = T=-"2

8
2 2
1 Vo 1V,
h = T — — T'2 - _ -
VoY 28 ¢ 2¢

Vg, = 2gh

Attime T, x = 0.

h
O:_h+V0xT = Vox:T =

We then have

[, 1 5
Vo = w/\%x+v(2)y = 2+§\/g—h = \/;\/g—h

continued next page —
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A more physical approach is to note that the vertical speed needed to reach the peak
is the same as the speed v(, a mass acquires falling a distance h: vy, = \/2571 The
time 7' to fall that distance is T = v(,/g. The horizontal distance traveled in the
time 7T is

Voy 2h
h= VOxT = Vox (&) = Vox -
8
gh
Vox = 7

The initial speed vy is therefore

1 5
Vo = ,/v§x+v(2)y = w/2+§\/g_ = \/;\/g_h



NEWTON’S
LAWS

2.1 Time-dependent force

2% . 2% . 2
. F :((41‘ l—3tJ)N) :[(4z i—3tj)kg - m/s ) :(L_LN 3 ¢) ms?

11— =t
m Ske Ske 501750

(@) V(1) = v(0) = [y a(t)dr’ = (L1 - 312]) m/s
() r(t)—x(0) = [ v(t)dr = (- L5AJ) m

i J k
|t _Z

(c) rxv= 3 10 0
41 3t

1 10 0

- (41 %)
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2.2 Two blocks and string

(a) Step 1: draw the force diagram for each block N
The force diagrams are shown in the sketch. T —>X,
The vertical forces on block M, cancel, ™, — T -
because M, is on the table and has no l
vertical acceleration. (A constraint.) W T
The tension T is the same at both ends M,
of the string, because the string is massless :
so the net force on it must be 0. l

(b) Step 2: write the equations of motion for each block

Ml.jél:T MZ.IXI:ZZWZ_T

(c) Step 3: write the constraint equation(s)
We have already considered the (trivial) constraint condition for the vertical
acceleration of M,. Another constraint is that the length L of the string is fixed.

L—x+x)=constant — —-X1+X% =0 = X =i

(d) Step 4: solve
From the string constraint

T =Mi =Mi (1)
From the equation of motion for M,, and using W, = M,g,
Myg =T = Myi, (2)

Combining (1) and (2) gives

Mg

Mi+ Mo = Mag = = —28
(M, 2)Xo 28 X5 M, + My

X
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2.3 Two blocks on table

The blocks have zero vertical
acceleration, so the sketch omits

the vertical forces. By Newton’s F

third law, the force on m; due

to m, is equal and opposite to
the force on m, due to m;.

mljc‘:F—F' mzjé:F'
F

~ (my +my)

23

This result can be found directly by considering a system with mass (m, +m;) acted

on by the external force F.

my F :[ 1kg

F = e 2 ™
X = oy + my) (2kg + 1kg)

](3N) =1N

2.4 Circling particle and force

Let a,, be the inward radial acceleration

of m, and a,, the inward radial acceleration of M.
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2.5 Concrete mixer

Consider a small mass m of concrete, momentarily
at the top of the rotating drum. Mass m is acted
upon by the downward weight force W and by the
normal force N exerted by the wall of the drum.
Mass m falls away from the drum if N <0,

when w < Weritical -

W+ N =ma, i = I’I’lR(_l.)2

N = mRw* - W = mRw?* - mg = m(Rw* — 2)
N = 0 for w = weyirical-

szcritical —8= 0 = Weritical = Vg/R

For R=0.5 m and g=9.8 m/s?, weiicw = V9.8/0.5 = 4.43 rad/s, or equivalently
4.43/2n rev/s = = (0.705)(60) = 42.3 rpm.

2.6 Mass in a cone

From the force diagram,

— ~
’ N
( )
\ ! P
Nsing=W (1) -
N cos 0 = mrw? 2) v m
|
Dividing Eq. (1) by Eq. (2) gives | 9

tanf = = g = g
mrw? mrw? rw? l

The speed vy of m around the cone is vy = rw.

2
v, tan 0

g}"
tan0:—2 = r=
vy g
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2.7 Leaning pole
(a)
2 2 2
x+y =L l
y ) L

2xx+2yy=0 0
P+ xi+y+yy=0 l A
— —

When the pole is at rest, x =0, y = 0.
At rest, the condition becomes

FF
xX+yy=0
y 0 | e M upper block
= Y% = _(t .
%= -5 = ~(@n6)y (1) N W
AN
W \ ANV'
N ™
\
lower block C Q—Q——
\
w o

(b) The pole is taken to be massless, so the net force on the pole must be 0. The
pole therefore exerts equal and opposite force F, on each block, as indicated in
the force diagrams. Consider only the equations of motion that do not involve
the horizontal normal force N, exerted on the upper block by the wall, and the
vertical normal force N, exerted on the lower block by the floor.

upper block: My = F,sinf - W (2)
lower block: M = F,sin6 (3)

Solve Eqgs.(1), (2), (3) for the three unknowns F,, ¥ and j. From Egs. (2) and
(3)

sin @

Mj}:M)'c'( )—W = y = (tan6)¥ — g.

cosf
Combining with Eq. (1) yields

. . -8
= —(tan’Q)y—g = —°=
Y ( V-8 1 + tan?6

Using the identities tan § = sin 6/ cos 6 and sin® 6 + cos® 6 = 1 gives

j=—gcos’6 X = —(tan0)y = gsinfcos
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2.8 Two masses and two pulleys

—P

b

=2
-
—

>

-

T =

)

-

‘ = .
-

constraint:

The fixed length of the string is a constraint.

(X2 + 1L+ 1)
2

equations of motion:

xi+hL+0+ = constant = X, = —2X

The vertical force on the upper pulley plays no role in the motion and can be ne-
glected. The lower pulley is taken to be massless, so the net force is 0: 27" =T.

Ml)'c'l :T—Mlg = T:Mljc'l +M1g

. ’ T
My, =T — Myg = E—Mzg

Solving,

—4AMyx, =T —2M,g = M X, + Mg — 2M,g
% = (M, — My)g

4M, + M)
The result is reasonable. The weight of M, is counterbalanced by twice the weight
of M,; the acceleration of M, is twice the rate of M. As special cases, if M| > M,,
X1 ~—-g. ff My> M,,% ~ g/2and ¥, = —g.
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2.9 Masses on table

constraints:

Xc — Xp = constant
XC = )'(:'p
(xp — x4) + (xp — xp) = constant

Xq + Xp = 2X%p =23%c (D)

27

The lower sketch shows the forces on the
blocks and pulley. The pulley is taken to be
massless, so the net force on the pulley
is0: 2T -T' = 0.

equations of motion:
MAjC.A =T MB-X'B =T MC).C.C = Mcg -7

solving:

. T . T . 2T
X4 = — Xp = — X = e
4 My 5 Mp c=8 Mc

Using the constraint Eq. (1),

T T AT
— 4 — =2g-—
My Mg Mc
_ 2M MpMcg
 (MoMc + MgMc + 4MMp)
Then
. 2MpMcg
AT (M Mc + MM + 4MyMy)
. 2MsMcg
B = (MuMe + MpMc + 4MMp)
fe (M4 + Mp)Mcg

- (MAMC + MBMC +4MAMB)
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2.10 Three masses

(a) coordinates and force diagrams:

N| NZ

X2 ’
N
T T
T} —2]4- 2]

rg X . Trﬁg

EIN 3

(b) constraint:

Xy — x1 + 2y = length of string = constant

}éz—jé1+2}>:0

2.11 Block on wedge

constraint:

x—X

h —
D

=tan(45°) =1

y
X

h—y
X-y=4-y (D

3

equations of motion:
Note that cos (45°) = sin (45°) = 1/ V2

N
mx = N cos (45°) = — 2)
V2
. . R N
my = N sin (45°) —mg = — — mg 3)

V2

continued next page —
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solve: From Egs. (1), (2), and (3),

N A
mA =my+ — = \/EN—mg = N:M
V2 V2
. A+g . A-g
X = = —
2 )

2.12 Painter on scaffold

The constraint is that the painter and the
scaffold both accelerate at the same rate a.
The equations of motion for the painter
and the scaffold are, respectively,

Ma =2T + N — Mg
ma =2T — N —mg
(M +m)a=4T — (M + m)g
4= ar—
(M + m)

8

2.13 Pedagogical machine

Because M5 is motionless, all three

bodies experience the same horizontal
acceleration a. Two further points:

(1) M is pushing on M5 with force F’ to give M;
the acceleration a. By Newton’s third law, M;
exerts an equal and opposite force F’ on M,

as shown in the force diagram.

(2) A subtle point is that the pulley holder exerts

a force on M, as illustrated in the sketch. This force
has a horizontal component 7" directed opposite to
the applied force F.

continued next page —
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With reference to the force diagrams, the equations of motion are
Mia=F—-F -T Mya=T Msza = F’ M;g—-T =0

To find F, eliminate T, a, and F’.

T = Msg = Mya = M

= = a a=|—
38 2 Mzg
, M;
F=Mua+ F +T:(M1+M3)a+M2a:(M1+M2+M3)a:(M1+M2+M3)ﬁg
2

2.14 Pedagogical machine 2

constraints:
With reference to the coordinates — X, N2 - T
: E 4
in the upper sketch, the length [_: S RS
.. ! 3]
of the string is x; — x, + y. !
* —
X| — Xo +y = constant
=i +i=0 (1)
A second constraint is that M, and M; My T
have equal horizontal acceleration X; = X.
equations of motion: T‘___ T
M =—F -T  Mi,=T  Mi;=F T
. M . For
To solve, eliminate T and F’, express X, X3 and y | M3

in terms of ¥;, and use the constraint Eq. (1).

M
F' = Msiiy = M, 39
e . N . . (M + M)
T—Mz)Cz——(M1X1+F)——(M1+M3)X1 — Xz—Txl
2
. T M, 4 (M, + Ms)
= _—_— = — —Xy) = X
y=8 M, 8 M, 2=8 M, 1
From Eq. (1)
M+ M M+ M
O:)'c'1+( 1 3)5€1+g+( 1 3))'51
M, M;
-8 -M,Mzg

X = =
: (24 QL) | M) = QMo M; + My Ms + My M + M)
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2.15 Disk with catch

constraints:
rpa+rp = l - @\
s = 74 }/
‘3/'/‘ X
m

3 \‘\‘//"*

Because the blocks are constrained by the groove, the tangential motion plays no

equations of motion:
dynamical role, and is neglected in the force diagram. Note that the force T on each
mass is radially inward.

~T = ma(is — raw’”)
=T = mp(ig — ”sz)

ma(Fs = raw?) = mp(is = rpw?) = mg [=is + (L = ra)o’|

. my — mg ,  mplw?
Py = | ——— | rpw* + —
my + mp my + mp

2.16 Planck units

Using Maxwell’s notation, the dimensions of /4, G, and ¢ are symbolized as [h],
[G], and [c] respectively.

[h] = ML*T™! [G] = M'L’T? [c] = LT™!
(a) The Planck length L, is

L,= h*GPe”

Converting to dimensions,

L= (MLZT—I )a(M—] L3 T—Z),B(LT—I )y — M(Q—B)L(2a+3ﬁ+y)T—(a+2ﬁ+y)

continued next page —
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The fundamental dimensions M, L, T are independent of one another, so the
exponents must agree on both sides, leading to the three equations

a—-p=0 2a+3ﬁ+y:1 —a-2B8-y=0
a=1/2 =1/2 vy==3/2

e (6.6 x 10-3)(6.7 x 10-11) N
L _ = 41 1 )
"N \/ (3.0 x 10°) x 1077 m

(b) Proceeding as in (a), with fresh exponents, the Planck mass M, is

— haGﬁ o M = M(a—ﬁ) L(20+3ﬁ+7)T—(6¥+2ﬁ+7)
a=1/2 B=-1/2 y=1)2

he _ [(6.6 X 10-3)(3.0 x 10%)
G 6.7 x 10-11

M, = =54x10" kg

(c) Proceeding as before, the Planck time T, is

T — haGﬁCy T = M((Y—B)L(2a+3ﬂ+y)T—(a+2ﬁ+y)
a=1/2 B=1/2 y=-=5/2

hG (6.6 X 10-3)(6.7 x 10-11) "
T, =% = 1.3x 10
e \/ (3.0 x 108)5 S




FORCES
AND
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OF MOTION

3.1 Leaning pole with friction

constraint:
. L
24y =12 2
2xx+2yy=0 e
4+ xi+y +yy=0 o —

When the pole is at rest, X = 0, y = 0 and the condition becomes
xX+yy=0
#=-25 = —ano)y (1)
X

The net force on the massless pole must be 0.
The pole therefore exerts equal and opposite force
F, on each block.

continued next page —
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equations of motion:

upper block:
My = F,sinf—-Mg (2)

lower block:

N,—Mg=0
M5 = F,cos0— f
=F,cos0—puN,

=F,cos60—uMg (3)
We have three equations (1), (2), and (3) for the three unknowns F,, ¥ and y. From
Eq. (2),
_MG+g)

F 4
b sin @ “)
From Eq. (3)
M
cosd

Using Eqgs. (4) and (1)

V+g=(tanO)(¥ +pug)
= (tan O)[—(tan O)y + u g]

. (utanf—1)g
1 +tan%@

With the identities tan @ = sin 6/ cos 6 and sin” 6 + cos2 6 = 1
§ = (u sin@cos 6 — cos’ 0)g
Then, using Eq. (1),

X = —(tan 0)y
= (sin@cos 6 — u sin® O)g

The frictionless case is treated in problem 2.7.
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3.2 Sliding blocks with friction

The upper sketch shows the force diagrams for the N

—

first part. The vertical forces on M, play no

dynamical role, and are not shown.

. .
Mk = =2 M
X =f = X M, + ¥
.. A s PGS
M = F— - = — = —
2 f X AT e 2 2
The blocks move together if ¥; = X,. —_—— e — — — T
S _F_f N,
M, M, M,
M 4k
f:(—‘)F:(—g) 27N = 12N F'
M, + M, Okg M, E—
Incidentally, f = u Ny = uM;g so that u ~ 0.3 + '
—pf
M, | _— X,

The lower sketch shows the force diagrams
for the second part.

F’ f

M .o — F/ _ : .o —
1X1 f X1 M, M,

My, = f = = —
2 = f 2=

The blocks move together if x; = X5.

F_r_r
M, M, M,

M, +M M
=) e (2 E 226N
M, M,
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3.3 Stacked blocks and pulley

The upper sketch shows the coordinates and
the lower sketches show the force diagrams.
constraints:

The massless rope has fixed length [/, + [,

.. . — 2™
=constant so that [, = —[,. Also, 4
L X, AJI |
. [
X+, =X = X+, =X=A (la) Ix X >
xh+lb:X:>jéh+Z},:X:A (1b) No
equations of motion: " T
Vertical forces on M, are omitted in the sketch, I =
because they play no dynamical role. w= Mo
.F
1 —
Maxu:T_f == xa: M (T_f)
a N\b —

1
beb:T+f == )'C'b:—(T-i-f)
M,

From Egs. (1a) and (1b)

1
M,

.. 1
A = —(T
+1, Mb( +f)

A-ly=— (T~

MaMb

1 1 1 1
A=|—+—|T+|—-—|f

a Mb Mb Ma
MM M, - M,

T =24 b b f=24
M, + M, M, + M,
MM M, - M,

=2A " " UM,
M, + M, M, + M,

]\4a-|-]\4;J

M, - M,
+ UN.,
M, + M,

a
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3.4 Synchronous orbit

GmM, GM,
mRw?* = m R} =
R? w?
. GM,
Usingg = 7
R’ GM,g
R} GM.R.w

¢g=98m/s>, R,=64x10°m, w =2n rad/day=73x107 s7!

R=6.6R,=42x%x10"m =~ 26 x 10°miles

3.5 Mass and axle

(a) The sketch shows the force diagram.
(b) Note that cos 45° = sin45° = 1/ V2. T

C 4 . vp
The radial distance of m from the axle is [/ V2.
vertical equation of motion:
Tup + Tlow
V2 V2 & my
radial equation of motion: Lo w
[ 2 Tup + Tlow
m—uw = ————
V2 V2
T, = milw? _mg T, = mlw? N mg
2 V2 2 V2
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3.6 Tablecloth trick

While the tablecloth is being pulled out from under the glass, the glass is accel-
erated at a rate a given by ma = umg, or a = u g.If this occurs for time 7, the
glass reaches speed vo = ugT, and travels a distance d = %,u gT?. The glass is
then sliding on the tabletop, and is retarded by a force umg. It comes to rest in
time 7 after traveling a distance %,u gT?. The total distance traveled by the glass is
D =2d = ugT?. We require D < 6 inches ~ 15cm. So

15¢cm B 0.15m

T2 < -
g (0.5(9.8m/s?)

= T <0.17s

3.7 Pulleys and rope with friction

(a) constraints:

Xc — Xp = constant X J

(xp — x4) + (xp — xp) = constant Y o {

(b) accelerations:

XC:xP

XA+ Xp = 2ip = 2X%c
(c) equations of motion:
Mpxa =T — fa

-
Mpig =T - f fy —— -

NA—MAg:O NB—MBg:O

Ja=uNs =puMasg 7[8 T T
fp=uNp=uMpg N}l ;‘%
The pulley is massless, so T’ = 2T. |

continued next page —
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Solving,
T’ ! + ! + =(1+p)
M, am, amg) T TS

7= ( 41 + MMM )g
MMc + MgMc +4M,Mp

LT :( 2(1 + )M, MM )g
> “\ Mo+ MM + aM, M,

The frictionless case is treated in problem 2.10.

3.8 Block and wedge

(a) The block has 0 acceleration.

N —mgcos6 =0
mgsinf — f, =0
Ja=uN
mgsinf = uN = umgcosf

sin @
=tan6@

ll:

cos 6
(b) Minimum acceleration.: & [
The block’s horizontal acceleration is e

Ma,,i, = N cosf — f,sinf
o <uN

In the limit, f, = u N 0

“\% Min

Mma,,;, = N(cos@ — u sinf) (1)

The block has 0 vertical acceleration. N

Nsinf + f,cos0 —mg =0 — N(sinf +u cost) =mg (2)

Dividing Eq. (1) by Eq. (2) gives

_ [cos@ — u sind
~ \sin@ + u cos@ &

Amin

continued next page —
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(c) Maximum acceleration:

MQya, = N cos@ + f.sinf
fe<uN

In the limit, f. = uN = ma,. = N(cosf + u sind) (3)
The block has 0 vertical acceleration.

Nsinf — f.cos0 —mg =0 = N(sinf —u cosf) =mg (4)
Dividing Eq. (3) by Eq. (4) gives

_ [cos8+u sind
" \sinf — u cos @ &

3.9 Tension in a rope

M 777777 —
a@-«) T T A% F

The uniform rope has linear mass density A = m/l mass per unit length.
The equations of motion are

F-T=Ux)a 1)
T=[M+A(-x)]a )

Dividing Eq. (1) by Eq. (2),

%]F:[I_Mﬁm(§)]l:

T =
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3.10 Rope and trees

f

w
Toud
(a)
w
2T ppasinf = W Topsg = ——
A - 47 24in6
(b)
Wcos@ B w

Tmid = Tend cosf =

2sinf  2tané
3.11 Spinning loop

In problems involving small angles, for example

in examining a short arc length AS = RA®,

it is helpful to keep the small angle approximations
in mind: sin A@ ~ Af and cos A0 ~ 1 — AG°/2.

The radially inward force AF, on the arc is

AG
AF, = 2T sin (A§/2) ~ 2T7 =TA8
The mass Am of the arc is
A8

Am = M—
" 2

so the radial equation of motion is

A 2
(Am)rw? = TAG = M(—Q)(i)wz — T = Ml(ﬂ)
2 I\ 2 2r



42 FORCES AND EQUATIONS OF MOTION

3.12 Capstan

The rope is stationary, so the forces
are in balance. From the sketch, the vertical
equation of motion is

0=N —Tsin(A§/2) — (T + AT)sin (Af /2)

Because we will be taking the limit, retain only

first order terms.

A6
N = 2T7 =TA0

The horizontal equation of motion is
0=(T+AT)cos(A8/2) — f — T cos (A8 /2)

Using the small angle approximation cos x ~ 1—x?/2 and retaining first order terms
f~AT

The maximum friction force is

f=uN
AT ~uT A§

In the limit A8 — 0,

dr T
o "
Integrating,

s qr % T
f —:/Jf d@:ln—AzyHO:'TA:TBe“HO
p 1 0 Tp

B
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3.13 Incomplete loop-the-loop

This problem assumes r = R = constant, L\/\. N f :
so that 7 = 0, # = 0, and R | © ™M

6 = v/R = constant, so that 6 = 0.

The radial acceleration is inward, with 7 = 0.

The tangential acceleration is O. M%

radial equation of motion:

V2

ME =N-Mgcosf (1)
tangential equation of motion:
f—Mgsinf =0

The car begins to skid when the tangential force f — Mgsin6 < 0. The maximum
value of f is u N. The limiting case is u N = Mg siné.

Using Eq. (1),

— —cosf| = —— —cosf=— (2)

V2 (sin ] ) sin 6 V2
Mg
H H Rg

For a flat plane, R — oo, slipping occurs when tan 6 = y, as found in problem 3.8.

The direction of f is a possible source of confusion. Formally, the car would have
a tangential acceleration in the reverse direction if f were opposed to the direction
of motion. Physically, the car’s engine turns the tires, and they exert a friction force
on the road opposed to the direction of motion. The road therefore exerts an equal
and opposite force; the car is propelled forward by the friction force.

What is the condition for the car to barely make a complete loop (6 = mrad = 180°)?
According to the result Eq. (2), v*/R = g when 6 = & rad. This means that at the
top of the loop, the downward weight force mg in this limiting case is sufficient to
account for the radial acceleration v?/R. It follows that N = 0 at the top of the loop,
so the car is just parting company with the loop under this condition. If v?/R > g,
then N > 0, and the car is definitely in contact with the track at the top of the loop.
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3.14 Orbiting spheres

Each sphere orbits in a circle of radius R/2, and

each sphere experiences a radial gravitational F F
attraction F }
GM?
F= | |

5 |
¢ R

radial equation of motion:

R , GM , 2GM
—w" = = w =

2 R? R3

o) 3
T:—ﬂ:27r\/ R
w 2GM

Let p be the density, M = %mﬁp. Make M large to make T small, so that a should

be as large as possible. a,,,, = R/2 (spheres touching). Then

3
PPy N P U B 1
2Gp 3n(R/2) nGp Gp

G=667x10"kg"' m®s™?
p=215gcm™> =21.5(gcm™>) (10 kg g H(10°ecm®m™) =21.5x10°kgm™
Toin = 5130

3.15 Tunnel through the Earth

The mass of a sphere of radius r < R, within a uniform Earth is M(r) = M,(r/R.)’.
The equation of motion of mass m in a tunnel through the center of the Earth is

; (Mer3) G , (GMe)
mi=—m - = F=- r
R )r? R}

Using GM,/R? = g,

f+(£)r:0
R,

This is the equation for SHM, with frequency wn.; and period T = 27/ w.

/ R 4 x 100
Wrunnel = i — T =2n — = 2r w = 5080s ~ 85 min
Re g 9.8 IIl/S2

For a satellite of mass m in circular low Earth orbit, the equation of motion is

R 2 _ GME _ _ g _
Mmie@,,p;; = m R2 =mg == Worpit = ]T = Wrunnel
e

e
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3.16 Off-center tunnel

Mass m is at coordinate x along the off-center tunnel.
Mass m is gravitationally attracted by the mass

of the Earth within the radius 7. As shown in
problem 3.15, the radial force F, on m is

F = _mgr
R,
) x\[r
F,.=F,sinf = —mg(—)(—)
r/\R,

equation of motion along x:

mx = —mg(Ri) - )'C'+(R£)x:0

e e

This is the equation for SHM with frequency w and period 7' = 27/ w.

W=, /% = Wpmer  as in problem 3.15

3.17 Turning car

case |

There are two cases, as the sketches indicate. Keep in mind that the friction force
is opposed to the direction of motion. In case 1, the car will tend to slide down the
slope if it is moving too slowly, so the friction force f is outward as shown. In case
2, the car will tend to slide up the slope if it is moving too fast, so f is inward.

continued next page —
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case 1:

horizontal equation of motion:
My? ,
—— = Nsinf — fcos6
R
The maximum friction force is u N.

Mv? )
R > N(sinf — u cos 0)
Mv2min
R
There is no vertical acceleration if the car is not sliding, so the vertical equation of

= N(sinf — u cos8) (1)

motion is Ncos 6 + fsinf — Mg = 0. In the limit where f = u N
Mg = N(cos8+ u sinf) (2)

Dividing Eq. (1) by Eq. (2),

Voin _ SN0 = cosf R sinf — u cos 6
= Vinin = —
Rg  cosf+pu sinf cos @+ u sinf

case 2:

Proceeding as before,

ME < Nsinf + fcosé

2
M@ = N(sin6 + u cosd) (3)

R
vertical equation of motion:

0=Ncosl— fsin— Mg = N(cosf —u sinf) (4)

Dividing Eq. (3) by Eq. (4) leads to

\/ (sin9+p cos@)
Vinax = Rg )
cosf — u sind
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3.18 Car on rotating platform

(a) Acceleration in polar coordinates: —_
%o
a= (i —ré® )t + (rd + 2i9)0
a=a,+ay (@ o -
In this problem, K &r
~\b
r=vot Fr=vyg ¥=0 \
f=wt =w 06=0
a=—vtw’ t+ 2vow O
(b) The car starts to skid when f
h.
Ma > frax (c) 2 p
=uW=uMg P
e
a=\ad +a%= \WPw + 2w > pug 7

Skidding just starts at 7y, where

(Lg)* = VoWt + MW’

1
\/(M 8)2 - 4v2w?

Vo w?

ty =

Note that if the Coriolis term 2v, w is > u g, the car always skids.

(c) The friction force f is directed along the acceleration, at angle ¢, as shown.
When the car begins to skid. it will move backwards along that line.
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3.19 Mass and springs

(a)
F F
Axl = k_l sz = k_2 kt K,
AXiprar = Ax1 + Axy
F
- F
<

w, 2 %

F

(a)

(b)

(b)

Both springs stretch the same amount Ax.

F1 = klAX F2 = sz)C
Fiow = F1 + Fy = (ki + ky)Ax

3.20 Wheel and pebble

As long as the pebble is in contact with wheel,
its speed Vpeppie = Rw = Ve, the speed of the
wheel’s center as it rolls along.

(a)
Vpebble =Viheea =V

From force diagram (a)

2

= -N
mR mg

N >0 The pebble flies off when N = 0.

V2
mT>mg = V > 4/Rg

continued next page —
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(b)

While in contact the pebble’s radial equation of motion is

V2
mr =mgcosf — N
R

Using the criterion N > 0,

V2 '
COS Oppax = —. (b)
Rg

There is a more stringent criterion based on f: there is no tangential accelera-
tion, SO
0=mgsinf— f = f=mgsin6 (1)

f<suN (2
V2
N:mgcose—m? 3)

Combining Egs. (1), (2), and (3) gives
gsinf < ugcosd— V?/R

2
sinf < cos —— (foru=1)
Rg

2

Vv
Ra = €08 (Onay) — SIN (B,0x) = V2 cos (Bpax + /4)
8

1 V2
V2 Rg

cos (0, + m/4) =

3.21 Bead on rod

The radial acceleration is a, = ¥ — ré® = ¥ — rw?

Because the rod is frictionless, a, = 0, so that # = rw?> (1)
Given that r = Ae™" + Be”"

i =—yAe™ +yBe” i =v*Ae" +v*Be" = ¥*r

Comparing with Eq. (1) it follows that y = w.
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3.22 Mass, string, and ring

(a) V = constant, so that

t)
r=ro-Vt ==V ¥=0 (,U( —
Ftangential =r0+2i0=0 (1) “_,'/ Zr? m
Eq. (1) becomes a differential equation for w. \ G )
N 7/
rd_w+2£w:():>d_w:_2ﬂ S— =
dt dt w r
In(@)[%, = ~2In(r);,
ln(ﬂ) = —2ln(1) T$
wo ) ro . \ v
w ro ro
—_—=— 1) = _ ~ -
o= () = 0= ur 2
(b)
Frogia = =T
m(i — ré?) = =T
T = mrw®

T is a function of time, to keep the end of the string moving at steady rate V.

r4 3 3
_ 2[00} _ 2fTo) _ 2 o
T=mwy|=|=mrowp|—| =mryw,
01,3 o\, 0

VO—VZ
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3.23 Mass and ring

(a)
-f= Ftangential = MAayangential = m(r@ + 2}"9)
r=10=constant = =0
Y ; 1\ dv
b=- H=[=]=
[ (l)dt
dv _f
dt  m
2 2
N = F,pii = mré? —mll—zzmT
f=uN
dv uv? dv u
- = — =—|=|dt
dt l V2 ( )
vd !
f—;}=—ﬁfdt
v V [ Jo
1 1 ut
v oov) 1
(1 + pvot/D)
(b)
d9 v 1 Vo
[ 1 (1+puvt/D)
do =
f fl(1+,uvot//l)
0—6)=— :_1 1
0 ,uf1+x n(l + x)

where x = uvot/l
1
0(t) =60y + —In(1 +puvet/l) (1)
u

What is 6(¢) if the ring is frictionless, g = 0? The solution can be found simply
by noting that the block must continue to move with its initial speed vy, so that
0 = vy/l = constant. Then 6(t) — 6, = vot/l. In the frictionless case, 6 increases
without limit as ¢ increases.

continued next page —
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However, it is worthwhile to describe a general approach to problems of this type.
For u = 0, the result Eq. (1) becomes In(1)/0 = 0/0, an indeterminate form. To deal
with this situation, treat u as small, and expand the logarithm in Taylor’s series.

In(1 + x) ~ x + terms of order x> and higher

t t
0(1) — Oy ~ ’% + terms of order 12 and higher — V% in the limit g — 0.
u

3.24 Retarding force

dv
— =—-F = —-pe™
" ¢
—(tv@ _ _2
dt ~ m
vV b !
f LA
Vo m Jo
1 b
__(e—av _ e—avo) S
a m
_ ab _ 1 1
eV = "ttt ™" — y=—_p|l——M
m a \abt/m+ e
3.25 Hovercraft
For stable circular motion ’j |
Weing=m" = mr(2Z) , %
sme=m=miiT Npol
N ¢ w | j¢/
COSQ = =mg
2 r
tan ¢ = r 2—7T W
g\ T ~_
v
d 1(2r\
tan¢ = 2 dz = —(—7T) rdr
dr g T

< 1(27\> [ 1 {27\
0 g\T ] Jo 286\ T

The bowl is a parabola of revolution.
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3.26 Viscous force

Consider a force F = f(v)V.

F dwvv) dv, dv
—_ = = = — [ 1
mTd T T v W

Because V is a unit vector, it cannot change in magnitude, only in direction, as

shown earlier in Sec. 1.10.1. In particular, for any vector A of constant magnitude,
dA/dt is perpendicular to A. But F = f(v)¥ has no component perpendicular to v,
so it follows from the equation of motion that d¥/dt = 0; for a force F along v, ¥
cannot change either in magnitude or in direction. Hence the force F cannot alter
the direction of motion.

Another approach is to take the dot product of Eq. (1) with V. to give

m
. AV 1d¥-v) 1d(constant)

L= 0
V'ar T2 ar T2 ar
dv
= F vV =
m— V=7
For the case f(v) = —CV?, find v(¢) by integration.
dv  C,

dr = m
" d c (" I 1 Cr 1 Cvot 1 t
—;:——fdt=> —:—+—:—(1+i):—(1+—)
vo V m Jo 1% Vo m Vo m Vo T

7 = m/(Cv) is a characteristic time for this system — it sets the time scale. A
second integration gives s(¢), the distance traveled in time .

— — ' VO P
S—def—j(;(1+t/T)df—VoTln(1+l/T)

Ift<t,useln(l +x) = xforx<1.

t
S = VQT(—) x Vot
T
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4.1 Center of mass of a nonuniform rod

(a)

[ [ [
M:f dm:f/ldx:Afcos(E)dx
0 0 0 21
21 !

X 21
= ZAsin==) = =4
bs sm(Zl)o m
A=Zm
21

(b)

_ 1 ! 1 ! A ! X x (! X
X=— | xdn=— [ xidx=2 (—)d:—f (—)d
Mﬁx m Mfox X Mﬂxcos 5] X ) X COS 5] X

Using the substitution

u

:2—l =

Y
™ o x (—
T

/2
) f ucosudu and integrate by parts using
0
d . .
ucosu = —(usinu) — sinu
du
/2 /2
f ucosudu:usinulg/z—f sinudu
0 0
= (/2 - 0) - (= cosw)[/? = g —1
_ 2 2
X:—l(f—l):l(l——)
m\2 n

For a uniform rod, X = [/2. This nonuniform rod has greater mass near x = 0, so
X < 1/2 as expected.
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4.2 Center of mass of an equilateral triangle

Method 1: analytical Divide the plate into narrow
strips of length I/(y) and width dy, as shown.

The mass dm of a strip is dm = pltdy,

where p is the density of the plate and ¢ dy [T /;/ TT777TT7N
is its thickness. The mass M of the plate is f by [
| —
l a,

pXareaXt= %paht.

4

By symmetry, the center of mass is on the y axis.

_ 1 2 2 h y 2 h y2

¥=— [ yam=—— [ pyiy)dy = = (1——)d:—f _Y)a
Mfympahtfpy(y)yahj;ya hyho(y h)y
2(1 1 h

=== |Kh ==
h(2 3) 3

Method 2: geometrical For any uniform triangle, symmetry requires that the center
of mass lies on the median line from any vertex to the midpoint of the opposite side.
As a simple proof, divide the triangle into strips perpendicular to a median line; the
center of mass of the strip is at its center.

According to a theorem from geometry, the three medians of a triangle meet at a
point 2/3 the distance from each vertex. In this problem, take the median line that
is along the y axis; then the center of mass is 2/3 the distance from the top vertex,
so that the center of mass lies at a height y = //3 from the base.

4.3 Center of mass of a water molecule

The center of mass lies on the y axis, by symmetry.
Take the origin at the oxygen atom, as shown,

so that the y coordinate of the oxygen atom is yo = 0.
The y coordinate of each hydrogen atom is

yg =acosa =0.097 nm X cos (52.25°) = 0.059 nm.

continued next page —
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_ 1
Y = M (2MhydmgenyH + MoxygenyO)
total

where Mtolal = 2Mhydr0gen + M()xygen-

Mydrogen = 1 amu (atomic mass unit) and Mg, = 16 amu.

2
771 [(@)(0.059) +16(0.00)]

= 0.0066nm

Y

The center of mass is very near the massive oxygen atom, as expected.

4.4 Failed rocket

ey 0 L
As long as the pieces are in flight, the center of mass continues on the parabolic
trajectory. The time to rise is the same as the time to fall, so the center of mass

reaches the ground at x = L. Let the smaller piece have mass m;, and the larger

piece have mass my, as indicated in the sketch.
continued next page —
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The x coordinate of the center of mass is L when it reaches the ground, so

)—( _ myx, + mx;
mgy + my
I my(—=L) + myx;  —Lmg +3xymg  —L+ 3x
- mg + ny  my+3m, 4
X = 3

in the coordinate system shown in the sketch, or alternatively, from the launch point,

Srer=31
X = — = —
) 3

4.5 Acrobat and monkey

The acrobat reaches height /4 at time z. % i m

1 i
h=—=gt* + vt
28 Vo

Vo — Vo2 —2gh | R

8
4
The acrobat’s speed v at  is Y | M $
ﬁ !
1
v =—gt+vy= Vv? —2gh

Vertical momentum is conserved when the acrobat grabs the monkey. The speed v’

=

of the pair just after the collision is
M
m+Mpy =My = V' = —y: \VVvo? — 2gh
m

The pair rises for a time ¢" until their speed = 0.

’ / ’ V’
—gt'+vV =0 = = —
8

At the peak, they are a height 4’ above the perch.
72

1, v M\ (vy?
hI:__ lj + /lj - :( ) ——h
2g Y 2g m+ M (2g

The total height & + A’ is

2 2 2
h+h’:( M )Vi+ 1—( M ) h
m+ M/ 2g m+ M
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4.6 Emergency landing

25001b 2501b

Let M = mass of plane = m = mass of sandbag =
v = speed at landing = 120 ft/s Fretarding = F triciion + Fbrakes

L = distance traveled before coming to rest

Momentum is conserved at the moment the sandbag is picked up. The system’s

speed then becomes v'.

= (rwt)
Vv = v
m+M

The system slows with uniform acceleration a.

a= F retarding
(m+ M)
v/2

"%

Ffricti()n = pmg = (0.4)(250 1b) = 100 1b Fprakes = 300 1b

Fretardging = 100 1b + 300 1b = 400 Ib

L_v'z_vz( M )2 m+ M _v2( M ) M
- 2a B 2 \m+M Fretarding B 2\m+M Fretarding

B (120ft/s)2>< 2500\ (25001b) (1
B 2 2750 32 ft/s? 4001b

) ~ 1300 ft

4.7 Blocks and compressed spring

While m; is against the wall, m, moves according to SHM with w = Vk/mj,.

X, = Asin(wt) + Bcos (wt) + C X, = wA cos (wt) — wB sin (wt)
Using the initial conditions x,(0) = //2 and x,(0) = 0, it follows that
1
Xy = (1 — —cos (a)t))l
2
Until m, loses contact with the wall, the coordinate X of the center of mass is

X

mx; + myx, my (

2

1
1 - =cos (wt))l
m; +mp mp +mp

continued next page —
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m; loses contact with the wall when wt = 7/2; at this instant, x, = /.

) wl
X, = — = constant

2

From this time on, the system moves as a whole, with x; = X,. Thus

mpx, + moexp . wl
X=— - = = Xy = —
m; +mp 2

4.8 Jumper

To rise a height £, the initial speed must be vy = /2gh. The initial momentum is
therefore mv,, and the final momentum is 0. The impulse from the ground is then

impulse = mvy — 0 = (50kg) \/2 % 9.8 m/s> x 0.8 m = 198 kg m/s

4.9 Rocket sled

At time ¢, the system consists of mass M moving with speed v, where M(0) = M,.
The momentum P(¢) is

P(t) = Mv

At time 7+ At, the system (still of total mass M) consists of mass (M —AM) moving
with speed (v + Av) and mass AM moving with speed (v — vy). Then

AP = P(t + At) — P(¢)
=M - AM)(v + Av) + AM(v — vy) — Mv

In the limit At — 0
dP dv dm
=M=y

— =M
dt dt dt
The friction force on the sled is —u Mg.

dP
— =—uM
i H MG
Mdv M M
—_— -V )— = —
dt 0" dt ]

continued next page —



60 MOMENTUM

The fuel burns at constant rate dM/dt = —y, so that M(t) = My — yt.

vy
dr = (My-yn "8
Integrating,

v(t) =v ftL— t
o o My—-yt) He

= —vo|.In(My — y ')y — p gt

) ( My ) t
=Voin|—m——| —
N Mo —yy) HE

The rocket engine turns off at time ¢, when yt; = My/2.

My

2y

The sled begins to slow for t > t, so v(t;) is the maximum speed.

v(tp) =voln2 —ug

4.10 Rolling freight car with sand

The system consists of the freight car and its contents, with initial mass M, at
t = 0. The bottom is opened at ¢ = 0, and the sand runs out at steady rate y, so
that dm/dt = y and dM/dt = —y. Then M(t) = M, — yt. To first order, and exact
in the limit Az — 0, the mass of sand Am released in time Ar has at the instant of
release the same speed as the freight car, so it does not contribute to the change of
the system’s momentum. (See Example 4.14.)

P(@) = Mv Pt + At) = (M — Am)(v + Av) + Am(v + Av)

AP =~ MAv

P

d_:M@:Mazpzﬂzﬂz F
dt dt dt M My—yt

The sand is all gone at time #;, so that £y = m/y.

V(lf) Ly th/
f dv = —_—
0 o Moy—vyr

(-l
Y My Y My—m
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4.11 Freight car and hopper

The system consists of the freight car of mass M initially at rest, plus the mass of
sand m that will fall in by time #; m is also initially at rest, and m = bt. The total
mass of the car and sand at time ¢ is M + bt.

PWO)=0 P(t) = (M + br)v
Ft

! !
impulse:AP:(M+bt)v:£th’:Fﬁdt':Ft = v:m

4.12 Two carts and sand

The system consists of cart A, with mass M and speed v, and the mass Am moving
with speed u. The rate of material flow is b, so that dm/dt = b.

P(t) = Mv + (Am)u P+ At) = (M + Am)(v + Av)
dpP dv dm

AP = MAv + A - M=+ -
v+ Am(yv - u) = o dt+dt(v u)

There is no external force on the system, so dP/dt = 0. Thus

ﬂ__d_m(v—u)_b(u—v)
d dt M M

4.13 Sand sprayer

The system consists of the freight car and load with instantaneous mass M moving
with speed v, plus the mass of sand Am sprayed in during time Af at rate y: Am =
vAt. The speed of Am is v + u, because the locomotive and freight car are moving
with the same speed.

P(t) = Mv + Am(v + u) P+ At) = M(v + Av) + Am(v + Av)
dpP dv dm dv dmM
AP ~ MAv — (A M= —yu— =M= -—u=—
Vo dmu = M g = M g

continued next page —
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Note that Am is being added to the freight car, so dM/dt = +dm/dt > 0. Because
no external force is acting on the system dP/dt = 0. Thus

dM v Mr dam’
dv=yu— = f dv' = uf -
M 0 Mo M

where M, is the initial mass of the system, and M is its mass after 100 s.

v=ulnl—
My
My = My +yt =2000kg + (10kg/s)(100s) = 3000 kg
3000 kg
1 = = 2
v(1008) = (5m/s) ln( 2000 kg) 03 m/s

Comparing these results with the derivation of rocket motion in Sec. 4.8, the system
in this problem is seen to be a rocket in ’reverse”, where mass is added instead of
being expelled. In Sec. 4.8 dM/dt < 0, but in this problem dM/dt > 0.

4.14 Ski tow

It is sound practice to solve problems symbolically,
introducing numerical values only toward the end,
to help maintain numerical accuracy.

Let L be the length of the tow, and let / be the
separation between skiers, so that the number
of skiers on the tow is L/l. Let 7, be the time l

interval between skiers grasping the tow. The number Mt

of skiers grasping the tow per second is then y = 1/¢,.

If W,,, is the total weight of the skiers on the tow,

—=F- .g—M
WU sin V
dt ot Y

The momentum of the system does not change when a skier leaves the rope, so
F — W, sind = Mvy

L 1
F =W, sinf+ Mvy = Mg(Y) sin @ + Mv(—)

N

100 m
7.5m

=3128N + 21N =3149N

F = (70kg)(9.8 m/s?) ( ) sin (20°) + (70kg)(1.5 m/s) (%)
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4.15 Men and flatcar

In each situation, the flatcar does not accelerate ( RS

further after the jumper leaves. Just as the jumper — Vo
leaves, his speed is the final speed of the flatcar L 3 —
minus the speed relative to the flatcar. (’ A v \
The flatcar and its load are initially at rest. Nm N

(a)

(a) N jump at once.
Piniitia1 = 0
Pfinal =My, + Nm(va —u) = Piniti = 0

( Nm ) '
Vo=|—"=|u
Nm+ M
(b) one jumps at a time. Let the speed of the flatcar %
be v; after j of N have jumped.

(N ‘)f-\ M+M

Pinisiar = [(N = jym + M]v;, (b)
Pripg = [(N=j—1Dm+ Mvj, + m(vj, —u)
=[((N=j—Dm+ My, + m(vj —u)—[(N— jym+ Mly;

There are no external forces, so AP = 0.

O0=[(N=jm+Mlvj, —mu—[(N— jm+ M]v;

~ +
. =|—\u .
VS NN e )T

m m m
Vp = + +... u
(Nm+M N=-1m+M m+M)
(c)

But

m m m
=

= + +...—)u<vb
Nm+M Nm+M Nm+ M

In the trivial special case N = 1, case (a) and case (b) are identical.

Note that case (b) is closely analogous to the derivation of rocket motion in Sec.
4.8. In case (b), however, the expelled mass is in finite packets, one man at a time,
while for the rocket the expelled mass is a continuous flow.

continued next page —
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To help understand why the flatcar moves faster in case (b), assume that the mass of
the flatcar is small. In this situation, when the men jump together the flatcar moves
forward at speed slightly less than u, and the men are moving slowly with respect
to the ground. This result is nearly independent of the number of men jumping.
Consider now case (b), when the men jump one at a time. The last jumper by
himself could cause the forward speed of the flatcar to be close to u, but if there are
several jumpers, each previous jumper also contributes to increasing the speed of
the flatcar. In case (b), therefore, the final speed of the flatcar could exceed u.

4.16 Rope on table

The rope has total length / and mass M.
At time ¢ = 0, the rope is momentarily at rest,
with length x(0) = [y hanging through the hole.

(a)

The mass of the hanging portion is Mx/l where

Piitiar = Mv
Pinitial + AP = M(V + AV)
Mg
Fexternal(t) =— X

[
M
Fexternal(t + Al) = Tg(x + AX)

t+At
Mgx A
AP =MAv = f Foxterna dt = g; ! _L M
' ?
& i gx A (x+bdK)
dt — drr 1

The general solution of the differential equation is
8 8
x(t) = Ael' + Be 1’
(b)
x(0)=A+B=1

#0)=2A-£B =0
A=B=12

l g g
x(t) = Eo(elt+e_lt) = locosh(%)
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4.17 Solar sail 1

Refer to Example 4.21: the radiation force F,,; due to the Sun on area A is

28 sunA
rad =
c
Fra 2S unA
Argd = 4 # (1)

m is the mass of the craft, and a,,, is the acceleration due to radiation pressure. For
the solar sail craft to move outward away from the Sun,

Arad 2 8Sun

28 ¢unA
mc

A

2 8Sun

> 8SunmcC

A
The IKAROS mass was mostly the sail, m ~ 1.6 kg. From Example 4.21,

Zsin =5.9%x 107 m/s?>  Sgu/c =4.6x 10 kg/ms?

A> (5.9 x 107> m/s?)(1.6 kg)
24.6 x 10-¢ kg/ms?

Could such a sail be constructed using the same polyimide film material used for

IKAROS? The desired area is 1000/150 = 6.8 times the area of the IKAROS sail,

and because the mass of the sail is density x area x thickness = pAt, the thickness

would have to be 6.8 times thinner, or 7.5x107° m /6.8 = 1.1 x107% m. Constructing

> 10° m?

a strong sail so extremely large and thin is beyond the limits of current technology.

For further insight into the design issues, using m ~ pAt in Eq. (1) shows that a,,,
is essentially independent of the sail area A and depends mainly on pt, the "areal
density” (mass per unit area) of the sail material.
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4.18 Solar sail 2
Assume that the mass m of the craft is essentially the mass of the sail m = ptA,

where p is the density of the sail material, ¢ the sail thickness, and A the area. With
reference to Example 4.21,

(a)
_@S/o)A (2S/OA 28/
T ptA  pt
2)4. 10k 2
__ (24.6x10 kg/ms = 2.6 x 107 m/s?
(1.4 x 103 kg/m?)(2.5 x 105 m)
(b)

R\
Aeraft = Arad — Qearth = Qrad — 8§ T

The craft cannot accelerate outward from the Earth unless it is launched beyond
a radius r,,;,, such that

R, \ RV au 26x10*
)zo:( )s“‘”: ;8 =27%107
min g .

Argd — g(

Vinin

e

<52x107° = r,;, > 194R,

Viin

(c) If r is so large that the Earth’s gravitational attraction can be neglected

V= apqT
11.2 x 10° m/s
T 2.6x 10 m/s?
(d) Neglect gravitational forces. The radiation force on the sail is F,,; = 2(S/c)A.

Let the mass of the sail be m = ptA and the mass of the payload be M = 1.0
kg. For half the original acceleration,

=43x10"s ~ 1.4 years

Arad
2

(M + M)ayeg = (0tA + 1.0)a,00 = 4(S /0)A

Froa = (m+ M)

Arad

A=
4(S /C) — Plaraq

2.6x 107
T @46x 100 — (14X 10)25x 10926 x 10°)
A simpler method is to note that the acceleration is halved if the mass M of the
payload doubles the mass of the craft. Hence the mass of the sail should be prA =
1.0 kg, so A = 1.0/pt = 28 m? as before.

28 m?
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4.19 Tilted mirror

(a) The momentum flow P through a surface of area A is A
P =J - A, where J is the momentum flux density. Enclose o %
the mirror with a hypothetical surface, as shown in the

upper sketch. Taking flow in as positive, | I T‘ 1

Pnel = Pin - P()ut =2JAh {> Vo
F = 2JAn
F=2JA=92x10°kg-m/s’=92%x10°N

(b) If the mirror is tilted, the reflected beam leaves

at the same angle @ made by the incident beam, see lower sketch. {

l
{ |
Jin A =JA cosa Lo { o =

Jour * A = —JA cosa ol ‘[o(
F=P,-P,, =2JAcosan=92x10"° cosai

4.20 Reflected particle stream

The rate at which incoming particles strike the surface is
(number of particles per unit length) x (speed) = Av. If each —
incoming particle carries momentum mv, the rate P at which © © © ©O
momentum arrives at the surface is P;, = (mv)(Av) = Aimv>.

—
In steady conditions, the rate at which particles leave must equal the rate v
at which they arrive. If they leave with speed V', with A’ particles per

unit length, A’v" = Av. The reflected particles carry away momentum in the opposite

direction at rate mv'A’v' = myv'Av. Hence the total force, which is the difference
between the incoming and outgoing rates of momentum, is Am(v> + w).
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4.21 Force on a firetruck

A volume of water with mass AM moving at velocity v carries momentum AP =
vAM. The rate of momentum flow in the stream is then dP/dt = vdM/dt = Kv.
The vertical component of v is v sin 8. From motion under constant gravity, the wa-
ter ascends to a height vsin 6 = \/Z(?h, so thatv = @/ sin 6.

The recoil force is F = =P = —Kv. The magnitude of the force is |Kv| = K y/2gh/ sin 6,
and its direction is opposite to the flow.

4.22 Fire hydrant

Imagine a hypothetical surface surrounding the hydrant, IS
as shown. The rate of change of momentum within the surface is
P =P,, — P,,. The force F,., on the water

. 1 P \ / out
due to the hydrant is therefore F, .., = Poyr — Pin. \\}‘ P
The force Fjy4rq,: 0n the hydrant due to the water is equal and opposite: Pm

thdrant = —Fyater = Pin — Pous.

Let p be the density of water. Then Pi] — IPouel = pVy?A Fi: N .
where A = 7D?/4. Hence Fygran = V2pV,*A, 9 : I ﬁu

directed upward at 45°, as shown.

" Ror
4.23 Suspended garbage can
The stream has initial speed vy, so at height y its speed is v = +/vo> — 2gy. The

stream carries mass at a rate dm/dt = K. Under steady conditions the rate of mass
flow is constant, with an equal amount of mass passing through any horizontal
plane per unit time, because water is essentially incompressible. In time interval
At mass Am = KAt passes through a horizontal surface, transporting momentum
AP = vAm = vKAt. The upward momentum flux is then P = vK. (The momen-
tum flux decreases with height, because the downward gravitational force is acting.)
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The maximum height will be reached if the water rebounds elastically from the
garbage can. In this case the rate of momentum transfer to the can gives a force
2P = 2vK, double compared to the inelastic case where the water comes to rest
without rebounding after colliding with the can. In equilibrium, 2vK = W so that

w

V=

2K

W

\/VOZ - 2gh = ﬁ

L2y

Note that vy must be greater than a minimum value vy > W/2K to get any lift.

4.24 Growing raindrop

Consider the change in momentum of the drop as it gains mass during the time
interval from 7 to t + At.

P(t)y=MV P(it+At) =M+ AM))(V + AV)
AP ~ MAV + VAM

dp _ v 4

dt dt dt

There is the external gravitational force Mg.

Mdv n vdM =M
dt ar 8
dM av av
— =kMV = M— +kMV?’=Mg — — =90 —kV?
dr dr g ar ¢

The acceleration decreases as the falling drop gains speed, and vanishes at the ter-
minal velocity Vi minat = v g/k.

4.25 Bowl of water

Let dM/dt = 0A. The momentum flux is then vo, so the force F is voA. In SI units,

1k 10* cm? k
oc=107° % X —2 crzn =102 2g
cm?-s 10%g I m m”-s
A =500cm? =5x%x 1072 m? v =5m/s

kg
m?-s

F =vo A = (5m/s) X (10-2 ) X (5x107%2m?) =25%x 107N

continued next page —
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Another approach to this problem is to model the rain as individual droplets arriv-
ing with speed v. Let N be the number of droplets per m>, and let m, be the mass
of each droplet. Then viny,N = o. There are vN'A droplets striking the bowl per
second. Each droplet brings in momentum m,v, and runs off with zero momentum,
so the force F on the bowl is the change in momentum: F' = (droplets arriving per
second)(momentum per droplet) = (VNA)(myv) = v(vimyN)A = voA, as found be-
fore.

When the bowl is moving upward at speed V', the number of droplets striking the
bowl per second is (v+Vv")NA. Each droplet now strikes the bowl with speed (v+V),
so the momentum of each droplet is (v + v')m,. The total momentum delivered per

second is
N2 N2
dt v V2
5+2)? 49
Fmoving = (5—2)Fstatic = EFstatic =49 x 10_3 N

4.26 Rocket in interstellar cloud

Because the collisions are elastic, the particles bounce off
the rocket’s nose cone transversely to the motion, Hence
the reflected particles transfer no net momentum to the rocket.

(a) The rate at which particles strike the rocket is ANv
where A is the projected area A = 7R*. The incoming
momentum of each particle is mv, so the force F' on the

rocket equals the momentum flux dP/dt
dP

F = — = —ANm* = —-AV*
dt
(b)
d d A " dy A (!
MY -4 — Yoy — V:——fdt’
dt Vz M o V’Z M 0
1 1 A Vo

;_V_OZMZ‘: V:m
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4.27 Exoplanet detection

Consider the Sun - Jupiter system. They rotate about their center of mass given by
Mg, Rsun = M jupiterR jupicer- The distance Ry, of the Sun from the C.M. is

Mlupiter o 1.9 x 1027 kg
T Mg "7 1.99 x 100 kg

The speed vg,, of the Sun as it orbits about the center of mass is then

(7.8 x 10" m) =7.5%x10*m

Rs,, = (1.68 x 108 rad/s) (7.5 x 108 m) = 12.6 m/s

[ 2nrad « 1 day
~ \4330days = 8.64 x 10%s

According to current technology, as described in Example 4.6, the effect of Jupiter
would be readily detectable.
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5.1 Loop-the-loop

initial energy: K; =10 Ui = mgz
Ei:Ki-FU,' :0+ng

final energy: Ky = %mv2 Uy = mg(2R)

Ef = Kf+ Uf = %va +mg(2R) =E; = mgz

v =2gz—4gR (1)
At the top of the loop the total downward force is N + mg, where N is the normal
force exerted by the loop. Using Eq. (1)

mv? _ 2mgz

N + =—=
ME= R R

If N = mg, then

—4mg

Z
2mg = 2mg~ — 4

z=3R
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5.2 Block, spring, and friction

initial energy: K; = %Mv% U =0
Ei=K+U; =iMvj+0
final energy: Ky =0 U= %kl2
— _ 1.2
Ef—Kf+Uf—O+§kl

The friction force F'¢yicrion = N, where N = Mg is the normal force.

E¢ — E; = work on the system

I I ! I
= f F friction dx’ = —f uMgdx' = —Mgf udx' = —Mgf bx' dx’
0 0 0 0

= —1Mgbl’
kP = IMvy = i Mgbl? = P(k + Mgb) = Mv;

l M
=y _
"\k+ Mgb

5.3 Ballistic pendulum

During this collision, linear momentum is conserved
but mechanical energy is not conserved. s ¢
FUANEEN
@) A |»
— o -
. . .. L J ™M
Momentum just before and just after collision: m

P, =my Pr=m+ M)V

Before external forces can act significantly
m

P=P = =m+ M)V = V=——-—
I my = (m ) (m+M)v

continued next page =
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(b)
After the collision, energy is conserved as the block rises.

1
17(,-:§(m+z\4)v2 U=0 K;=0 U;=(@m+ M)gh

1 1 2

2m+Mv
+ M\?
v2:2(m )gh
m

h =1(1 —cos ¢)

o= (1) s

Knowing m, M, and [, and measuring ¢ gives the speed v of the bullet.

5.4 Sliding on a circular path

There are no dissipative forces (friction), so in this system
both momentum and mechanical energy are conserved.

™M

T
initial energy: K; =0 U; = mgh E; =0+ mgh ‘b‘ R
final energy: Kf:%mv2+%MV2 Uy =mg(h—-R) _{! M

Ef:%mv2+%MV2+mg(h—R):E,-:mgh
12,1 2 _
smv” + s MV —mgR =0

Pf:mv—MV:PiZO

= 2gR

’ (M+m) & "

v‘_—- M .A—-—&U
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5.5 Work on a whirling mass

Mechanical energy is conserved (no friction). The applied force

F, is radial, so the tangential equation of motion is ay = 0.

ag =20 +rh=0

W 27 dw 2dr
_— T ——— :} —_— = —
w r w r
“ dw "dr . I,’w; constant C
; = — 7 et 0 =w = r2 = r2 = ﬁ (1)
w; N
, 1 Cc?
Ktangennal = —m(rw 2 _ —m—
2 (rw) 2 r?
Ktangential _ Ktangential _ lmcz _ 17’)’LC2
f i - 2 2
21 2
. . 1 1
dial dial _ 2 2
K}a - Kim “= Emvmdial,f - Emvmdial,i
1, 1mc* 1 1 mC?
Ey = Ei= SmViagiary + 27 i T 3T

Now find the work W done by the radial force F,.
153 1> 153 .
W:f F,drf ma,dr = m ( — ré?) dr
I I I

- L di " didr " d
Fdr = —dr = ——dt= | —(imi?*)dt
mL rar m ; dr r m \ 41 dr ft; dt(zmr)

" d 1 1
1 ) _ 2 2
f dt (Emr ) dt = Emvradial,f - Emvradial,i
t

equals the change in mechanical energy due to radial motion. Using Eq. (1),

b ~c? 1 1
—mf & dr = —m — dr = —mC? (—)
l] ll

r3 2 r2

" 1mc 1mC?

L 2,2 22

equals the change in mechanical energy due to tangential motion. Hence E; — E; =

W as expected.
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5.6 Block sliding on a sphere

2
my
radial equation: R - mgcosf — N

Block separates when N = 0.

[\

v

R

Ki=0 U;=mgR

K, = %mv2 U;=mgRcosf
1

E; = Emv2 + mgRcosf = E; = mgR

= gcosd

2
%chosH+chosO:gR = cosf = 3

At separation, the block is a distance y = R(1 — cos 8) = R/3 below the top.

5.7 Beads on hanging ring

Mechanical energy is conserved (no friction).

The upper sketch shows the forces on each bead: the
downward weight force mg and the outward radial normal

force N exerted by the ring.

The lower sketch shows the forces on the ring: the
downward weight force Mg, the upward force T exerted
by the thread, and the inward radial forces N exerted by the beads.

continued next page —
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The ring remains stationary if 7 > 0 (strings can only pull, not push).

ring equation of motion:
T —-2Ncosf—-Mg=0

bead equation of motion:

2
mgcosf — N =m—
R

Kl‘:O Ui:ng
K; = %va U; = mgRcos 6
2

Ef= %mv2 +mgRcosd = E; =mgR — % = 2mg(1 — cos 0)
2
N =mgcosf — % =mg(3cosf —2)
for T just 0: 2N coS O, = —Mg
2m(3 coS Oy —2) 08 Bpuy = =M (1)

1
Qmax =-=70°
COS 3

From Eq. (1), the ring starts to rise when 2m(3 c0S 6,,4x — 2) €08 Oy = —M

R I

To find the angle for any values of m and M, use Eq. (1).

M
3co8’0—2cosf+—=0
2m

1 1 M
6=- ——— (2
coS 3+ 5 em 2)

The plus sign is chosen because cos 6,,,, = 1/3, and 6 must be < 6,,,,.

Comment: According to Eq. (2), cosd < 2/3, or 8 >~ 48°, regardless of the value
of M/m. If m < %M, the argument in Eq. (2) is < 0; the ring will never rise.
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5.8 Damped oscillation

Consider one complete cycle. Let x; be .R ¢——h
the maximum displacement of the block W{' l r
at the start. It starts from rest, so its 3=t —_—
kinetic energy is 0. Its potential energy — X, —b
] > - £
is 3k(x; — xo)~ due to the spring, X
where xj is the unstretched length of ¢ X
{

the spring. xy is halfway between x;.
as shown. If there is no friction, the block
returns to x; after one complete cycle, and the mechanical energy is conserved.

With friction present, the block returns only to x; — Ax, so then the potential energy
is %k(xl- — Ax — xp)%. Mechanical energy is less by an amount AE:

(a)
AE = 3k[(x; — Ax = x0)* = (x; — X0)’] & =2(3)kAx(x; — Xo)

By symmetry of SHM, the block travels (x; — x) in 1/4 cycle, so distance
traveled per cycle is 4(x; — xo). The work W, of friction is

W, = f X distance traveled in one cycle = 4 f(x; — xo)

By the Work-Energy Theorem, AE = —W;

kAX(x; — x0) = 4f(x; — xo) = Ax = %

so the change in amplitude per cycle is constant, to first order.

continued next page —
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(b)
The block comes to rest after n cycles. The block loses amplitude Ax/cycle.
k
nAx=x—x) = n= E(xi - Xo)

The result is reasonable; the block makes many cycles if the friction force is weak,
or if the spring is stretched quite far at the start.

5.9 Oscillating block

(a) (1) The original period is Ty = 2w VM/k. The new mass is (m + M), so the new
period is 2 \(m + M)k = To \(m + M)/M.

(2) Because the lump m sticks at the extreme of the motion, the amplitude is
unchanged. Note that the lump transfers no horizontal momentum to M.

(3) The mechanical energy is E = %kA%, where Ay is the amplitude. Because
the amplitude is unchanged, the mechanical energy is also unchanged.

(b) (1) The mass is (m + M), so the new period is Ty V(m + M)/M as in a(1).
(2) In this case, linear momentum is conserved when the putty sticks, but the
mechanical energy is not conserved. If V is the speed just before the collision,
the speed V’ just after the collision is given by (m + M)V’ = MV. Hence the
new mechanical energy E’ is

! , 1 M ) 1
E=—m+MV? =MV (—2 )= 24
i+ MV =3 V(m+M 2

where A is the new amplitude. Hence

1, 1 ) M I M M
—kA- = =MV ( ):—kAO(—) — A=A
2 2 m+M 2 m+M m+M

continued next page —
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(3) From part b(2),

, 1 5 M M
E:—MV( ):E( )
2 m+M m+M

5.10 Falling chain

4

f4
14
¥

The links of the chain fall like free bodies. The mass per

unit length of the chain is 4 = M//. In length Ax,

the mass is Am = AAx, and if it hits the scale

with speed v it carries momentum Ap = vAm = vAAx. The rate of

momentum flow to the scale is F = dp/dt = V> .

When the top of the chain has fallen a distance x, 37{31 T

a length x of the chain is on the pan of the scale,
contributing weight Axg. The total force F* while the
chain is falling is therefore F = 1v* + Axg.

While the chain is in free fall, v = 2gx. Hence while ?1311 1 L
the chain is falling, F = 31gx. The chain has
completely fallen in time ¢ where [ = % gt? so that after l
time ¢ = m, all the chain is on the scale. The ° J?i‘i
scale then reads the chain’s full weight Agl/, as indicated

in the sketch. The idealized sketch assumes that the scale has a very fast response.

5.11 Dropped soldiers

The bale hits the ground with kinetic energy %M v? = Mgh, where M is the mass of
the soldier and /4 is the altitude of the drop. If the soldier comes to rest in distance
s, the average force F = Mgh/s by the Work-Energy theorem.

continued next page =
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F is the average upward force: F = F,,, — Mg.

_ 100 f
Fomo = Mg+ 1) = 1806 (2221 1 1) Z 91801
) 2 ft

The impact area A is

144 in?
A =510 =512 x ——L = 720in’
ft
The force per square inch P (a pressure) is thus
9180
P="—— =1281bfin’
720 fin

The drop should be safe. This problem could also be solved by calculating the im-
pulse and the acceleration, but the energy method used here is more direct. How-
ever, the result obtained is not entirely convincing. The assumption that the retard-
ing force is constant is not realistic. For instance, if the compression acts more like
a spring force, the peak force would be twice the average force.

5.12 Lennard-Jones potential

Differentiating,

au rol? ro® _ —12e((ry 12 ro\©
o))

dU/dr = 0 for r = ry.

Substituting r = ry in Eq. (1),

U(rg) = —€
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5.13 Bead and gravitating masses

m is initially located at x". Mechanical

energy is conserved. The total gravitational
potential energy is the sum of the potential
energies of m with each mass M. Using the

convention that U — 0 as r — oo, m
(a)
U= GmM  GmM GmM
B r r T NZra2
(b)
1 GmM 1 2 GmM
E=K+UX =3a)= —mv; = 2—— = —mV; — ——
2 Va2 +9a2 2 Vio a
Let v(0) be the speed of m as it passes the origin.
1 1 GmM 1 2 GmM
E;= —mv*(0) — U(x = 0) = =mv*(0) — ZL =Ei = _mvz‘2 -
2 2 a 2 10 a

1 1 GmM 1
“mA(0) = =m? + 222 (1 - )
2 a

2 V10
[ GM
v(0) & v} +2.74—
a
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5.14 Particle and two forces

(a)

1) attractive force: F,=—-B

U,(x) - Uy0) = —f F,dx = Bx'[y, = U,(x) = Bx+ U,0)
0

A
2) repulsive force:  F, = —
X
T odx A A
UAx)—Ur(oo):—f AZ =5 = uw==_
o X X X
A
Uioiat = Bx + —
X
(b)
A
Be——{()—
}
0 X

continued next page —
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(©)
dUtatal A
=B-—
dx x2
dUmtal A
dx |y, X2 0 B

It is easy to prove that for these particular forces, the minimum of U, occurs
where U,(xy) = U,(xy), as shown in the sketch, for any values of A and B.

5.15 Sportscar power

_ =MV?
_AE _ 2
The average power P = T = 57

The units are mixed. Best practice is to work mainly in SI.

lkg
M = 1800 Ib-mass X m = 818kg

60miles 1.61x10°m 1hour

hour « Imile . 3600s m/s
1 1
AE = EMv2 =5 (818kg) X (26.8m/s)* = 2.94 x 10° kg - m%/s* =2.94 x 10°J
_ 294x10°] 1 hp
=~ =-980x10*J/s=.80x 10°W = 9.80 x 10°W =131h
r 3s fs *Ta6W P

5.16 Snowmobile and hill

The snowmobile moves at constant speed,
which requires the total force to be zero.
The forces parallel to the surface are the
component of gravity along the slope, the
retarding force f, and the propelling force F'.

continued next page —
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F is the reaction force from the snow to the propelling force on the snow from the
treads. The normal force on the snowmobile has no component along the slope, and
is not shown in the sketches. The sketches are not to scale; according to the stated
conditions, the slope angle 6 is ~ 1.4°.

The subscript u stands for up, and d for down. The power P delivered by the snow-
mobile is Fv.

F,=f+Wsin6 F;=f—Wsin6
P.=(+Wsinb)v, Py=(f — Wsinf) vy,

The engine’s power is constant.

Wsin 6
Pu:Pd - Vd:(f+ - )Vu

f—Wsin6
f=005W sin § = sin (arctan 1/40) = 0.025

B ((0.05 +0.025)

_ « = 3, = 45 mph
"= 11005 - 0.025)) Vu = SV = 2P

5.17 Leaper

The leaper applies constant force so the acceleration a

is constant. The leaper’s center of mass has risen a height s just

as the leaper leaves the ground. At this point the speed is vy,

which carries the leaper an additional height 4. The mechanical energy
E at the top of the leap is E = Mg(s + h).

The time 7 to reach height s is given by s = %aT2
and the speed at that point is vy = aT, so that T = 2s/vy. A l
°i ¢

continued next page —
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The average power PisP =E|T = Mg(s + h)vy/2s.

3
- Mg h Mg2 h
= \[2¢h =201+ =) 2gh=—"(1+~-|Vh
Yo h = P 2(+S) 8 \ﬁ(+S)\/_
kg
601b x -—— =72.7kg
h=3fx 2200 2%em g em =091 m
1ft 1in
ho3ft
s 1.5ft
_ 727 3 1hp
P =" %(9.8)2 x (1.0 +2.0)x V09I =4510W = 4510 W X —6.0h
N (9.8)2 x( ) AW p

The world record for the standing high jump is ~ 1.6 m. The leaper’s jump in this
problem is evidently within the realm of human capability.

5.18 Sand and conveyor belt

(a) The momentum change of sand mass Am is Ap = Amy. The force F on the belt
dp dm
= — =—y—
dt dt
The power P to drive the belt is

P=Fy=1v"—
\% th

(b) The kinetic energy K of mass m on the belt is
1
K =-m/*
Xl
so the power needed to increase the kinetic energy is
dK ldm ,
—_— = ——Y
dt  2dt

Half the power to drive the belt goes to giving kinetic energy to the sand.

continued next page —
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Note that energy is dissipated when the sand is abruptly accelerated as it hits the
belt. To help understand what happens, consider a simple mechanistic model. Sup-
pose that when mass Am lands on the belt, it skids a distance d under a constant fric-
tion force f. The acceleration a of Am is a = f/Am so that v = 2ad = 2(f/Am)d.
The work done by friction is thus fd = %Am v? so the power dissipated by friction
is %(dm/ dt)v?, accounting for the other half of the power needed to drive the bel.

5.19 Coil of rope

If a length of rope y is off the ground at any instant, its mass is m = Ay. The total
upward force F,,, = F —mg, where F is the applied force. The rate of change of the
momentum p is, with dy/dt = vy,

(a)

F=F+mg=—+mg=vid+dyg=A(s+g)
(b) The power P delivered to the rope is
P = Fvy = 1v) + 1ygvo

The rope is uniform, so the raised length y has mass m = Ay. The length has
kinetic energy K.

1 5, 1
K= Emvo = E/lyvo

The center of mass of the raised portion is at y/2, so the potential energy U is

y 1
U=mg5 =58y

The total mechanical energy E is

E 11 2+1/1 2
= — vV, —
S AV + 548y

continued next page =
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The rate of change of mechanical energy is, using dy/dt = vy,

£ = l/lv3 + Aygvo

g 2°°

Note that dE/dt < P. The kinetic energy of the rope is increasing at only half
the rate of the first term in the expression for . The remainder is dissipated in the
sudden acceleration of the rope from rest. Thinking of the rope as a chain, the speed
of each link is changed abruptly, in an inelastic process that conserves momentum

but not mechanical energy.
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DYNAMICS

6.1 Oscillation of bead with gravitating masses

The total gravitational potential energy is the

M
sum of the potential energies of m with each mass M. 5 /?
Using the convention that U — 0 as r — oo, vt O

A{/ z

UG G M(l N 1) 2GmM
X)=-m — B e —
r r \/a2+x2

dU 3 2GmMx

dx (a% + x2)3/2

d*U 2GmM 6GmM )
a2 (@ + x2)2 - ((a2 i x2)5/2)x

Use a Taylor’s series expansion around xy = 0.

dUu 1 d*U )
U(.X')—U(O)+ EO(X—O)-FEWO(X—O) + ...
2GmM 1 (2GmM) ,
~— +0+ = X
a 2\ &

For an ideal spring, U = %kx? The effective spring constant is therefore k =
2GmM|/a’. The frequency of small oscillations is w = V(k/m) = \2GM/a®.
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6.2 Oscillation of a particle with two forces

Let x, be the location of the potential
minimum, where the total force F,,, = 0. B <« (m) > A/xz
(See the sketch for problem 5.14.) ~

l

The total potential energy is the sum of the |

. . o
potential energies due to each force.

1) attractive force: F, = —B

U,x)-U,0) = —f F,dx = Bx'[, = U,(x) = Bx+ U,(0)
0

2) repulsive force: F, = ;‘—2

Y odx A A
Ur<x>—U,(oo):—fA — =S = Uuw==t
o X X X

A dU A d*U 2A

UOZB + — — =B-— - =
ot o X dx x2 dx? x3

The potential is a minimum at x.

0= "

dx
AUl 24 24 2B
dx| ~ x’  (A/BP¥* A2

2

1 d&*U
U(x—xo):U(x0)+O+§W (x—x0)* +...

X0

so the effective spring constant is k = (2B*?)/(A'/?) and the frequency is w =

VKT = QB (mAT?)
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6.3 Normal modes and symmetry

As shown in the sketch, four identical masses m

are joined by three identical springs of constant k [‘-"X. '—'X,_ '—’7‘3 ey
and are constrained to move along the x axis. WM
N L m

In the usual normal mode problem, the coupled

equations of motion are solved for the frequencies,

from which the relative amplitudes of the normal modes can be found. However, in
a problem such as this that has a high degree of symmetry, the normal modes can
be guessed, leading to the normal mode frequencies.

The amplitudes are constrained by symmetry, so that x; = +x4 and x, = +x3.
There are no external forces, so the center of mass must be at rest, leading to the
possibilities

(x4 = —x1) and (x3 = —x,) (mode A)

(x4 = x1) and (x3 = xp) (mode B)

In a normal mode, all masses undergo simple harmonic motion with the same fre-
quency w. For the harmonic motion of each mass, ¥; = w?x;. The equation of
motion for mass 1 is, for example,

k
mxy = k(x; — x) = w'x; = E(xl — X2) = Wo (X1 — X2)
Bxi1 = (x1 — x2)
where wy = Vk/m and B = w?/w,?. Hence

Bxi = (x1 — x2) Bxy = (X2 — X1 — x3)

Bx3 = (X3 — X2 — X4) Bxs = (x4 — x3)

continued next page —
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Consider the modes A for which x, = —x; and x3 = —x,. The equations of motion
reduce to

Bxi = X1 — X B-Dxi=-x (1)
Bxa =2x, — x; B-x2=-x1 (2)

Using Eq. (2) to eliminate x, from Eq. (1) leads to a quadratic equation for S:
B2 — 3B+ 1 = 0, which has roots § = %(3 + V/5). The two roots are 8 ~ 2.618 and
B = 0.382. The corresponding normal mode frequencies are 1.62w, and 0.62wy.

The sketches for modes A show the relative

motion for the higher frequency mode (8 > 2) %_. 4..@ @» 4—@

and for the lower frequency mode (8 < 1).

Proceeding similarly for mode B, mode A, higher frequency

where x4 = x; and x3 = x,
the equations of motion reduce to @_‘ @_; ,_@ ._@

mode A, lower frequency
B-=Dxi=-x2 (3)

Bxy=-x (4

9 b @ >

mode B

Equations (3) and (4) lead to a quadratic equation for 8: 5 —B—1 = 0. The roots are
B = %(1 + V/5). Because 8 > 0, take the positive sign. The root is 8 = 1.618, which
gives w = 1.27wy. (As discussed in Example 6.6, only three nontrivial frequencies
are expected when there are four equations of motion.)

As the sketch for mode B shows, masses 1 and 4 move together, and 2 and 3 also
move together but in the opposite direction.
All the modes conserve momentum, with the center of mass at rest.
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6.4 Bouncing ball

The speed after the first collision with the floor is v; = evy. After n collisions,

the speed is v, = €"vy. The time T to rise to the top of the trajectory is given by

v = gT, so the time between successive bounces is 27 = 2v/g. The time T, for the
n' bounce is therefore

2
7, =20 (_)
8 8

The total time T, s,y for n bounces is

_ ZT (ZVO)Z

j=1

Asn — oo, then v — 0. The time T to finally come to rest is therefore

T;= llm Tn;omz—(zvo)z Zxk Z (2;:0)1ie

The last step makes use of the identity S = Y77, x* = 7, provided x < 1. Proof:

S—xS:ixk ixk” ixk ixk (1)

k=1 k=1 k=1 k=2

The second sum cancels all of the first sum except for the very first term, for which
k = 1, so the right hand side of Eq. (1) becomes simply x.

ifx<1

S—xS=x = §=—>
1—x
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6.5 Marble and superball

After falling from height 4, a superball of mass M carrying a marble of mass m hits
the floor with speed vy = \/237 After the elastic bounce, M moves upward with
speed vy. Here are two methods for finding the upward speed of the marble after
it collides with the superball. (To demonstrate the effect, it may be easier to use a
coin instead of a marble, but a coin may experience greater air resistance.)

Method 1:
This method is algebraic, using the conservation m e l\fo
laws for momentum and for mechanical energy.

The top sketch shows the superball immediately Tr\ro
after it has bounced off the floor. A gap (greatly exaggerated

in the sketch) is shown between the marble, which is still
moving downward with speed v, and the superball, which is
moving upward with speed vy.

nr /]
The lower sketch shows the system immediately after the m @
marble has collided with the superball. The superball’s speed is
now V" at this instant, and the marble has speed v upward. T‘v ,

The initial momentum just before the collision (upper sketch)
is P;, and the final momentum just after (lower sketch) is Py.

P, = Mvy — my Pr=MV +mv”

The external gravitational force has negligible time to act, so Py = P;.

MY +mv’ = Mvg—mvy = mOV"” +vy) = M(vg =) (1)

continued next page —
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The collision is assumed to be elastic, so mechanical energy is conserved, The
change in potential energy is negligible during the short time of the collision, so
kinetic energy is the only mechanical energy of interest. K; is the initial kinetic
energy (upper sketch), and K/ is the kinetic energy just after the collision (lower
sketch).

1 ’2 1 7”2 1 2 1 2
Kf:_EMV +§mv Ki:—EMV0+§mV()

m(v//2 _ V%) — M(V% _ V/Z) =MWy —V)vy+V)

~ 2Mvo(vo —V')  (2)

In the last step, v’ = vy because M > m, so (vo +V") = 2vy. Using Eq. (1) in Eq, (2)

72

m(' — v(z)) =m0 = vy)(V" +vg) = 2mvo(v" + vp)

Vi —vy =2vg = V' =3y
After the collision, the marble flies up a height 7’ = (3v9)*/(2g) = 9.

method 2:
This method is nonalgebraic, and uses simple but sophisticated reasoning.

To an observer on M (moving upward), the marble just before the collision ap-
pears to be approaching with speed 2v,. Because m < M, the collision resembles
a collision with a rigid wall, which reverses the direction of the marble’s speed, so
after the collision the marble is moving upward with speed 2v, relative to the su-

perball, or 3y, relative to the floor. After the collision, the marble flies up a height
n = (3v0)*/(2g) = 9h.

6.6 Three car collision

Momentum is conserved in these inelastic collisions, but mechanical energy is not
conserved. Each car has mass M.The initial speed of car A is vy, so its initial kinetic
energy is Ey = %Mv%. After the first collision, cars A and B move together with
speed vy, so conservation of momentum gives Mv, = 2Mv,. Therefore v; = v(/2,
so the kinetic energy E; of A and B is E; = 12M)v? = (3)(3)MV} = Ey/2.

After the second collision, the speed v, is given by 3Mv, = 2Mv; = Mvy, so that

v> = vo/3. The kinetic energy E is E> = (3M)v3 = (3)(3)Mv] = E,/3. Hence the

mechanical energy lost in the second collision is E, — E| = (% - %)Eo = E,/6.
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6.7 Proton collision

The proton has mass m, and the unknown particle has mass M.
The upper sketch is before the collision, and the lower sketch

is after the collision. Both momentum P and mechanical energy
(kinetic energy K) are conserved in the elastic collision.

Pr=MV-mv' =Pi=mvg = vo=—V-v (1)
m
1 1 1
Ky = 5MV2 + Emv'2 =K; = Emvg = ==V +v? (2
1 4 (1 2
E;= Emv’2 =9 (zm\%) = V' = 3V 3)
Using Egs. (1) and (3),
Sm
V==-— 4
3MVO “4)
Using Egs. (3) and (4) in Eq. (2),
vz—Mé(ﬁfvz_pﬂvz > é— éﬂ = M =5m
" mo\m) " 9" 9 9M B

6.8 Collision of m and M

The upper sketch shows the system before the collision,
and the lower sketch after the collision. Both momentum P

-}

w
and mechanical energy (kinetic energy K) are conserved in v’
the elastic collision. P has both x and y components. M
MV’ / >
Px: :P,-x:mvo—MV ¢H5°
"7 B R
MV’ mvg |
Py = -—=P;,=0
Iy \/§ 2 Y ll
Mv MV (1) ‘
mvy — =
0 N wm 'Lf;,
MV’ 1
== - = v=—2y @
V2 o2 VaM
From Egs. (1) and (2)
1m
V==-— 3
) MVO (3)

continued next page —
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Conservation of mechanical energy:

— MV = —m|— M
2mv0 + > \% 2m( > + > \%

Using Egs. (2) and (3),
3 1 2 1 2
i g (5g) =M (3) 8 = 5 =3

6.9 Collision of m and 2m

The upper sketch shows the system before aJ,

the collision, and the lower sketch is after. Both @____.; O

momentum P and mechanical energy (kinetic

m 2m
energy K) are conserved in the elastic collision. ,
P has both x and y components. v
2my’ 2 m
Py = ks + mv” cos @ = P;, = my
2
345
vo= V20 +v"cos@ (1) —— < _ —
Py=2" o sing =Py =0 \/—
= —mvy’ s1 =P;, =
Iy NG ) \
V2v' =v"sinf  (2) ™
From Eqgs. (1) and (2), ar

vo =V'(sinf + cos@) (3)

Conservation of mechanical energy:

1 1 2 1,
Emvé = 5(2m)v 2y Emv 2

Using Eq. (2), Eq. (4) becomes

= =27 +v"? (@)

Vi =v"(sin* 0+ 1) (5)
and from Egs. (3) and (5),

sin@+ 1 = (sinf + cos6)®> = 1 + 2sinHcos 6

sinf@ =2cosf = tanf =2 6 ~ 63°
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6.10 Nuclear collision in the L system

The upper sketch shows the system before £
]

the reaction, and the lower sketch is after. @__,

The collision is inelastic, so momentum P
is conserved, but but mechanical energy E is not.

P has both x and y components. E3
Use the convenient form P = V2mkE. /@‘{
(a) The energy releasedis Q = Es + E4— E; (1) %

(b) conservation of momentum:

_—— — —f _— —
\/2m1E1 \/2m3E;cose+ \2m4E cosd  (2) J
0= 2m3E;sin6 — \2myEssing  (3)

£y

(c) Now eliminate E, and ¢, using Eqgs. (2) and (3). Squaring Egs. (2) and (3),

myE, COS2 0=mE, +msE; COS2 6—-2 \mymzE | E5 cos 6 (4)

I’I14E4 Sil’l2 ¢ = l’l’l3E3 sine (5)
Adding Egs. (4) and (5),

myEy = m Ey + m3Es — 2 minzE{E5 cos 6

m m 2
E, = —1E1 + —3E3 - — \1m1m3E1E4 cos 8

ny ny ny

Inserting this expression for E4 in Eq. (1) gives

2
0= (% + 1)E3 + (@ - 1)E1 — — mmE E3cos0
m
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6.11 Uranium fission

The incoming neutron is slow, and the uranium nucleus is essentially at rest, so take
the initial momentum and initial kinetic energy of the neutron and the **U nucleus
to be zero. After fission, the product *’Sr and '*®Xe nuclei move apart back-to-
back, with equal and opposite momentum P. The total kinetic energy of the fission
fragments is E, = 170 MeV. Using E = P?/2M,

Ey =0 p=D
Sr — 2M5r Xe — 2MXg
Es, + Ex, = E;
1 1 Mg, My,
P’ + = E, = P'=2E |-
2AdSr 2MXe MSr + MXe

My, 138
Eg, = E[——% ] = 170 MeV x ~— = 100 MeV
S ’(MSr+MXe) “Y %235 ©

MSr )

7
—— | =170MeV X 9— =70 MeV
MSr+MXe

Exe = E’( 235

6.12 Hydrogen fusion

The particles are essentially at rest before the fusion reaction. After fusion, the
products have equal and opposite momentum P. Using E = P?/2M,
P2 P2
= En =
2My. 2M,

The total energy E,,; released is

EHe

Et()tal = EHe + En = 176 MeV

2 1 1 2 MHeMn
P + = E, = P?>=2E,|—2""
ZMHE 2Mn MHe+Mn

M, 1
Ey, = E,|——2—]=17.6MeV x — = 3.5MeV
MHe + Mn 5

My, 4
E, =E|—2 _|=17.6MeV x = = 14.1 MeV
My, + M, 5
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6.13 Nuclear reaction of « rays with lithium

To high accuracy, the mass of the reactants M = M, + My; is equal to the mass of
the products M,, + Mg, where M =4 + 7 =1 + 10 = 11 mass units.

Let E, be the kinetic energy of the incident « particle in the L system. The reaction
collision is inelastic; E, supplies the kinetic energy of the products and the reaction
energy O = 2.8 MeV.

At threshold, the energy in the C system is just enough to form the products. At
threshold, the neutron and the boron are at rest in C, so their energies K; in the L
system are due entirely to the motion of the center of mass, moving with speed V,
so K, = (1/2)MV?.
(a)
M, M, M, 4
—E

1% *y — K 1M(M“)2 2 1M 2 % E
= —V, = — R 1/:_ a/vw = = —
M L=\ ) T2 MM T

4 11
Eoihreshota = Kp + Q = HEO,threshold +0= = X 2.8MeV = 4.4 MeV
At threshold, the neutron is moving with speed V in the L system.
1 1 M, M 1
Ent = 5MaV? = 5My (ZE)2 = S Eoregias = 7= X 44 MeV = 0.4 MeV
L=5 > M Vo p ~Othreshold = 77 € €

(b) For the product neutron moving in the forward direction in the L system, its
velocity v, ¢ must be either parallel or antiparallel to the center of mass ve-
locity V. If v, ¢ is moving parallel to V, the neutron will always be moving in
the forward direction in L, and its energy is not restricted. However, if v, ¢ is
antiparallel to V, the neutron will be moving in the forward direction in L only
if v, c < V. In this case, the limit for forward motion in Lis v, = V. The speed
of the neutron in C is Vin this case, and it is moving antiparallel to V. Because
total momentum is always 0 in C, the speed of the boron nucleus is (M,,/M3p)V,
and it is moving parallel to V. The speeds of the products in the L system, in
the limit of forward motion, are

Vn,L:V—VZO

M"V+ Vv
v = —
BL Mp

continued next page —
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The kinetic energy of n in L is 0, and the kinetic energy of boron is

1 Mn 2 2 1 Mn ? M(yz 2 M(l
KB’L:—MBl'i‘ Vo= -Mp|l+ ( )V: Ey

2 MB 2 MB M ¢ MB
EOZKB,L+0+Q
M
1— @ Eo =
(1- 7] ma-0

10
Ey, = F X 2.8 MeV

At threshold,

11
Eo ihreshola = - X 2.8 MeV

10 11

4
Eo — EO,threshold = (E — 7) X 2.8 MeV = E X 2.8 MeV = 0.27 MeV

6.14 Superball bouncing between walls

This problem is a model for the common observation

that when pumping up a tire with a hand pump, the barrel

of the pump becomes warmer. Pushing the piston down does
work on the gas, raising its temperature by increasing the
average speed of the gas molecules.

o

° |

v e

lab frame

ERUNSNEY

(a) The time-average force is the average rate of
momentum transfer to a wall. Consider the situation when
the walls are stationary. In a single collision (elastic),
Ap = 2mv. The time between collisions is AT = 2I/v.
The average force F is then

S\

DO

|
o || &

|
T4V | vV

SR

P Ap _2mv _ mv?
AT 2l)v [ moving frame

continued next page —
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(b) Consider now the case when one wall is moving. To an observer moving with

(c)

the wall, the superball approaches with speed v + V, and leaves with the same
speed (elastic collision), as shown in the sketch. Then convert back to the lab
frame by adding V.

V=w+V)+V=v+2V
Av=v —y=2V

The time between collisions is AT = 2x/v. In the limit AT — 0,
dv 2V WV
dr ~ 2xfv x
dv _dv/dt  1dv
dx ~ dx/dt ~  Vdt

(-) sign because x decreases with time

v

T ox
Q——@ mt=-lnt=_mi
V X Vo Xo [

X 2x/v x -
The work AW moving distance Ax in the direction of V is

AW = —FAx (-) because x is decreasing

Y dx 1 1 x?
W = —mvil 1 ol mvl? (ﬁ) = Emvé (1_2 - 1)

X

[

The superball’s kinetic energy K is

% 1, 1 ,x
= —myv = —mvy—
2 270

1 2 1 2
AK = K(x) - K() = val‘i)zc_z - gmvé = gmvé(% - ) -w

6.15 Center of mass energy

Let M = M, + M,. The object of this problem is to prove that for two particles a

and b moving with velocities V, and V,,

1 1 1 1
—MV? + —uV? = ~M, V> + ~M,V}
2 HYr = 3 MaVa T MY

where V is the velocity of the center of mass, V, is the relative velocity of the two

particles, and u is the reduced mass.

continued next page =
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V= MV, + M,V,
B M
1MV2 lM MaVa2 + M;,V,f +2V,-V,M,M,
2 T2 M2
1 (M2V2+ M2V2+2V,-V,M,M,
=5 i (1
V,=V,-V,
1, MM, o, s
SHVE = M(n+w—wmw)@)

Adding Egs. (1) and (2),

1 1 (M?+ MM, 1 ({M?+ MM,
T ! VZ=_ Vg | 22— v?
2 M J )“ A M b
T2 A4+M,“ 27\ M, + M, ) P T 2T e T
6.16 Converting between C and L systems

(a) To convert from the L to C, subtract

the center of mass velocity V. from every m@ @

L system velocity vector (upper two sketches). Ve

L system
_ mV()
T m+M

In an elastic collision, the speeds in C are unchanged, @__; 4_@
(third sketch). To convert from C to L, add V. to

every velocity vector, as shown for mass m (bottom sketch). V.-V,
. . . .. C system o Ve
v is the velocity of m in the L system after the collision. m /

M
V()_VC: Yo

m+M -
Vi = V24 (vo = Vo)’ = 2V(vg — Vo) cos (1 — ©) /}:j
Vo \? C system

:(m+M) (m2+M2+2mMcos®) A

vf:( Yo )\/m2+M2+2mMcos®
m+M

continued next page —

L system
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(b)

1 mvy 2 2
:E m (m + M +2mMCOS®)
Ko - K; _ (m* + M? + 2mM cos ©)
Ky (m + M)?
_ 2mM(1 — cos ©)

(m + M)?

6.17 Colliding balls

The upper sketch is before the collision, Y
and the lower sketch is after the collision.

(a)

:0)
Sy
R

By conservation of momentum,

2mvi - mvj = mU cos 01 + mU sin Hj - 2mvj

2v=Ucosf (1) \3 U

v=Usinf (2) m Ao

Dividing Eq. (2) by Eq. (1), g x

WU

tanf =1/2 ~ 27°
_tand 1 2m
V1+tan2e V5

.

U=——= V51 ~22v
sin 6

sin@ =

(b)

1 1 3
E; = 5(2m)v2 + Emv2 = Emv2

1 1 1 5 7
E; = E(Zm)v2 + EmU2 = 5(2m)v2 + Emv2 = Emv

>El’

2

The collision is superelastic.



ANGULAR
MOMENTUM
AND

FIXED AXIS
ROTATION

7.1 Origins

(a) L = angular momentum in x — y
L’ = angular momentum in x" —y’.

L=>rxpj= ) (S+r)xp,

.= I ‘/.— ’
pJ—mrJ—mrj—pj

L= ;xp;= ) (;-8)xp;= ) r;xp;-Sx Y p;=L-Sx ) p,

Itis given that P = ), p; = 0, so L’ = L, independent of the origin S.
(b)

7 = ), r; X Fj. Because forces are independent of the origin, F’; = F;.

Itis given that F;y = ) F; =0so 7 =171



106 ANGULAR MOMENTUM AND FIXED AXIS ROTATION

7.2 Drum and sand

The angular momentum of the system at time # = 0 is

L(0) = (Ma + My)a*ws(0) (1)
At time ¢, the angular momentum is
L(t) = (M + M, — A)a@*>ws(0) + (Mg + A)b*wp(t)  (2)

Note that w4 () = wa(0) because the sand exerts no torque on drum A as it leaves.
(To an observer on the drum, the sand appears to fly out radially.) Angular momen-
tum is conserved L(t) = L(0), because the system is isolated — there are no external
torques. Equations (1) and (2) then give

Ad*w4(0)t

W) = D

At time T given by AT = M, all of the sand has been transferred from drum A to
drum B, and wp is then constant. Thus

M, a*w4(0)
(Mg + M,)b?
< w4(0)

wp(t2T) = 3)

It is easy to show that the angular momentum of the system for # > T remains equal
to L(0). Using Eq. (3) gives

L(t > T) = Mad*wa(0) + (Mg + M)b*wp(t > T)
M a*w4(0)

= Mjd® My + M)V ——"—
1a”w(0) + (Mp + M) (Mp + M)b?

= (M4 + M)a*w4(0)
- L(0)
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7.3 Ring and bug

(a) With the bug at the origin and the ring at rest, the initial angular
momentum is L(0) = 0. Angular momentum L about the pivot is
conserved, because no external torques are acting on the system. M
Thus, noting that the ring rotates clockwise as the
bug moves counterclockwise,

L= Lbug - Lring

When the bug is halfway around, the ring

is rotating at some angular speed w. The speed of the M
bug is then v — 2Rw.

The moment of inertia of the ring 1,;,, about the pivot, is, w ('

by the parallel axis theorem,

Ling = Iy + MR* = MR* + MR
= 2MR*

The total angular momentum is

L = —wl,jn, + m(2R)(v — 2Rw)
= [-2MR? — 2R)’m]w + 2mRy
=0
my
w=———
(M + 2m)R
(b) When the bug is back at the pivot, L;,, =0,
and therefore L,,, = 0 so that w = 0. The ring is
then momentarily at rest, but it is not necessarily back

to its initial position.
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7.4 Grazing instrument package

Because the gravitational force on m is central, angular momentum about the center
of the planet is conserved. At tangential grazing, m is traveling at speed v and its
trajectory is perpendicular to R. Hence

m(5R)vysinf = mvR — v = 5vpsinf (1)

Another expression for the grazing speed v can be found using conservation of
mechanical energy.

1 GmM 1 GmM 8GM
—mvé—L:—mvz—L:v2:V%+§T (2)

Combining Egs. (1) and (2) to eliminate v,

8GM 1 8GM
25sin*6-1)= —— = sinf=— [l +-— (3
( ) 5 RV} 5 5 RV} ©)
It is evident from Eq. (3) that sin 6 must be > 1/5 (6 > 11.5°). For example, if 6
is too small, the package does not graze the planet but plows into it. On the other
hand, if 8GM/5RV3 > 24, then according to Eq. (3), sinf > 1, an unrealizable

value. In this case, the package does not graze, but sails over the planet.
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7.5 Car on a hill

The car is in stationary equilibrium, so the total force \

on the car must be 0, and the total torque about any \ ﬂz. Lo

point must be 0. (Problem 7.1 shows that in a stationary \ N
system, if the torque is 0 about some point, it is 0
about any point.)

forces:

0=N;+N,—Mgcosb
0=fi+f,—Mgsing (1)
torque (about the center of mass):
0=Nib+ fili + foli = Nab,  (2)
Using Eq. (1), Eq. (2) can be written
0= (N] - Nz)lz + Mgll sin 6
1 L. 1 L .
Ny = -Mg|cosf — —sin6 Ny, = -Mg|cosf+ —siné
2 lz 2 lZ
Mg = 30001b 0 =15° I, =21t I, =41t

2
N; = 1500 (0.966 - 10.259) = 12551b

2
N, = 1500 (0.966 + 10.259) = 16431b
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7.6 Man on a railroad car

vertical equation of motion:
N+ N, — Mg =0

radial equation of motion:
12
h+h=M 7
torque about the center of mass:
d d
—Ni5 +Nog + (fi+AL=0 (2)

Using Eq. (1) in (Eq. (2),

d L
E(Nl -N) = mvzﬁ

tside foot: Ny = + (Mg + M22E)  ingide foot: Ny = & (ag - MV2E
i Ny == — nsi Ny = = - —
ouseoolzng 18600228Rd
7.7 Moment of inertia of a triangle
The slanted sides obey the relation
X
y=t— () L
Vs o |
The area A of the triangle is 30° l X
v 30° !
1 1 3
A = 5(base x height) = SL(Lcos 30°) = ~=1? / L/
The shaded strip has length 2y, width dx and mass dm. L
2ydx
dm = M
" TA

The moment of inertia of the strip about its center is

1 2_ 1,
Edm(Zy) = 3y dm

continued next page —
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By the parallel axis theorem, the moment of inertia d, of the strip about a perpen-
dicular axis through the vertex at the origin is, using Eq. (1),

1 10
dl, = x*dm + §y2 dm = Exz dm
V3L/2 V3L/2 4
10 20 M 20 M 20 M 1(V3
I, = — dem:—— xzydx:—— x3dx: x_(iL)
? 9 A Jo 9v3 A Jo 9V3 (V3212 4\ 2
5
= =ML
12

7.8 Moment of inertia of a sphere

Consider the sphere to be a stack of solid disks of radius r and %{
mass dm. The moment of inertia is
1 M. M e
dl = =r*d dm=—dV = —(nr*d
2r m m v v (nr- dz)
M1 M (1
= Viﬂr4dz = I = Vfim’“dz

With 2 = R? - 22,

M (1 aM (F n MR? 4 2
I=— | = Rz—“d:——f R*—2R*Z? +dz = = 2—— 4=
VIRzﬂ'( 79 dz >V _R( T +270)dz TV

_7TMR5(16)_7T MR> (16) 2

== —|=z———|—=|=ZMR
2 v \15) " 2@/3nRr3\15) " 5

7.9 Bar and rollers

X
N
! N
The vertical and horizontal equations of motion: 4 :"': A2
Ny +N,—Mg=0 (1) .- | 1
% -~ f £
Mi=fi—-f (2 1 | 2
| v

The torque is 0; take torques about the center of mass + /? —_— ﬂ ____.>!

—

-Ni(l+x)+No(l-x)=0 (3)

continued next page —
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The bar is thin, so f; and f, produce negligible torques. Using Eqgs. (1) and (3),

I 1
N, = Mg(l—f) NZ:—Mg(1+f)

T2 I 2 I
M
fl—fzzﬂ(Nl—N2)=—¥x
so Eq. (2) becomes
M
M)'c':—'l%x =5 )'c'+'l$x:0

This is the equation for SHM, with frequency w = /&%

7.10 Cylinder in groove

vertical equation of motion:

N N
M M A f

R, R R A B
horizontal equation of motion:
NN,
V2 V2 V2 V2
Using the law of friction f = uN, Eq. (2) gives
1 —
= G O

Using Eq. (3) in Eq. (1),

N_Mg 1 +pu N_Mg 1—pu
1_\/5 1+ w2 2_\/§ 1+ w2

torques about the center of mass:

r:m+ﬁm=MM+Mm:Vh@@fwﬁ
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7.11 Wheel and shaft

This problem concerns angular acceleration under constant torque.
Note the exact analogy with linear acceleration under a constant force.

I Idw
t=La=1,—
dt

In this system, 7 = FR, so dw/dt = FR/I. F is constant, so w = (FR/Iy)t.

1(FR
0= fwdt: —(—)t2
2\ I

Let w = wy at t = 1y, when all the tape of length L has just been unwound.
1 (FR?\ , 2LI,
L=RO=—-|—|t; = th=+—2
2\ Iy FR?
F Rt [2LF g 2LF
Wy = — = _ e
0 I() 0 ]() 0 (1)(2)

7.12 Beam and Atwood’s machine

113

The beam is in equilibrium, so the total l j
torque = 0. Taking torques about the fulcrum, !

TZZ_mlgll :O /\

' o
-2 ]

)

The equations of motion for m, and m; are v M\C)
mya = myg — T’ mza =T —mg
mym
my + mj

In equilibrium, the pulley does not accelerate.

T:2T’:4g( nirms ) — mlg(l_l):4g(%)

my + msy lz my + ms

m111 :4( hellls )lz
my + mjy

b
T
' 7 o
l l?T
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7.13 Mass and post

(a) Angular momentum about the center of the post
is conserved, because the force is radial and cannot exert
a torque on m. Initially, m is at distance r from
the center, and is moving with tangential velocity v,
so the initial angular momentum is L = mvyr.
At a later time, m is a distance ry from the
center, and has tangential velocity v, so that L = mvry.

Momentum p and mechanical energy E are not conserved,
because external force is acting on m.

(a)

r
Pr=mvy = Po (—)
ry

I r?
Ef = Emvf = Eo r_2
f

(b) In this case, the force on m is not central, and angular /rT
momentum is not conserved. The radius vector r from the center
to m is not perpendicular top,soL =r x p # 0, ‘
and furthermore the angle between r and p changes during the
motion. Momentum is not conserved, because f Tdt + 0.
Mechanical energy is conserved, because the force T on m is
perpendicular to v, and hence does no work. Therefore (b)

1 2 1 2
Emvf = smyy = Vy =1V

2
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7.14 Stick on table

(a) .
/ Yy Ra.
T = Mg (5) B : ;
iy /
(b) The moment of inertia of a thin rod of length / / // o vl,&

about one end is, from Example 7.3, %M 2.

1
Tp = IBCL’ = §M12Q

_T_B_M_é(g)
Iy /3ME o 2\

1
Ma=Mg-F = F:M(g—a):ZMg

7.15 Two-disk pendulum

The upper disk is pivoted about its center.
The torque about the pivot is 7p = —Mgl sin 6.

equation of motion: 17y = lpa

- Mgl Mgl
b+ 28 Gno=0 — 6+ 2% =~0
Iy Iy

This is the equation for SHM with frequency w = +/(Mgl)/1,

The moment of inertia of the upper disk about the pivot is %MRZ.

The moment of inertia of the lower disk about the pivot is (1 MR* + MI?). My
Io= MR+ (LR e mP) = MR+ ) = w= =5
2 2 R+ 2

2 R2+ 2
:—ﬂ:27r

T
W gl
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7.16 Disk pendulum

From the result of problem 7.15, the period is

w = ?]—l:> T:%TZZH\/Z(}
0 8 Ie Q

where [ is the moment of inertia about the pivot.

1
ERZ + 2

gl

1
IO:EMR2+M12 — T =2r

The minimum period occurs for dT'/dl = 0.

1 p2 2
— SR+ 1
gl Ma
dT 20 R+ P
0=2T— =2T|= -2
dl gl gl?
1 R
W=-R+I = |=—
2 V2

The pivot point for minimum period lies within the body of the disk.

7.17 Rod and springs

The sketch shows the rod displaced from equilibrium by I x'= Q 6
angle 6. Both springs act to restore the rod toward equilibrium. ' ;
Taking torque 7 about the pivot, F

=Pt i melsino~ —FL _Frimgle (1)
= g5 Smu =y mEy

The spring forces are, in the directions shown, L X = 4
AT
2
l ’ ’ F
F=kx=k§6’ F' =kx' =klo )
~ |-k (4 2 K2+ mg()|0 m
i} A

The equation of motion is 7 = /6.

" 12 1\] 6
6~ |—k|=|— kP =
)l

continued next page —
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The rod moves according to SHM with frequency w.
2 2
w:\/k%—mg%ZJk%—mg%: 15k 3¢
m

As k is decreased, w also decreases, and finally becomes 0. At this point, the system

is no longer stable, and the motion ceases to be harmonic.

7.18 Rod and disk pendulum

The torque 7 about the pivot is

[ l
T= (—mgi - Mgl) sin @ = (—mgi — Mgl)@

The equation of motion is 7 = I,,,46.

(mg% + Mgl)e

I, total

0=0+
The system moves according to SHM with frequency w and period 7.

mg% + Mgl T = 2_7T - Itotal
Liotal w mgt + Mgl

The moment of inertia /,,,,; about the pivot is

1 1
Itoml = Irod + Idisk = ngZ + _MR2 + Ml2

2
Lol 5 iml + IMR? + MP?
—_— =27
mg% + Mgl mg% + Mgl
To help understand how the disk’s mounting affects the period, consider the contri-
butions to the total angular momentum of the system, using Ly = Lprai-

1 1

The first term on the right is the angular momentum of the rod. The second term is
the angular momentum of a mass M concentrated at the end of the rod. The third
term is the angular momentum of the disk. All rotate with angular momentum w.

continued next page —
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When the disk is rigidly attached to the rod, the disk rotates, as /
indicated for the isolated disk in the sketch by the mark on the _
rim for the isolated disk. The period is 7', Eq. (1). When the disk «

is mounted by a frictionless bearing, it cannot rotate and
contributes no rotational angular momentum. The term %MR2
should then be omitted from Eq. (1) to give the new period 7":

%ml2 + MI? %ml +2Ml
T' =21y |—F——— =21\~
mgs + Mgl mg+2Mg @

7.19 Disk and coil spring

O

(a) The restoring torque is T = —C#, so the equation of motion is 16 + C6 = 0, the
equation for SHM. The initial moment of inertia is %MRZ, SO

. C .. C
0=0+—-0=0+7—"-0 = w= V2C/MR?
1 EMR2

(b) (1) The moment of inertia of the putty ring is MR?, so the moment of inertia of
the disk and putty is now %MRZ, and the new frequency «’ is

, | 2C w
w = _—
3MR V3
(2) At time ¢y, just before the putty is dropped,
0 =6ysinwt; = Gysinm =0 0=wbycoswt; = wbycosm = —wb

Immediately before the putty is dropped, the angular momentum L is

1
L=Iw= EM}fezw 6o

The amplitude of the initial motion is w 6,. The putty ring has angular momen-
tum = 0 before it is dropped. Hence the angular momentum of the system is
conserved. The new angular momentum L’ equals the initial L.

3

L'=To = zMR2 W' 6,
By conservation of momentum,
1 3 3 w
~MR* w6y = ~MR* ' 6, = ~MR*——6|
R MU A MY

so the new amplitude is

0 =

&l
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7.20 Falling plank

For 6 = 90°, the torque 7 about the pivot is

I
7= Mgz = 1890°)

0900_ Mgé _ Mg% _3g
CO=17 )7 we) " 21

tangential equation of motion:
r. .3 1
Mg—FV:MEH(go):ZMg Sl szzMg

radial equation of motion (at 90°):

MV [,
Fy=—=M=z6*90°
"0 > (90%)
Use conservation of mechanical energy to H

find 62(90°). Note that Fy and F do no

work on the system, because the displacement is 0.

Take the gravitational potential energy to be 0 at 8 = 90°.
Initially, at 8 = 60°, the kinetic energy is 0.

! !
E(60°) = 0+ Mg sin30° = Mg

E(90°) = %192(90% E(90°) = E(60°)

—16*(90°) = Mo— = 6*(90°) = 2 _ 28
1OV = Mg e tmp 21
3
FszMg

7.21 Rolling cylinder

Take torques about the center of the
cylinder. Only the friction force f contributes.

1
fR=Ia= EMRza

For rolling without slipping, @ = Ra, so

119

2
2

1 1
f = EMRQ’ = EMa

continued next page =

D
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equation of motion normal to the plane: N — Mgcos6 =0
equation of motion along the plane: Mgsin6 — f = Ma
. 3 ) 3
Mgsinf = Ma + f = EMa = gsinf = Ea
The strength of f is limited.
1 |
f<uN=uMgcos = ugcosf > 54 = ggsme

The condition for rolling without slipping is therefore tan 6 < 3pu.

7.22 Bead and rod

(a) radial equation of motion (w = constant):
0 =ma, =mi —mrw* = iF—-rw*=0 (1)
r = ry e’ satisfies Eq. (1), with r(0) = ry. Proof:
F=wrye”! P =wryge® = w'r

(b) By Newton’s Third Law, the force on the rod

is equal and opposite to N, the force on the bead.

tangential equation of motion:
N = may = mQ2iw) = 2mw(ry we®’) = 2mw?ry e’
(c) The power P = Fv = 7 w. From parts (a) and (b),
P =1w=Nrnw=2mw'rye™’

The kinetic energy K of the bead is

1 1 1
K = Emv2 = Em(vf + vé) = Em (}.,2 + (ra))z) = mr(2) w?e™!
dK
— = 2mr(2)w3ez“” =P

dt
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7.23 Disk, mass, and tape

The tape slips over the stationary pulley.
The length of the tape x + y + 7R, increases

K
by R as the tape unwinds from the disk. S L
(a) constraint:.
x
X +y=constant+ R§ = X+ = R0 3
Rex=a+A — Tm
(b) translational equations of motion: al
mg—T =ma Mg —-T = MA __
rotational equation of motion: l -
A )
1
TR = Lya = EMR2Q’
T = 1MR = 1M +A
= gMRa = Ma+4) T
3m-M T
a =
3m+ M &
m+M
A= ( ) M
3m+ M & l l )
dm
Ra = ot
¢ (3m n M) 8 b
Mb
7.24 Two drums
The drums are identical, and they experience the
same torque T R. Starting from rest, they consequently
rotate through the same angle 6, causing the tape
to lengthen by 2R6. Let [ be the initial length of the tape.
constraint: o
x=Ilp+2R0 = X=a=2Ra T

equations of motion for drum A:

1
Mg-T=Ma TR= 5MR%y

continued next page —
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equation of motion for drum B:

1 2
TR = -MR'a
T = MRe=1um
—2 Q—4 a
1

4
ZMa:Mg—Ma = a:§g

7.25 Rolling marble

Energy methods are a good approach to this problem.

1 1., 1 1(2 :
E = EMvg + 5195 = EMvé +3 (gMRz)Hé

For rolling without slipping, R, = vy,

1 1 7
Ei= =MV} + —Mvi = — MV}

2 5 10
The marble is momentarily stationary at the final height.
7
E;f =0+ Mgh= Mglsind = E; = I—OMvg

- 7 Mv(z) 3 7 vé
~ 10\ Mgsin®) 10\ gsin6

7.26 Sphere and cylinder

Energy methods are a good approach to this problem.
At the start, the object has only gravitational potential energy,
and it gains kinetic energy as it rolls down the plane.

1 1.
E;f=-MV’+-10; =E; = Mgh

2 2

For rolling without slipping, R = v. .
/
E—le2+llv—2 (i1l N
) 2 \R2) 27 T 2R
Mgh

v = (1 gl I ) (D

M+ 3w

continued next page —
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From Eq. (1), the sphere is faster because it has the smaller moment of inertia.
Lo :gMR2<I Jind :lMRZ
sphere = g eylinder = 5
Equation (1) can be written more elegantly using the radius of gyration k (Section
7.7.2). The radius of gyration is given by I = k> MR?. Writing Eq. (1) in terms of k,

2= ( Mgh ] _ 2gh
1 11 2

M +ae) 1+k

2 1
kzsphere = g < kzcylinder = 5

The sphere is faster, because it has the smaller k.

7.27 Yo-yo on table

translational equation of motion, x: |

N,
F—f=Mi=MA x

translational equation of motion, y:

A
N-Mg=0 = N=Mg @)/ »> K

V- 3

rotational equation of motion: £

| 1
Rf—bF =16 = ~MR*>a = ~MRA
! =5 Moy

Using A = Ra for rolling without slipping.

f—1F1+2b< N=uM
=3 R | SRV =HMS
3uMg

2b
1+F

max —
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7.28 Yo-yo pulled at angle

The force F has a fixed value.

equation of motion, y:

O0=N+Fsinf—-Mg — N =Mg— Fsinf

The torque = 0 when

bF
0=Rf~bF = f=—

f<uN=u(Mg- Fsinb)

Using this in Eq. (2),

bF .
r <u(Mg— Fsinb)

. Mg b
sinf < — — —
F  uR
M b
sin emax = _g - %5 (1)
F  uR

Comments: According to Eq. (1), |sinf| > 1 for ¢ — 0, an unacceptable result.

However, the solution requires that the Yo-yo be on the verge of slipping. For small
U, the Yo-yo always slips. Similarly, the result is unacceptable if F — 0, but for

small F', the Yo-yo never slips.

7.29 Yo-yo motion

(a) The equations of motion, either descending

or ascending, are, with A = ba,

Mg-T=MA (1)

1 1 A
bT = ~MR*a = ~MR*—
=My
2b?
MA = =—T
RZ
2b?
Mg=T+MA=T+ —T
RZ
M 2
T = MeR
2b%* + R?

Mg M}

. scendin
descending as 8

continued next page —
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(b) When the Yo-yo reverses direction at the end of the string, the speed changes
from vy downward to v, upward. The change in momentum is 2Mv, = the
impulse 7 = F siringAf, Where F siring 18 the average force exerted by the string
and At is the time to reverse direction. The Yo-yo is turning at rate w and it
makes a half turn during the reversal, so that wAt = . Hence

P 2Mv; 2Mviw  2M(bw)w  2Mbw?
string — = = =

At Vs m n
Use conservation of mechanical energy to find w.

1 1 1 1
Ep=-Mvi+ Slw” = SMb'w + MR = E; = Mgh

2
_ 1 2 2\ 2 o 4gh
7 _ 8Mg bh
string — T 2b2 + R2

7.30 Sliding and rolling bowling ball

Method 1 uses the equations of motion, and N
method 2 uses conservation of angular momentum. 4
Method I: equations of motion: . \
M o
N=Mg  f=uN=uMg —_—
dv R”
ME =—f=-uMg = v=vy—pugt
d do R MgR o
dt dt 1 1 M
uMgR Sug ¥
= = w=|—|1
MR 2R

Note that v decreases with time, and w increases with time. Rolling begins at ¢,
when w(z,) = v(t,)/R.

Sug 5
wity) = 3520 = () = Sugt = - ua,
S gt o =2 (t,) 2y = 2
Zugt, = vy — gt , = —— v(t,) =vo— =Vo = SV

continued next page —
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Method 2: conservation of angular momentum: N
Take angular momentum about any point on the alley, 4
such as c in the sketch. \
2 M “
Li=MvwR  L;=MwR+Iw=MWR+ZMRw —_
5 R~ Ay
Rolling starts at ¢ = ¢, when w(z,) = v(¢,)/R. —
o3
2 7 f v
Lf =|MR + gMR v(t,) = gMRV(lr) =L; = MvoR M}
5
t) ==
v(t,) 7 Vo

7.31 Skidding and rolling cylinder

The approach to this problem uses y -~ x o

conservation of angular momentum, similar [ ] °

to Method 2 in problem 7.30. \ Y, \

The friction force f causes the translational S M/, d

speed v to increase and the angular speed w to decrease. R
I

Taking angular momentum about ¢ in the sketch,
Ly =1Iws+ MviR=L; = Ilwy

Rolling without skidding begins when vy = Rwy.
Ly = %Mszf + MR*w; = %Mszf

1 2
Lf = Ll' = EMR Wy
wo

3

wy =



ANGULAR MOMENTUM AND FIXED AXIS ROTATION 127

7.32 Two rubber wheels

As suggested by the lower sketch, the friction force

on each wheel produces a torque. To keep the device

from rotating, the hand must apply an opposite torque.
Thus the angular momentum of the device is not conserved,
so analyze the problem.using equations of motion.

fR = -1 ay (wheelA)
fr=1Igap (wheel B)

R t !
Wy :a)o—affdl, a)B:éffdt’
0 0

R I
Wy = Wy — 1—7(1)3
A

Sliding continues until the contact points both have the

same linear speed Rw, = rwg. This condition gives

R’ Iy
Wy = Wy — T— Wy
Iy r?
A Wy ’/. £
I = MR?* and Iy = 2mr?. The final angular speed of A is
m — wo A wm
WA =Wy — —W Wy =
A= Wy~ 5 A E\iez s ‘)w
B
£ B

7.33 Grooved cone and mass

The initial angular momentum of the rotating cone

is along the vertical axis, but there are no external torques,
so the angular momentum of the system remains constant
in magnitude and direction.

(a) The mass gains angular momentum mR*w as it is
carried around with the cone, so the cone must lose
angular momentum.

Lf = Ioa)f + mszf =L; = Iywy
Iy
wi=|——=|w
P\ Iy + mr2)™°

continued next page =



128 ANGULAR MOMENTUM AND FIXED AXIS ROTATION

(b) There are no dissipative forces, so mechanical energy is conserved. The mass
has gravitational potential energy and kinetic energy, and the cone has rota-
tional kinetic energy.

1 1
Ef: 5 0w§'+§mv§»:E[: 510(1)(2)+mg]’l
I L} L Y
2 _ 10 2 2 _ 0 0
vf—E(wO—wf)+2gh:>vf—\/m (1_10+mR2) + 2gh

7.34 Marble in dish

Energy methods are a good way to solve this problem.
One element of this approach is to express all the

energy contributions in terms of a single variable, here 6.
The marble has gravitational potential energy E,,,
translational kinetic energy E,,,,s, and rotational kinetic
energy E,,. Take the gravitational potential energy

of the marble to be O at the bottom of the dish (6 = 0).

E o = mg(R — b)(1 — cos 6)

Taking R > b (the sketch exaggerates b), and cosf ~ 1 — %92

1
E,» ~ mgR(1 — cos ) ~ Eng92

Eirans = %mvz = %m(R(l))z = %mRzéz
E. = llgbz = lI(R—g)2 -1 R—292
R 2 \b 2 b?
Eiwi = Eppr + Eppans + Evor = lnge2 + lmR292 + l113292
0, [J()l’ trans rot 2 2 2 b2
2
= %ng@2 + %mRZQ2 + % (%mbz) %92 = %ng@2 + %mR2 (1 + %) 0 = mTR (g92 + ;Réz) (1)

There are several ways to find the angular frequency of small oscillations from Eq.
(1). One way is to note the analogy between Eq. (1) and the mechanical energy of a
harmonic oscillator m’i* + $k’x*, which has oscillation frequency Vk’/m’. From
Eq. (1), kK ~ gand m’ ~ %R, so the corresponding angular frequency w,, of the
marble is

Wy, =

&‘

5¢
7 R

continued next page —
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Another approach is to note that Eq. (1) is a quadratic energy form (Sec. 6.2.1),
where it is shown that w = VA/B for a quadratic energy form %qu + %qu, so that

/5 g
Wn =z
7R
Finally, by conservation of mechanical energy, E,,, is constant, so taking the deriva-

tive of Eq. (1) with respect to 0 gives

g
R

4L T RO+ 06 = LR+ g0 —> >
= = — = — wm = —_
a9 5 =5 TE 7

7.35 Cube and drum

The cube is rocking, not sliding, on the drum.
At the instant shown in the sketch, the pivot
point is n. Because the cube is always tangential
to the drum, the angle subtended from the
center of the drum is equal to the cube’s
angle of rotation. The cube is stable if
the torque created by a small rotation is
a negative ’restoring” torque tending to
bring the cube back to equilibrium. The horizontal
displacement of the center of mass must be less
than the displacement of n.
The displacement a of the center of mass is

L .
a= 5 sin 6
The displacement b of the contact point is

b =Rsin0
For stability,

a<b = L<2R

continued next page —
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The cube in the sketch is stable. Put descriptively, the cube is stable if the line of
the weight vector falls within the R6 of the cylinder’s center,

7.36 Two twirling masses

No external forces act horizontally, so the

system 1is isolated in the horizontal plane.

The motion is described most naturally as a
combination of a uniform translation of the center

of mass and a uniform rotation about the center of mass.
The speed V of the center of mass is

_ mava(0) + myvp(0) ( )VO

m, + my B
The sketches show the speeds in the C system.

v "

mg, + my

za:( b )z
m, +my

\% my, my+my\vg Vo
w=—= _— = —
la my + nmy ny l l
T = m,l,w*
| mamy, l(vo )2
“\m, +my l

_ m,my V_%
S \my, +mp 1\ 1

N
& Q L svstem
b
1w e
wm
Ve——eo *
Lo
w /D
C system
'Qlo
ngo—-”%‘v
V e—— Mo
-r
w
C system
-r
— 'U;"V
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7.37 Plank and ball

(a) The system is isolated in the horizontal ar

o @—» 1 T v.—@
plane. Linear momentum, angular momentum, £
and mechanical energy are conserved. w
)
M| |28 v
linear momentum:
4 L -
myvy = —mvy+ MV,

angular momentum: (a)

mvol = —mvl + Iyw
mechanical energy: v e

1 2 1, 1 T ¢

E Vo = Emvf + EMVP + 5100)
Iy about the plank’s center is Iy = ;M (21)* = M. w
Solving for the three unknowns v, V,,, and w,

m ml(vo +vy) (b)
V = — + -
f M(Vo V) w Io
1 - 1 5 2 212
Emvo = Emvf + = 2 M(VO + Vf) + EI—(VO + Vf)
4m

V% - v} = —(vo +vy)

(b) Because of the forces at the pivot, linear momentum
is not conserved, but angular momentum and mechanical energy are conserved.

angular momentum about the pivot:

2ml(vo + vy)

I

mvo(2l) = —mv,2D) + ILhw = w=

1 4
1, = §M(zl)2 = ngz

continued next page —
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mechanical energy:

2 _ 12 17 2
myy = smvy + S lpw

3m 6mv, 3m 1 -3
O:(l—ﬁ)V§+(7)Vf—(l—ﬁ) é - Vf:(]-pﬁ)vo

7.38 Collision on a table

| =

The system is isolated in the horizontal
plane. Linear momentum, angular momentum,
and mechanical energy are conserved.

linear momentum:

mvy = —mvy + 2mV

1
V= E(VO + Vf) ™M
angular momentum about the rod’s midpoint:
—_— v
m
mvol sin (45°) = —mvlsin (45°) + lyw ~
Iy Vv, i
Vo + V= \/E—w e M
ml
1\}  mP
In = 2 — = —
o=nf3) =
)
Vo + V= — \/z
w

mechanical energy:

1 1 1 1
Emvé = —mvfr + E(Zm)V2 + ~Lyw*

2 2
Pow?
=i+ 2V 4+ ——
lw 2 . Puw? . Pw?
= —_—— v [ —_—
N 4 2
5
0=-lw- \/EV()

4

()5
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7.39 Child on ice with plank

(a) Linear momentum and angular momentum are conserved
in the inelastic collision, but mechanical energy is not.
After the inelastic collision, the new center of mass
of the child-plank system translates with velocity v Cobm e
parallel to the child’s initial velocity, by conservation
of linear momentum. The system rotates about the new

center of mass with angular frequency w. —

The speed v of the new center of mass is given by 0

(v 31)
V= Vo
m+M

Angular momentum is best calculated about the M

new center of mass, which is located a distance x

from the end of the plank, as indicated in the sketch. €
o ﬂ«“‘\b
[ 4

x:(me)é —T“

X
The initial angular momentum about x is L; = mvyx ' \ffmﬁ

The final angular momentum is Ly = I w. (a)

2

2

IL.=1)+M|-—x| +mx

1 2
=—MP+M + mx*

12

_ Lol ( M )12+ ( M’)zl2

12 2 \m+m)2| T m) 2
1 1/ mM

- MP —( )12
TRl Py

1 M + 4m

= EMFW
L;=1Iw=L; =mvyx
M [

m+ M)_

l
——X
2

1 M+4
—Mlz( m)w = mvoxzmvo(
m+ M

12 2

—6( m )E
w= M+4m) |

continued next page =
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(b) The point instantaneously at rest is moving with speed v "
(due to the rotation) antiparallel to the translation of
th t f R h in the sketch, so that it
the center of mass, as shown in the sketch, so that its — e
instantaneous speed is v — v = (. Let the point be a 9
distance y above the center of mass, so v = yw. T .
N
v (,:f/?/;) [ (M + 4m) 7l( ™
y = — = —6V - = —
w (TO) (m) 6\ M+m
The distance from the child is y + x. (b)

+
2

l(M+4m) l( M ):é(M+4m+3M) 2

+x=- ==/
yr 6\ M+m M+m M+m 3

7.40 Toothed wheel and spring

The initial mechanical energy is %kbz. Mechanical energy is conserved until x = /,
but at that point there is an inelastic collision with the track and some mechani-
cal energy is dissipated. Linear momentum is also not conserved in the collision,
because of the force exerted at the point of impact.

The force at the point of impact exerts no torque about that point, but the wheel
has angular momentum of translation. At x = /, the spring force is 0, so the

spring exerts no torque. Hence, angular momentum is conserved in the collision.
When the wheel engages the toothed track, it is constrained to move with v = Rw.

(a) Before the sliding wheel collides with the track, it is not rotating about its center

and therefore has zero angular momentum of rotation. However, it has angular
momentum MvR from translation of the axis (refer to Note 7.2 in the text for
a summary). Sketch (a) shows the system at the start, and at the instant just
before the collision with the track.
Immediately after the collision, the wheel rotates at rate w; about the contact
point. The moment of inertia about the center of mass (the wheel’s center)
is Iy = MR®, and the moment of inertia I, about the contact point is 1, =
Iy + MR?> = 2MR?. Just before and after the collision,

L: = MR E—lMZ— L

P = MRV P M T S MR?

_ 2 _1 2 _ 2 2 LJZ‘"
Ly =2MR wy E;= Elpwf = MR w; = MR

continued next page —
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— ‘ﬁQ@/QQ XR \[2

J —— 4 |
(a)
L
o, ¥t

Because Ly = L;, E; = 1E;.
Mechanical energy E; is conserved following the collision, when the wheel is
on the track. The wheel comes to rest when the spring is compressed to b’.

1 1 1
Ekb/z = Ef = EEL = Zkbz
1 1
b? = 5b2 — b =—b

V2

The closest approach to the wall is

1
I-b =1-—b
V2

continued next page —
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(b) When the wheel returns to the initial point of contact, its velocity and angular
velocity are reversed, as shown in sketch (b). Mechanical energy E; is con-
served as the wheel moves off the track onto the smooth surface. The velocity v
changes with time because of the spring force, but the angular velocity remains
constant, because there is no torque on the wheel about its center of mass.

(b)

The wheel moves outward away from the wall until the spring is extended be-

yond / by an amount b”, where

1o L1, 1
kb = Ep = ~E; = ~kb* = b = —b
2 ST T T NG

(c) When the wheel returns to the point of contact for the second time, its angular
momentum of translation is L;.,; = mv¢R and its angular momentum of rota-
tion is L, = Iows = mR*w; = mv¢R. Thus the mechanical energy is equally
divided between translation and rotation. As shown is sketch (c¢), L,,, has re-
versed its direction, so the total angular momentum is 0, and it remains O after
the second collision. The wheel is therefore at rest, v = 0. The second collision
has dissipated all the remaining mechanical energy!

N

—
/\w,.?

(c)
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7.41 Leaning plank

As long as the plank is in contact with the wall,
the coordinates of its center of mass are

x = Lcos@ y=Lsin6
x* +y* = L*(cos® 0 +sin® 0) = L*

Until contact with the wall is lost, the center
of mass moves on a circular path of radius L,
as indicated in the upper sketch.

Because the wall and floor are frictionless, the
force F,, exerted by the wall on the plank and
the force F'; exerted by the floor are normal to
the surfaces, as shown in the lower sketch.
The plank loses contact with the wall when
F,, =0, or, equivalently, when ¥ = F,,/M = 0.

x=Lcos# x=-Lsinfo

rad

NN
/\

NN

+n

¥=-Lcos0& —Lsin0f=0 = 6 =—tan66 (1)

There are no dissipative forces, so mechanical energy E is conserved. Let y, be the

initial height of the center of mass above the floor.

1 . 1 .
E;=Mgy,=E;=Mgy+ 5M(L 0)* + 51O 6>

_ : 1 M2 l l 2152 _ : % 2 52
Mgyo = MgLsing + > M(LO)* + = | SML?|6° = MgLsin6 + S ML

217,
yo=Lsing+=—6& (2
38
Differentiating Eq. (2),
.4 L7, .
O=Lcosf+—-—00 = 0=—-
3¢

Ecos@
L

W

Using Eq. (1),
P = Z%sin@ 3)
Substituting Eq. (3) in Eq. (2),
. | 3. 3
Yo = Lsinf+ 5Lsm0 = ELsmH = iy
so the plank loses contact with the wall at height

2

y:§YO



RIGID BODY
MOTION

8.1 Rolling hoop
(a) %
R R
w=0w;+Q=0Gj+k)
A R

(b) S A

L =L+L, = l,w, + 1O ~ P IATT™

3 ¥ “s
I, = MR? L=1I+MR = 5MR2 ~
7 \
3 PN S\ 4N 's
L = MR? (a)s + EQ) = MR*Q(j + 3k) /
A
L
The lower sketches show that w and L are not parallel.
We treated L as the angular momentum of a body
with moment of inertia from the parallel axis N
theorem. L can also be viewed as the sum of % ‘ﬂ-’f\wsl
orbital angular momentum MR>Q plus spin O T
angular momentum (1/2)MR>Q. NeR f_ | e
45°

(,,SUL -
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8.2 Flywheel on rotating table

The angle of tilt is assumed
to be small so that sin x ~ x.
The torque can be calculated
from the forces T at either
end of the axle (points B, C)
or from the forces 7’ = T at
either end of the spring

suspension (points A, D). — 9 —-kr— 20— pe— ﬁ —

Tpc = 2l(T sin 2ﬁ) 5 41Tﬁ A = c D
Tap = 4U(T sinB) ~ 4ITB T
: 28 L T
The spin angular momentum L, = lyw, B a ~
is a vector of constant magnitude rotating at angular — = H - - /_i T; j 2 -
speed Q. From Secs. 1.10.1 and 8.3, - SR
dL;
2| =,
dt
dL; QL
= = 4iTB=QL, — B =
T F F AIT

8.3 Suspended gyroscope

Note that in this problem, 8 and Q
are both unknown quantities,

Assume £ is small, so that sing ~ 8
and cosf~ 1.Hence x =+ L'sinfS ~ [+ L'S.

equations of motion:

Mg=Tcosp=T

T
MXQZ:TsinﬁzTIB — O = —’8 = 8P Q)_Q, ||
Mx [+Lp
torque :
: Mgl BT
Tl = LS = QIOU)S fr—t Q = g
Iows l
B _p_(Msl) +
[+ LB lyw Ls
g1 - M?*gPL’ _ M?gP
Iy} Iy} M}
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8.4 Grain mill

F is the force exerted by the pivot. The millstone
rolls without slipping, so wb = QR.

1 R\ 1
L, = lyw, = = Mb (—Q) — ~MbRQ

2 b 2
dL 1
> = wL, = —MbRQ?
a YT
dL, 1
ivozN_M R = S:—MbRQZ
Tp t ( g) dt 2
1 Q2
N = Mg(l + —b—)
2 g

The millstone exerts a downward force N > Mg
due to the downward force of the pivot: N = Mg + F,.

8.5 Automobile on a curve

(a) The radial equation of motion is f = MV?/r. Without

the flywheel, the torque due to friction f is balanced by the

torque due to the unequal loading Ny and N,. For equal
loading N| = N, these forces produce no torque.

The flywheel thus needs to produce a counterclockwise
torque on the car to balance the clockwise torque

from f’. The torque on the flywheel by

the car must therefore be clockwise, so that the

spin angular momentum L must increase

in the forward direction of the car’s motion.

If the car turns in the opposite direction, both the torque and

n

N

the direction are reversed, so equal loading remains satisfied.

One can also argue that the torque on the total car-flywheel
system by the friction force f must cause L; to increase in
the forward direction by precessing at the rate = V/r,
which can be achieved by mounting the flywheel’s axis
transverse to the car’s motion (parallel to the

car’s axles). For L; in the horizontal plane,

the flywheel’s disk must be in the vertical plane.

continue next page —
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(b) The torque 7,,,4 due the road’s friction force f” is
V2
Troad = L’f, =L'M—
-

The torque 7 ¢jyneer due to the flywheel is

\% \% \%
T flywheel = LSQ = Ls7 = 10(057 = EmR2w57
LV 1LV
Troad = Tflywheel = L MT = Emszs7
MYV
ws =2l ——
m R?

The result does not include the radius r of the turn, but w; must be kept proportional
toV.

8.6 Rolling coin

As the coin rolls with speed V around the circle of
radius R, it rotates around the vertical at rate Q = V/R. ’
This rotation is caused by precession of of its spin angular
momentum due to the torque induced by the tilt. For rolling
without slipping, V = bwy, so Q = wy(b/R).

The coin is accelerating, so take torques about the

center of mass. From the force diagram,

Tem = fbcosa — Nbsina
MV?
R

N=Mg [=
The equation of motion for L is
,b
Tem = QL cosa = Qlyw, cosa = wsEIO cos a
ANEAYA! 1 b
= (z) (ﬁ) (Esz) cosa = EMVZ (1_2) cos a

b
= MV? (]—e)cosa — Mgbsina

V2 1\ 1v?
tana = — (1 — | = z-—
Rg 2 2Rg
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8.7 Suspended hoop

(a) The spin angular momentum is L, = lyw, = MR>w;.
The equation of motion for L; is
T=w,L;sinB ~ w,LyL (directed out of the paper)
L = lyws = MRZ(US

Tcoso =Mg — tv=RTcosa~ MgR
8
Rw,?

(b) equation of motion: (the cm moves in a loop of radius r)

MgR = w,L8 = MR*w’8 = B =

2 2

T sina = Mrw

8

Wy

(c) To gauge the validity of the solution,. compare the torque 7., needed to spin

the center of mass with the torque 74,,, needed to spin the hoop.

— gtana = rw;

r= tan

2

T r gtana
Tem = Mgr Thoop = MgR = Thcm =z =2
oop

The solution is therefore only valid for large w, so that 7., can be neglected. The

criterion is equivalent to being able to twirl a lariat vertically as well as horizontally.

8.8 Deflected hoop

(a) The force F due to the stick and the friction force f exert a
horizontal torque directed into the paper. The hoop is vertical,
so gravity exerts no torque. The blow by the stick is short,
so the peak of force F is large; f can be neglected
during the time of impact. The torque 7 into the paper is then Fb.
The spin speed for rolling without slipping is w,; = V/b and
the spin angular momentum is L, = lyw, = Mb*w, = MVb.
The equation of motion for L is

where QQ = d®/dt is the angular speed around the vertical axis.

Q:dﬂ):i = AD = idt':Ldet'=L
dt MV MV MV MV

continued next page =
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(b) The angular momentum around the vertical axis is
|
Lvertical = ICDQ = EMb Q

For the solution in (a) to be valid, L,.,sjcat << Ls.

1 F 2MV?
—MbP— <« MVh — F < 4

2 MV

8.9 Stability of a bicycle

The torque 7, about the center of mass is
into the paper.

7, = N(1.5b) tan @ — f(1.5b)
MV?

= Mg(1.5b)tana — (1.5b) R

The total spin angular momentum (two wheels) is
2 V
L, = 2lyw, = 2mb > = 2mbV

Vv
Tp = LhQ = LSCOSQ'E

MV? v?
Mg(1.5b)tana — (1.5b) R 2mb— cos «a
V2 4 m
tana = — |1 + —— cos«
Rg 3IM

Because m/M < 1, the second term in parentheses is
a small correction and it is adequate to take cosa ~ 1.

V? 4 m
tana~ — |1 + ——
Rg 3IM

Converting units, using g = 32 ft/s,

20 miles 5280 ft 1 hour
- =293
v ( hour )X( mile )X(%oos) 231ys
2

Am_ooas Y 20268
3IM Rg
tan @ = (0.268)(1.048) = 0.28

a=~16°

143

If spin is neglected, the term in m/M should be omitted. Then @ =~ 15°. The spin-

ning wheels increase the tilt angle by only about a degree, not a substantial effect.

Without a rider, M is smaller and « is larger.
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8.10 Measuring latitude with a gyro

The gyro’s disk is spinning with angular speed wj. N .

(a) If the gyro’s spin angular momentum L; is parallel /I\ " L "
to the Earth’s angular velocity Q, (upper sketch),
L, does not change direction as the Earth rotates, and the y N é
axis of the gyro remains stationary. Its axis is then at the latitude j 1\ -y
angle A with respect to the local horizontal, which lies along the A A ¥
meridian in the north-south (N-S) direction. \\ //”

Baca sl s

(b) The magnitude of L; is constant, but there are two different ways
to change the angular momentum of the gyro disk. Let /; be D
the moment of inertia about the gyro’s spin axis, L, = Iywy, and let ¢ / L ¢
. . . . / / gsn
1, be the moment of inertia about the horizontal a — b axis.
Let @ be the angle between L; and ., (lower sketch). v L e
(1) rotation of Ly about Q,:

The component of L perpendicular to €2, is L, sin @, so

rate of change (1) = L;sin ®Q, ~ L,Q,® = Iyw;Q, O

(2) rotation of the gyro disk about a-b by ®: /7\ .
4o Q' P
angular momentum about a-b : = 1 L
d*®

t h 2):=1—
rate of change (2) 13

The two contributions are parallel to the a — b axis, and add. There is no applied
torque, so the net rate of change is 0.

2

a-o
I_
tdr

This is the equation for SHM, with oscillation frequency w, and period 7.

[Ipw Q.
Wose = it Tose = 27T/wosc
'

I, = Iy/2 for a thin disk = w, s = V2W,Q,

2m)4.0 x 10*rad) (1 mi
a)S:4.0><104rpm:(( 7)40 % 10" ra )x( mm):4.19><103rad/s
min 60s

2rrad 1 day s
Q, = x =727 x 10~ rad
( day ) (8.64><104s) rad/s

+ (lyws; Q)P =0

2

Wose = \/(2)(4.19 x 10%)(7.27 x 1073) = 0.78 rad/s Tyse = =8.1s

osc
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8.11 Tensor of inertia

(a)
Ly = m(y* +2°) = m((0)* + (3)*) = 9m
Ly, = m(x* + 22) = m((2)* + (3)*) = 13m
L, = m(x* + y*) = m((2)* + (0)%) = 4m
Ly =1,y = —m(xy) = -m(2)(0) = 0
I, =1, =-m(yz) = -m0)3) =0
I, =1, =-m(xz) = -m(2)(3) = 6m

In matrix form,

9 0 -6
I=m|0 13 0
-6 0 4

(b) To order a?,

x=2cosa~2—a’ y=2sina = 2« z=3

9 + 4a? —4a -6+ 3a?
I'=m| —-4a 13-4a*> —6a
-6 + 3a? —6a 4

Comparing with part (a), note that the moments of inertia
(along the main diagonal of the matrix) vary only as a?,
but some of the products of inertia (off-diagonal elements)
can vary linearly with a.

When making such approximations, be sure to include all terms
up to the highest order retained. For example,

I = m[x* +y*] = m[(2 — &®)? + Qa)*] * m[4 — 4a* + 4a*] = 4m

145
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8.12 Euler’s disk

The contact point moves on the surface in a circle of radius
R cos a, with speed V = (Rcos a)(£2,,. The disk is
assumed to roll without slipping, so Rw,; = V = (R cos a)<2,,.

equations of motion:
0=N-Mg = N=Mg
MV*  M(Rcosa) Q;

Rcosa Rcosa

f=

The total angular velocity is , + w,; = w,. As shown

= MR cosonf7

in the sketches, w, lies along the axis from the contact point to \ 7

the center of mass. The moment of inertia along this axis is
1 1

I, = =Iy=-MR®
L 20 4

The spin angular momentum is 7

1
Ly=lLw = ZMRZQ,, sina
The horizontal component of the spin angular momentum is

1
Ly, =Lscosa = ZMR2 cosasina ),

N

Ny
N,

, , N & M%
Ten = NRcosa — fRsina = MgRcosa — MR cosasman "
= MRcosa(g—RsinaQi) :

torque about the cm (positive is into the paper):

force diagram



NON-INERTIAL
SYSTEMS AND
FICTITIOUS
FORCES

9.1 Pivoted rod on car

The force diagram (middle sketch) is in the
accelerating system. W’ is the fictitious
force W = —MA, so W’ is drawn

opposite to A.

equations of motion:

N, +W=0 N, +W =0

(a) The torque about the pivot a is

_L ow L ow’
‘ra—zcos 2sm

For equilibrium in the accelerating system, 7, = 0.

L L
0= ECOSQMg— EsinGMA = tanf = 1%

For equilibrium in any system, the torque about any point

{

W

. W:Mg

a0 N

must vanish. For example, the torque about the center of mass is

using the equations of motion.

continued next page —
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(b) Introduce a coordinate system with 7' along the equilibrium position of the
board. (7" is drawn vertically in the sketch for clarity.)
The effective acceleration due to gravity is

so the effective weight force is

Werr = Mgess

For small displacements, the torque is

L . l
T=Ssing Mgy~ EMgefffﬁ
d2¢ L d2¢ L d2¢ 6geff
= —-Mg, = MLZ———Me =0 = — —
gz =y M8ers ¢ ML g~ M8err ¢ a2 L

The motion is exponential:

=0

08ers
L

¢ = ¢oe™”" wherey =

9.2 Truck door

Consider the motion of the door in a system accelerating 1
with the truck. The door effectively falls” from rest in a LL& e,
gravitational field g’ = A, in the direction shown o N
in the sketch. The sketches with z turned 90° shows =
the door falling” with weight force Mg’.

(a) Use conservation of mechanical energy. The door’s center
of mass falls a distance w/2 as it gains rotational
kinetic energy. M?)l

1/(1 . w
- gy —[=Mw?|¢* = MA= o
“‘7’ 872 = 2(3 W)¢ 2

3A

w

¢ =
(b)

The equation of motion (see force diagram) is
3A '
Fh—Mg_M @ = MY ( ) "
2\w

3 3 5
Fh:Mg/+§MA:MA+5MA: EMA

r_'T
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9.3 Pendulum on moving pivot

In the sketches, @ and o’ are angular accelerations

in the earthbound system and in the accelerating

system respectively.

In the accelerating system, the pendulum swings under an
effective gravitational acceleration g,s, where

8efr = V& +a

The pendulum begins to swing from an initial angular
displacement ¢, = arctan a/g, as indicated in the sketch.
Consequently, ”down” in the accelerating system differs
from ”down” in the earthbound system by ¢.

If the simple pendulum has length / and mass m, the
torque in the accelerating system is initially

T, = mgeffl SiIl (bo
, T mg.rlsing
Q@U@ =-—-—"= ———
I() m12
_ ey SNy _a
l [
using g.rr sin ¢y = a (see the top right-hand sketch)

In order for the pendulum to point continually down

(toward the center of the Earth), its angular acceleration o’

must be equal and opposite to the angular acceleration « of the
point of support with respect to the center of the Earth, @ = a/R,,

=«
a a
-2 — =R
I R,

The period of this pendulum is

l R, )
T =2m4|— =21 4|— = 84 minutes
8 8

149
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9.4 Weight on a car’s wheels

In this problem, the forces on the tires due to
the road are the normal forces N; and N,, and the

friction forces f; and f,. In part (a), MA is the @ 9 4N

fictitious force, and in part (b), it is MA’. The 4 & N AN
directions of the fictitious forces are shown in the £, ¥ {;_
sketches. English units are used. Ma

In both parts, the approach is to take torques

about the point of contact of the rear tire with
the road. One advantage is that the friction forces Ae—o
do not appear in the torque equations.

[P SN—— ’
The torques are 0, because the car is in horizontal X MA @
2,
o

equilibrium as long as N, and N, are > 0. B 4
(@) f ! 1,
7 =8N, +2MA - 4Mg =0 M
For N just 0, (b)

A =2g = 64ft/s®
(b) For A’ = g in the direction shown
T=8N, —4Mg —2MA’ = 8N, —4Mg —2Mg =0
N, = %Mg = 2400 1bs
The vertical acceleration = 0, so
Ni+N,—-Mg=0 = N, =Mg—- N, =8001lbs

Under positive acceleration, the rear wheels bear more of the car’s weight. Under
braking, the front wheels bear more of the weight; when a car is brought to a sudden
stop, it can ’nose dive”.
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9.5 Gyroscope and acceleration

In the accelerating system, the gyroscope experiences
an effective gravitational field -a, so there is

a fictitious force Ma acting in the direction shown.
The torque 7p on the gyroscope about the pivot

is downward, so the gyroscope precesses as shown.

Tp:Nl:Mal

:Lsézlowsé

ITp| =
do 3 Mal 3 Ml dv
dt B Tyw;g B lyw, dt

dv Lo, df
dt ~ Ml dt
fdv —f do’
— IOws 9

Ml

accelerating frame

9.6 Spinning top in an elevator

(a) elevator at rest
The horizontal component of Ly is

Lh()riz()nl‘al = L,sin ¢

ALhorizonal _ 1 N sin = IW sin ¢

dt
dL orizonta .
—hortzontal = LhorizontalQ = L,Qsin ¢
dt
w
Q=—
Ly
The direction of precession is shown in sketch (a). (a)
The same result is obtained using the general result Eq. (9.5)
dL;
- =Q XL
dt

(b) elevator accelerating down at rate 2g
There is a fictitious force M(2g) acting upward
so the effective gravitational acceleration is

8eff = 28 — g = g upward.

continued next page —
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In the accelerating system, gravity appears to be reversed, which reverses the
direction of 7.

l
o=
Ly
As sketch (b) shows, the top consequently reverses its direction of precession in the

downward accelerating elevator.

9.7 Apparent force of gravity

8equator = 8 — Re Qi 8pole = 8
2nrad/day

Ag = R, Q? where Q, = =7.27%x 10 rad
§ 7 Meth WHEIE 25 = R 64 x 107 s/day rad/s

Ag = (6.37 x 10°m)(7.27 x 107 rad/s)* = 3.37 x 1072 m/s* =3.44x107°

It is interesting to note that the Earth’s polar and equatorial radii differ fractionally
by nearly the same amount.

AR 2.1x10*

Rpor = 6.357 x 10° R., = 6.378 x 10° =——— =330x10"
pol Eme e R T 637X 108 8
9.8 Velocity in plane polar coordinates
Consider an inertial frame and a frame instantaneously rotating s
with the particle. The instantaneous rate of rotation is Q = 6. o)

Vinertial = Vror T Qxr
In the rotating system, the particle has only radial velocity, so

Vrot:i’f
Qxr=Qr0=06rf

Vinertial = I'T + ro0
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9.9 Train on tracks

Let the latitude be A, for generality.
(a)
Feoriolis = —2MQ X v
Fcorioiis = 2MQy sin A
Fcoriotis _ 2MQvsind — 2Qvsin A

W Mg g
2n rad/day

~ 8.64 x 10* s/day
60 miles) (5280 feet\ [ 1 hour
3600s

=7.27 x 107 rad/s

v:60mph:( ):88ft/s

1 hour 1 mile

sin (60°) = 0.866
W = (400 tons)(2000 Ibs/ton) = 8.00 x 10’ Ibs
(2)(7.27 x 107 rad/s)(88 ft/s)(0.866)(8.00 x 10° Ibs)
32 fi/s?

FCoriolis =
=277 1bs

(b) From the sketch, € X v is directed into the page, toward the east. The Coriolis
force on the train is directed toward the west, so the force on the tracks is toward
the east. The Coriolis force vanishes at the equator, where Q X v = 0.

9.10 Apparent gravity versus latitude

The apparent acceleration of gravity is g = gy + a, where
a is the acceleration of the local reference frame.

For points at rest, a is radial, directed toward the axis,

as shown in the sketch. Using the law of cosines,

g = g(z) +a* — (2agy) cos A
a= QERK cos A

g% = g2 + (Q2R,)? cos> 1 — 2Q7R, gy cos® A

Q}R.  (7.27 x 107 rad/s)*(6.37 x 10° m)
g 9.8 m/s?

g= go\/l + x2cos?2 1 —2xcos?d =~ gom

Letx = =3.44%107

because x < 1. (Note that x is dimensionless.)
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9.11 Racing hydrofoil

The velocity dependent fictitious force is F ., = —2mQ, X v.
The apparent change in gravity is the component of
Ffi.:/m normal to the surface of the Earth.
(a) East:
Q, X vg points radially inward, so F;,/m is
radially outward, decreasing g.

Ag _ Ffrict _ ZQVE

8 mg 8
Q, =7.27 x 107 rad/s v = 200 mph = 293 ft/s
-5
% _ _(2)(7.27 x 107 rad/s)(293 ft/s)  133% 107
8 32 ft/s?
(b) West:

The sign is reversed compared to East, so g is increased.

88 1133x107
8
(c) South:

Q, and vy are antiparallel, so Ag = 0.

(d) North:
Q, and vy are parallel, so Ag = 0.



NONINERTIAL SYSTEMS AND FICTITIOUS FORCES 155

9.12 Pendulum on rotating platform

For small amplitude, sinf ~ # and cosf ~ 1.

In the rotating system, a fictitious centrifugal force F.,,
acts on M. F,,, is directed radially outward from the
axis of rotation.

Fopp = MrQ?* = MIQ?sin 0 ~ M1Q?0

The fictitious Coriolis force in the rotating system acts
perpendicular to the plane of swing, and does not play a role
in the dynamics of this problem.

Take torques about the pivot point a.

T, =Mglsin0 — F_,lcos6
~ Mgl — F ol = (Mgl — MI> Q)6
=—I0=-MP8
PO+ (gl-FQ»0=0

b+ (% - 92) 6=0
This is the equation for SHM, with oscillation frequency

Wose = - Q?

~|0Q

If Q? > g/I, the motion is no longer harmonic, but exponential — M can fly up to a
much larger angle. Consider, however, the torque equation without using the small
angle approximation.

9+(§ -’ cosH) sind =0

As 6 increases, cos 6 decreases, so at a sufficiently high angle, the term in parenthe-
ses becomes positive, and M undergoes oscillatory motion once again, but about a
new equilibrium angle.
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10.1 Equations of motion

L=ur9  (10.5) (1)
E = %y P +r0)+U@r)  (10.6b) (2)

Angular momentum and mechanical energy are both conserved, so their derivatives

with respect to time vanish.

. . dL
Differentiating Eq. (1), u(2rif + r*6) = == 0

which can be written (¥ +2i0) =0 (3) = = Eq. (10.4b)
dU . dE
j =0

—_—F = —

1 : .
Differentiating Eq. (2), —=u (2i7 + 2rit* + 2r*06) + =
2 dr dt

. ) A, U
which can be written  u [i-# + r6(i0 + r9)] + d—f =0
r

Using Eq. (3) to eliminate 6 = —2i#4, and cancelling the common factor 7,
du

,u(?—réz)+E:0

Using dU/dr = —f(r), Eq. (10.4a) is obtained.
u (= r6?) = f(r)
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10.2 13 central force
(a)
f(r) = -Ar'§
4 1
U(r) - U(@0) = — f f(Hdr = ZAr4 taking U(0) = 0.
0
2 4 L2
U, =U(r) + =-Ar' +
17(r) (") 2mr: 4 d 2mr?
A =4.0dynes/cm® L=10g/cm®-s m=50.0g
1.0 x 10*
Uer = (r4 + T) ergs
(b) Circular motion occurs at r,,;,, the 3000
minimum value of U, s, where . //
dU,sr/dr =0 $20m- \ Y/
4 "y /
dU.sr 3 2.0x 10 _o ; \U‘“ //
dr Tmin rl?’lin g looy _ lO'\\ \*\7) 4/ ;’(“
0. =50x10°cm® Colaiae W
Fin = 4.1 cm o | _— R .
10 25 30 4.o| So 6o RO g0
erh r Com)
(b)
(©) 300
Uerr(ro) = Uypr(2rp) -
1.0 x 10* 1.0 x 10* 2007
= en) ¢
r (2roy) =
X
1\(1.0x 10* w (007
= —) —2) +16.0r5 &
4 rg ;
3\ (1.0 x 10 2
4 _
15.0}"0 = Z) r—(z)) (.0
=2 x 10° = 500
07160 (e)

ro = 2.8cm
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10.3 Motion with 1/x3 central force

Write the radial force as

2A
f(r) = == where A is a constant

(24 A
U(r) - U(co) = —f (_F) dr' =~

o0

Take U(c0) =0

U Ur) + L A+ —L2 !
eff = r I 2
2 2mr? 2m/ r?

If A = L*/(2m), then U, = 0; the radial force is 0, so the radial motion is uniform
(v 1s constant).

r(t) =ro+ vt
For this case,

2A 1

2mA = L* = (mr? 0 = 6= >
mr

9@ 24 (MO dt

a0 = |2 f

_ /2A f’@ dt dr’

"o dr’ r?

/2A 1 f’@ dr’

/2A1 1
o(t -
@) = mvy (ro r(t))

As t — oo, r(t) — o0, so O(t) — constant; there is no further rotation.
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10.4 Possible stable circular orbits

Write Ueff as Ueff = U(I") + Lz/(2mr2) = —A/I’n + B/I‘2

where A is an unspecified force constant and G
B = L?/(2m). For a stable circular orbit, U, £ must ¥
have a minimum at some radius ry. g‘
o U nA 2B L
Codr |, r™t 3
nA 2B
w= 5 (D
ro ro

To be a minimum,

dr?

nn+1)A 6B
- -—— 4 —
r0n+2 r04

>0

ro
Using Eq. (1),

(2B B
RUESVCT N

ro ro

from which followsn+ 1 <3 orn < 2.
The case n = 0 does not work, but n < 0 is all right for any n.

See Problem 10.2 for the case U(r) o r*.
The figure is drawn for A = 20, B = 12, n = 1.5, which gives ry = 0.89.

10.5 Central spring force

(a) radial equation of motion for a circular orbit at ry:

mv?

— =kny
ro

mechanical energy:
I, 1
E = EMVO + 5

1 1
= Ekr(z) -+ Ekr(z) = kry

k=30N/mand E =12.0J

2
kr;

E=kr; = 120J=GB.0N/m)r; = ry=2.0m

M===60] = v}=—— = vy = V6.0 ~245m/s

1
2 2.0kg

continued next page =
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For this particular force, ry occurs where the two curves intersect, as shown in
the figure below.

dUeff L2 /M L2
=- +hkro=0 = rj = —
dr R 0% M
The curves intersect at
L? 1 L?
_— = —k 2 fr— 4 = —
oMz =270 T 0T kM
1 I'4
The radial blow changes the total mechanical \ Uee /
energy but not the angular momentum = Mvyry, \ ¢ /I& 0T
so U,s¢ 1s unchanged, as indicated in the figure. \ [ _way
The radial blow increases E by \ /'/
) ! loo_| \ Sk
AE = ~Mi* = =(2.0kg)(1.0m/s)* = 1.0] ™ ~ /1
2 2 g \ 7
E;=E +AE =120+ 1.0 = 13.0] = )
X
S 5o PN /o
2 é A \"\\ r*
1 L P 7 \,\‘.
Uy == kr* + d =
1= T ome -
1 1 (M 2
= L LMvoroy W‘;) (1) v Jo vom
At the turning points, the kinetic energy is 0, Le3 20 245

E = Ueff’ and r = T'ip-
With U,sp = 13.0J, M = 2.0 kg, vo = V6.0 m/s, k = 3.0 N/m,

1 1 Mvir?
Uyp= = ki* + = 070
) Fip 2 r,zp
1 1(2.0)(6.0)(2.0)?
13.0=2B0)r,+3 >

p

3
0=>r),-13.0r,+240

2
, 130+ v169.0-1440 13.0+£5.0
r = =
P 3.0 3.0

ryp =1.63m, 245m
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10.6 r* central force

F=-Kr't
" 1
U(r) = Kf r4dr = =Kr°
0 5

U, U@r) + £ 11( S 4 £ E

o= U(r = —Kr

1 2mr? 5 2mr? g
W

For circular motion at r = ry,

dUeff

0=
dr

1
P\ 1 P\
"o mj r; Km

1 2\1
Ey=U, <K}
0= Ues(ro) = —Kry + (2m) 2

3

From Sec. 10.3.3, U,ss includes the kinetic energy due to tangential motion; for
circular motion, there is no kinetic energy due to radial motion.

rom () () 2 ) - el

To find the oscillation frequency w, follow the approach in Sec. 6.2, and expand
U.rr about ry. Let r < ry be a small displacement.

1 d*U,yy
2 dr?

2 1 3 312 2
r+... =~ eff(r0)+§ 4Kr0+mr
3
7

Uepr = Uepp(ro) + 0+ =

2 4 3
1 P 3P 7 Kkmyi( 2\,
= Uers(ro) + 3 4K(Km) +(E)( 2 ) ( 2 ) (K_m) ]r

1 PN\,
= eff(r0)+§ TK K_ r

The effective spring constant k is therefore

12
k= 7K(

e Bt

\um
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10.7 Transfer to escape

The mechanical energy in an elliptic orbit is < 0. For escape,
the energy must be increased to > 0. The satellite does not
move far during the brief firing time, so the potential energy
is essentially unchanged. The change in kinetic energy is

1 1 —
AK = Sm(vi + Av)* - 5mvf -~
1
= m(v; - AV) + —m AV? O
2 \
The change is largest if Av || v; and when v, is largest. These ( ~ s
conditions are satisfied best at the closest point (perigee). { LY n'b'
pownt
10.8 Projectile rise
v,

2

2mR,

1
E;=U(R,) + Emﬂ +

where [ = mvysina R,.

GM, 1
E; = - i —mv; ]

R, 2
At the top of the trajectory, i = 0.
GMm P R,
Ef = — +
: r 2mr?
GMom 1, ., (R’
= - + —my; sin (—)
r 2 r

The rocket is in free flight, so E; = Ey.

GMm 1,  GMm 1, ., (R )2
- = = - = sin —
R. 2mv0 2mv0 p
GM, 1 GM, 1, . R,\?
R + Evé = — + EV(Z) sin’ (—) (1)

It is given that vy = /% so Eq. (1) becomes, with x = r/R,,

2 sin®
_1:__+s1n2a = 0=x>-2x+sin’a
X X
2+ V4 -4sin’a
X = > = r=R,(1 £cosa)

continued next page —
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Take the + sign, because r > R,. so that r = R,(1 + cos @) The rocket rises to a
height R, cos @ above the Earth’s surface.

10.9 Halley’s comet

The period of an elliptic orbit depends only on the major axis A and the mass of the

attractor. In this problem, the reduced mass u is very nearly the mass of the comet.
Using Eq. (10.31),

C  GMsu,
Ur) = —— = ——2 Skl
r r
1

H 1 2 :

K A= =126 My,

C~ GMyw (772 S )

3.16 x 107
T = (76 years) (—S) =240 % 10°s
year

G=667x10"m* kg™ -s? My, =199 x 10" kg
A=537%x10"m

For comparison, the diameter of the Earth’s orbit is 2.98 x 10'! m.
From Eq. (10.21), the equation of an elliptic orbit is

o
y—=— ——
1 —€cosf
o
Vimin = Tperihelion = l+e
o
Vmax = Vaphelion = 1—e

1 1 21‘0
A= Tperinelion © Yaphelion = 10

=+ =
l+e 1-¢€ 1 —¢€?

1 1
ro = 5A( - €) = 7537 10" m)(1 - (0.967)%) = 1.74 x 10"' m

(a)
1.74 x 10"
Vperihelion = W = 8.86 X 1010m
1.74‘>< 10!
Yaphelion = m =5.27 X 10121‘11

continued next page =
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(b) The comet’s maximum speed v,,,, occurs at perihelion, as it must because of
the law of equal areas. Here are two ways of finding v,,,.
method 1: angular momentum L = [LVyax? perinelion

From Eq. (10.19),

[? = rou C = ro,u2 GMs,,

L M 1.74 x 1011)(6.67 x 10~11)(1.99 x 1030
—_— _ VGMsw _ V(174X 101667 x 10 H(AI9X 1) _ o
M ¥ perinelion T perinelion 8.86 X 1010

method 2: Eq. (10.30)

Lo
max — A

M \Tperinelion
A - Y perihelion Vaphelion
= QoMsu) | ——— | = CCMsu) | T/
Arperihelion Arperiheli(m
5.27 x 10'?

= (2)(6.67 x 10711)(1.99 x 1030)( ) =2.94 % 10°

(5.37 x 1012)(8.86 x 1010)
Vimax = 5.42 % 10* m/s

10.10 Satellite with air friction

For m in a circular orbit under an attractive force C/r?,

m? C 1 , 1C 1
T = KEgmr =g =3t
(a)
E=K+U-= 1U()+U()—1U()— Sk
- B R R R I
(b) The energy loss per revolution AE due to friction is -2z rf.
dE AE 2nrf Anrf
AE: —_— A fr—t A = = .
(dr) g "TdEjdr T €2 C

The radius of the orbit decreases because of friction.
(c) In the circular orbit, £ = —K.

AK = -AE = +2nrf

Friction causes the total mechanical energy E to decrease. Because K = —FE, a
decrease in the total energy is accompanied by an increase in the kinetic energy.
Friction causes the satellite’s speed to increase!
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10.11 Mass of the Moon

Let the major axis be A, and the period 7. Kepler’s Third Law gives

T2 — 7T_2EA3 — ﬂ_z 1 A3
2C 2 GMMU()n

Iy (A% (1
Moon — 2 T2 G

A = (1861 + 1839)km = 3.70 x 10° m

T = (119minutes)(M) =7.14x10%s
60s
G=667x10"m’ kg™' s
7% [(3.70 x 10° m)? 1
Moon = [ (7.14 x 103 5)? ] [6.67 x 10~ m? - kg! - 572 ]

=7.35x 10%kg

10.12 Hohmann transfer orbit

Let v¢ be the speed in a circular orbit, and let v¢ be the
speed in the elliptic transfer orbit.

The total mechanical energy E of a mass m

moving in the Earth’s gravitational field is

1 , GmM, 1 , mgR:
= —my” —
2 r 2 r

The equation of motion in a circular orbit is

m()? _ mgR?
- 2

r r
1 mgR?>  mgR? 1 mgR?
2 ro 2 r

Note that v/gR, has the dimensions of velocity.

VeR, = \/(9.8m -572)(6.4 x 106 m) = 7.92 x 10° m/s

continued next page —
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(a)

R — E, = _L[m8Re L
ra = 2R, =—= = ——mgR,
A A= 75\ 2R, 4ME
1 (mgR? 1
— 4R, Ep=—— )= —ZmgR,
' = uE 2( 4R, ) g"®

1
= §(3 x 10° kg)(7.92 x 10° m/s)?
=235x%x107

(b) The transfer orbit is a semi-ellipse with perigee at A and apogee at B. The major
axis A of the ellipse is

A=rys+rg=2R,+4R, = 6R,
The energy E’ is

- mgR? 1 »
= — = ——m e
A 66

K = —F in a circular orbit, so

1 : 1
K, = —m(v;‘)2 = —-FE4, = —mgR,

2 4
C gRé’
VvV, =
4 2
The speed at A for transfer is
K,+Uy=F
L) = —LmgR, + tmgR, = 2mgR
2m Va) = 6mg e ng e — 3mg e
e 2gR€
vy =

3

2R, R.
Avy = V5 — v = \/gT - \/g2 = (0.109)(7.92 x 10° m/s) = 864 m/s

continued next page —
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The initial speed at B is

L) = B — Uy = —omgr, + 8B L, op
—m(vy)" = E —Up =—-—mgR, = —mgR,
P BTN T 4R, T 2™
e gR@
VvV, =
i 6
The final speed at B in the new circular orbit is
1 , 1GmM, 1
— ¢ = — = — Re
Fmp) = 3 R, 318
1
L Re
Vg > 8

The change in speed at B is

1 1
Avg =V —vg = [5 - \/;) V&R, =727 m/s

This problem can also be solved readily using Eq. (10.30).

10.13 Lagrange point L1

Take the center of mass at the center of the Sun, L1
because My, > M; and the asteroid’s mass m is ™
small. Jupiter rotates about the Sun at angular e By s . i 1S
speed Q. The asteroid also rotates about the Sun [ i

at rate Q, so the three bodies remain in line, ] R-% A“!
the characteristic behavior at a Lagrange point.

GMSunMJ — Q2 — GMSun
R? R3
(a) In the rotating system, the forces on m are the real gravitational forces of the

Sun and Jupiter, and the fictitious force m(R — x;)Q?. In equilibrium, the total
force on m is 0.

M;RQ? =

GmMS,m GmMJ
(R — X1)2 x%
MSun MJ MSun

STy x—%+(R—x1) =0 (D)

+mR-x)Q*=0

continued next page —
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(b) data:

R=778x10"m x;=531x10"m R-x =725x10"m
Mg, = 1.99 x 10°°kg M, = 1.90 x 10*" kg

Inserting in Eq. (1),
1.99 x 10%° N 1.90 x 107 N (7.25 x 10')(1.90 x 10°%) 20
(7.25 x 1012~ (5.31 x 1010)? (7.78 x 10'1)3 B
~0.02x 10° £ 0

The calculated result is consistent with 0, within the numerical accuracy of the
data and the approximations.

(c) As required for a Lagrange point, all three bodies rotate about their center of
mass at the same angular speed Q. Neglecting perturbations, the configuration
is therefore unchanging during the rotation.

In the rotating system, m is acted upon by the real gravitational forces of the
Sun and Jupiter, and by the fictitious centrifugal force mr Q2. The forces are in
balance at equilibrium, with fixed €, so a larger gravitational force leads to a
larger orbital radius r for the asteroid to increase the centrifugal force for bal-
ance.

Lagrange point L2: Both the Sun and Jupiter exert an additive inward gravita-
tional force on m, so the asteroid’s orbit is somewhat outside R as indicated,
with R + x, > R, or x, > 0.

Lagrange point L3: At L3, m is on the Sun-Jupiter line on the opposite side
from Jupiter. If Jupiter were not present, the radius of the asteroid’s orbit would
be R. However, Jupiter adds a moderate gravitational force, so x3 > R.
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10.14 Speed of S2 around Sgr A*

For a body in elliptic orbit about an attractor, the distance of closest approach has
been termed the periapse, and the farthest distance the apoapse.

The orbiting body’s fastest speed occurs at the periapse, as a consequence of the
Law of Equal Areas. Let A be the major axis.

1o ro

V'periapse = 1 +e Yapoapse =

1-¢€
2}’0

A= Vperiapse + Yapoapse = &

1 2
= 1= 5A(1-€)

Using Eq. (10.30), the fastest speed of the orbiting star S2 is given by

1 1
vﬁmx = 2C/J( - _)

Y periapse A

l+e 1 2GMsggra- (2(1 + €)
= 2G My oy 4+ -—= -1
Serd ( T A) A ( 1-¢
_ZGMSgrA* 1+e€
B A l-¢

data:
G=667x10"m’ kg'-s? €~087 A=29x10"m
Mg grae = 4 % 10°Ms,, = 8 x 10° kg
Viax = 1300 km/s

which is approximately 250 times the speed of the Earth around the Sun.
With a similar calculation, the minimum speed v,,;,, of S2 (at apoapse) is

2 2GMSgrA* (1 - E)

Val—
mn A 1 +e€

Viin = 500 km/s

also many times faster than the Earth.
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10.15 Sun-Earth mass ratio

From the statement of Kepler’s third law in Eq. (10.31),

TZ:@A3: n* A3
2C 2GmM
where m is the mass of the satellite and M is the mass of the attractor. For the cases
in this problem, where m < M, u = m to good accuracy.
A3 _2GM
T2 = 2

Taking ratios for M = Mg, and M = Mgy,

(AS/T2)SWL _ MSun
(AS/TZ)Earth MEarth
From Table 10.1,

AS
(—2) =2.69%10"km’ - 572
T Sun

From the Earth satellite data in the problem,

A3
(—) =8.07 x 10*km?> - s72
T2

Earth

=333x%10°
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HARMONIC
OSCILLATOR

11.1 Time average of sin®

Formally: (o]

- 1,
(SIN"Ygpe = 7 sin“ u du
T Jo

AVE
2 2 of
cos (u + u) = cos’u —sin*u = 1 — 2sin’ u
.2 1
sin“u = =(1 — cos 2u)
2 g8 T T ot
a¢ 2T

(sin?) _ 1 2”(1 cos2u)d _1 ’
ae =2\ 2x J, WA= 5

Qualitatively: Note from the sketch that sin® is symmetric about the value 1/2.

11.2 Time average of sin X cos

Formally:

1 27 05 —
(SIn X COS)gpe = — sinu cos udu
AVE
27T 0 0:0
1 wT
. . © 2T
sinu cosu = 3 sin (2u)

~0.5 —

1 27
(Sin X COS)gpe = — f sin 2u)du =0
47T 0

Qualitatively: This is a product of an odd function sinu = —sin(—u) and an even
function cos u = + cos (—u), so the area under the product vanishes for a full period.
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11.3 Damped mass and spring

k
W= ]—
m
2
k = mw* = (0.3 kg) [(2 cycles - s~ H(2x radians - cycle_l)]
= 474N -m™!
w w
Q = — = ’y = —
Y Q
4rrad - s7!
=" > -021s"
60 °

11.4 Phase shift in a damped oscillator

Let x, be the coordinate for the
undamped case, and x, for the damped case.

X, = Xo sin (wot)

Yy
Xg = Xpe 2" sin (wol)

Maximum of x, is at t,,,:

dx
L= cos (wot,m) =0
o = wWoXo (wotum)
- T3
um — 27 2 9 s
Maximum of x, is at #,,:
d Y .
% = )C()e_zZL Wy €oS (Wolgm) — %/ sin (wolg,) | =0
cos (Wolgm) v 2 1
sin (thdm) B 2(“)0 B Q
For Q > 1, the condition is satisfied near /2, 37/2, .... For example,

Vs
Wolam ~ 5~ ¢
cos(m/2 —¢) =sing = ¢
sin(m/2 —¢) =cos¢ = 1
If Q > 1 the condition in Eq. (1) is then satisfied for
1

’7 20

For clarity, the value of Q in the figure is not very large.
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11.5 Logarithmic decrement

Y
-5t

X = xpe 2" sin (wyt)

Let two successive positive maxima occur at #; and #,. Let R be the ratio x;/x;.

t

X1 Xpe
R = — =
X —
2 xe

sin (wot7)

IR IR

T'sin (woty)

Woly = woly + 21 = sin (wpt) = sin (wpty)
Y Y(2z b s
R:e_i(tl_h) :ez(wo):ewo :eQ

T
0=InR=—
)

11.6 Logarithmic decrement of a damped oscillator

k = mw = (5kg)[(0.5cycles - s~ )(2mrad - cycle-l)]2 = 493N -m™!

From the preceding problem (problem 11.5),

T omy
= — =1L
QO wo
. dwo _ (0.02)(1.0rrad - s7') 0025
n n

The damping constant b = y m is defined in Sec. 11.3.

b=ym=(0.025")5.0kg) =0.10kg-s™' =0.10N-s-m™"

11.7 Critically damped oscillator

(a) The equation of motion is
X+yi+wix=0 = ¥+2wex+wjx=0 (1)
x=(A+Be™  i=[B-wA+Bnle™  i=|-2Bwy+wi(A+B)|e

Substituting in Eq. (1), omitting the common factor e~“"’,

9

0 = —2Bwy + wj(A + Bt) + 2wy [B — wy(A + BY)] + wi(A + BH) = 0

continued next page —
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(b) The initial conditions are
x(0)=0 = A=0

. 1
x(0)=— = B=—
m m

! —wot
xX=—te ™
m 5 ot
d I 1.0
= _x = — (1 = Wotmax) e = Tnax = ——
dt llTl(lX m a)o
11.8 Scale spring constant
Let m be the mass of the empty pan, and let
M be the mass of the falling block. ‘—T_—
(a)
H l
Before M lands, _J,_ X
kxy = —mg m R —l
After M lands and is at rest, Ao T X, '
kx, = —-(m+ M)g l :
k(x1 — x0) = —Mg
M 10.0kg)(9.8 m - s72
k=M _ QOOKOOSM 57) _ gg . -

h 0.10m

(b) Let x = x(¢) be the coordinate of the pan, measured from final equilibrium x;.
The equation of motion for a critically damped oscillator is given in Eq. (11.43)

in Note 11.2:

Y
2

x=(A+Bte 2! = (A + Be ™

Qualitatively, the pan moves down below x; after the collision and then moves
upward back to the equilibrium position x;, according to the behavior for a
critically damped oscillator (no oscillations).
The initial conditions are
Xpmo=Xxo—x1=h = A=h=0.10m
1(0) =vo=[B—wy(A+ Be']|,.o=B—wyA

B=vy+woh

k 930
= = =9.045"!
@o \/m M \/10.0 +2.0 ;

continued next page —
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Mechanical energy of M is conserved until it strikes the pan, so its speed V
immediately before the collision is

1
zMv2 = MgH = V= \2gH = \/(2)(9.8m -$72)(0.50m) = 3.13 m/s

To find vy, use conservation of momentum, because mechanical energy is not
conserved in the collision of M with the pan.

M )v _ 10.0
m+M) — \10.0+2.0
B=vy+woh=-2.61+(9.04)(0.10) = —1.71 m/s
x=(0.10 = 1.710)e %% (1)

MV = (m+ My = vy = —( )(3.13) = 2,61 m/s

The figure is a graph of the result, Eq. (1).

o (m)

0.10—

t6s)

00 ]
~ o0s \/’:;" (.0

11.9 Velocity and driving force in phase

From Sec. (11.4), the driving force F, is
F;=Fycos(wt) (1)
From Egs. (11.26) and (11.28), the motion is

x=Xpcos(wt+ ¢)

¢ = arctan (wzywwz) (2)

The velocity is

d
v:d—-::—a)X()Sin(O)t"'QS) (3)

Comparing Egs. (1) and (3), the condition for v and F; to be in phase is

—sin(wt+ @) =cos(wt) (4)
Using —sin(wt+ ¢) = —sin(wt)cos ¢ — cos (wt) sin ¢

condition (4) requires sin¢ = —1 and cos¢ =0

continued next page —
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These requirements are both satisfied for

¢:—g = tan¢ — —©

From Eq. (2), the tangent goes to infinity when w = wy, at the resonance frequency

of the undamped oscillator.

11.10 Grandfather clock

energy AE as it swings, due to friction.
As indicated in the sketch, its speed
speed decreases slightly from v to v,
during a half cycle. The escapement
provides an impulse every period to L
make up for the loss. 7

The pendulum loses mechanical ;T
0

lqru(s:

(a) N7
1, 1, J«—'@‘)
AE = =mvy — =mv] 0

2 2
AE is the energy lost per half cycle (x radians). 4PSWing

From Eq. (11.23),

energy of the oscillator

~ energy dissipated per radian

1,2 2 2
_ogmvg (i mv0 oy v

2
v,

CAE[r T Im(2 - =i (vo—vi)(vo + i) h

V%)
A = — = —
1% Vo — Vi 2Q
The required impulse / is
7TVO
I =mAv =
mAv = == 0

The pendulum motion is

0 =6)sin(wt) where w = \/%

The speed vy at the beginning of the upswing is

vo=LO=Lwby) = gLy = I= m(zggo)ﬁ

2vo(vo — v1)

continued next page —
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(b) The impulse I produces a change in speed Av = I/m, so that the energy is
increased by AE;.

2

1 I
2 = mvAv + —m(Av)? = Iv + —
2 2m

1 1
AE; = Em(v + Av)? — Emv

The point in the cycle where the impulse acts can vary due to mechanical im-
perfections. To minimize this effect, the impulse should be applied when v is
not changing to first order with respect to 8, which is at the bottom of the swing.
Proof: The energy equation is

1
E = 5mv2 +mgL(1 —cos6) (1)
To find where dv/d6 = 0, differentiate Eq. (1), where E = constant.

d
0= mvd—; + mgL sinf =0 +mgl sinf = sinf =0

so 6 = 0, that is, at the bottom of the swing.

11.11 Average stored energy

The energy dissipated by a damped driven oscillator is the mechanical energy con-
verted to heat by the viscous retarding force F', = bv. The motion is

x=Acos(wt+ @) v =—-Aw sin(wt+ ¢)

The rate of energy dissipation is the power P. Brackets () denote time averages.
1
P =vF, = bv*A%W* sin® (wt + ¢) = (P) = EbAza)z

The oscillator traverses 1 radian in time ¢, = 1/w. AE dissipated during ¢, is

Py 1
AE = (P)t, = P _ —wbA?
w 2

For a lightly damped oscillator,

k
WR W)= |—
m

The average energy (E) of the oscillator is

1 1 1 (1 I (1 1 (1 I (1 1
E) = —k(x*) + =m(V*y = —k[=A?| + =m|zw?* A?| =~ k| A |+ =m| zw} A?| = <kA?
(E) = S+ amv = 5 (2 ) 2’"(2“’ 2 \27 ) T2 2 2
(E) _ skA* _ k

k
AE ~ lwbA2 T wb wyb

using y = b/m, Eq. (11.9).
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11.12 Cuckoo clock

A cuckoo clock is a pendulum clock with a mechanism that causes a bird model to
pop out to announce the hour.

Let time averages be denoted by brackets ().

Let [ be the length of the pendulum, and let 6, be the amplitude of swing. The mass
of the pendulum is m, and the mass of the falling weight is M.

The power to the clock by the descending weight compensates the power dissipated
by friction. If the weight descends a distance L in time 7,

MgL
T,

(P) =

The energy dissipated per radian is

gy =2
w

The gravitational potential energy is mgl(1 — cos ) ~ mgl(6*/2), so the average
stored energy is

1 1
(E) = §m<v2> + Emgl<02>

The average kinetic and potential energies are equal.

1
(E) = —mgl 6;

2
_(E) _(imgl6y)  (3mel6;
Q‘<AE>‘( @y )"\ Thagr )T

Lym\(l)\ ,
=3 (M)(Z)90 wly
_ 1{0.01kg){0.25m
21 02kg /| 2.0m

= 68

) (0.2 rad)?*(2mrrad/s)(8.64 x 10*s)

The energy E, to run the clock for 24 hours is
E;= MgL = (0.2kg)(9.8m-s%)(2m) = 3.9]

Therefore a 1J battery could run the clock for only a little over 6 hours.
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11.13 Two masses and three springs

(a) equations of motion:

M3, = —kx; — k(x) — x2) = b(X; — %) (1) — —

Mty =~k - k(xz = 31) = bl — 1) () e T . N
(b) Adding Eqgs. (1) and (2),

M@y + %) = —k(x) + x2) ﬂ:
yi=Xx1+x = My +ky; =0 (3)

Subtracting Eq. (2) from Eq. (1),

M%) — %) = —k(x) — x2) — 2k(x1 — x3) — 2b(X) — X2)

Y2 = X1 — X3 = My, = -3ky, —2by, (4)
Equations (3) and (4) each have only one dependent variable, y; or y,, so in
principle they can be solved directly (numerically if necessary).

(c) For mode y, Eq. (4), the motion is a damped transient and eventually becomes
negligibly small, so that at long times y, = x; — x, = 0 and x; = x,. The
equation of motion for y; Eq. (3) is the equation for free undamped SHM. At
long times, x; and x, move together so that their separation is constant and
there is therefore no damping.

To evaluate the initial conditions, express y; and y, in terms of x; and x,.

y1(0) = x1(0) + x2(0) =0+0 = y1(0) =0
¥1(0) = %1(0) + 12(0) =vo + 0 = y1(0) = vy
¥2(0) = x1(0) = x2(0)=0-0 = »(0)=0
¥2(0) = %1(0) = %2(0) =vo =0 = 32(0) = v

The solution of Eq. (3) is

k
y; = Asin(wt)+ Becos(wt) where w = ”
y1(0)=B=0
Vi =wAcos(wt)

7100) = WA = vy = y; = Asin(w1) = - sin (w?)
w

At long times, y, — 0, so x; — x, — 0, hence x; = x;, at long times. Then
Y1 = X1 + X2 = 2xy, SO

Vo . )
x| = 2 sin (wt) atlong times
2w
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11.14 Motion of a driven damped oscillator

(a) equation of motion for a forced damped oscillator:

F
Xg+y X+ w(z) X, = (—O)COS (wt) (1)
m
The steady-state solution to Eq. (1) is
X, = Xocos(wt+¢) (la)

where X, and ¢ are defined in Egs. (11.29) and (11.30). Note that X, and ¢ have
defined values, and therefore do not depend on the initial conditions.

equation of motion for a free damped oscillator:
Xp+yXp+wyx, =0 (2)

Let

x(1) = x4(1) + x5(2)
)'c'+)/)’c+a)3x: Xq + v X, +w%xa+)'c'b+yxb+a)éxb

= @ cos(wt)+0
(%)

so x(t) also satisfies Eq. (1). This is a consequence of the linearity of Egs. (1)

and (2).
(b) From Egs. (11.12) and (11.13), the motion for the free damped oscillator is
Y
X, = Xbe_zt cos(wit+y) (2a)

where Eq. (2a) is the solution to Eq. (2), and where X, and ¢ are to be deter-
mined by the initial conditions.
In Eq. (2a),

w1 = Jwg = /2P w = \/%

X=x,+x, =Xocos(wt+ @)+ Xpe
t

Xy
2" cos(wit+y¥) (Ba)

f=—wXosin(Wt+ )+ Xpe 2! — [% COS (w1 1+ ) + w; sin(w 1 +¥)|  (3b)
Applying the initial conditions,

x(0) = Xpcosp+ Xycosy =0 (4a)

v(0) = X(0) = —w X, sing — X, [% cosy +w; siny| =0 (4b)

continued next page =
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Solving. To simplify, let
C=X,cosy S =X, siny
Equation (4a) becomes
C=-Xjcos¢
Equation (4b) becomes
—w Xy sin¢g — %C—wlS =0
S = Xo —w sin¢ + Y cos ¢
w1 2

With this notation, Egs. (3a) and (3b) can be written

x =Xy cos(wt+¢)+ e_%t [C cos(wit)— S sin(w;1)]  (5a)

x=-wXpsin(wt + @) — e_%t [(v/2)C cos (w; 1) — (y/2)S sin (w; 1)
+ wCsin(w; t) + w;Scos(w; t)] (5b)

(c) Atresonance, w = wy and from Egs. (11.29) and (11.30),

F() /s
Xy = ¢ = arctan (c0) = —
mwyy 2
so that
wo Fy
C=-Xpcos(m/2)=0 and S=-——X,=-
w1 mwpy

At resonance, Eq. (5a) becomes

FO . F() _Z[ .
xX=- sin (wq 1) + e 2" sin(wt)
mwyy mwyy

The figure shows the response for the steady-state forced damped oscillator
(green), the free damped oscillator transient (red), and the net behavior (black).
The transient eventually becomes negligibly small, leaving only the steady-
state behavior.

The figure is drawn for wy = 2.0s™' and y = 0.70s7!, so that w; = 1.97s7!.
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12.1 Maxwell’s proposal

The orbits are essentially circular. The rate of revolution
is @ = 27/T, where T is the period. In a coordinate
system rotating with the Earth, the apparent rate of
Jupiter’s revolution is

1 1 1
=2 -
ﬂ(11.9 year l.Oyear) (3.15 x 107 s/year)
=-18x10"rad-s™

Differentiate the law of cosines to find 2ss.

s* = R} + R — 2R,Ri cos 6

d(s? .
i;t) =255 = 2RJRE sin@ 6
AT). = 2R;Re 0 (2)(7.8x 10" m)(1.5 x 10" m)(1.8 x 1077 s7")
max <2 T (3.0x 103m - s7')2

~0.5s

AT is for the extremes of s. Minimum s occurs for § = 0°, when Jupiter, the Earth,
and the Sun are in line, with the Earth on the side of its orbit nearest Jupiter. Maxi-
mum s occurs a little over 6 months later, for 8 = 180°.
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12.2 Refined Michelson-Morley interferometer

As derived in Sec. 12.3, the fringe shift N is

) 2
N=2-(2

A\c?
The additional factor of 2 arises because the improved interferometer could be ro-
tated to be either with or against the Earth’s motion, doubling the possible observ-

able fringe shift.
The upper limit to v for a fringe shift no larger than N is therefore

< Na
v<cql—=—

B 21

(0.01)(590 x 102 m) 3
<(3.0x10° =49 x 10
vl m/s)\/ 2)(11.0m) mys

Compared to the speed of the Earth in its orbit, this limit is smaller by a factor of
3.0 x 10*m/s 6.1
49%x103m/s

12.3 Skewed Michelson-Morley apparatus

In the upper sketch, the apparatus is moving to the

right with speed v. The time for light to go from — -
the origin to the end of arm A and return is ,
+ S+ + S- 8 -
Ty +To=—+— ’
i C & ¢
L. =v7,

From the lower sketches,

e
s2 =P+ L2 -2IL, cos¢ Q\\S"
=P +12-2IL, cos(m—60) = P+ L2 +2IL, cosf A > L
2 = P +Vv*12 + 2Ivt, cosf ¢\ &

v\ 5, (2lvcosé I
0: (1 — E)T+—(T)T+—§

1 21 21 2
T, = —2[—2‘} cos@i—\/l +v—2(00529— 1)‘
2(1_2_2) c c c

Take the + root, because 7, = 2//c when v = 0.
continued next page —
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The calculation for 7_ follows the same algebra but replacing cos 8 with — cos 6.

1 21 21 2
T_ = —2[——2‘} cosf+ —4f1+ v—2(00829— 1)‘
2(1_z_2) c c c
1 4] 2
TAS T, +7T_= —2[—\/1 +v—2(00529— 1)‘
2(1-5)le ¥ e

Retain only terms up to order v?/c?, anduse V1 +x=1+x/2+...

v\ 21
TAz(1+—2)—
c

1 2
1+ z%(cos?e)— 1)]

c
The analysis for arm B is similar, but with ¢" = /2 + 6, so that cos ¢’ = —sin 6.
v\ 21 v,
732(1 +§)? 1+5;(Sln 06— 1)]

The difference in time 7,7, for the two paths is, to order v*/c?,

LY cos? 6 — sin® )
Tirr=Ta —Tp = ——(Cc0s” 6 — sin
diff =Ta=TB= 73

This agrees with the result in Sec. 12.3 when 6 = 0. It also shows that the fringe
shift changes sign when the apparatus is rotated by 90°.

12.4 Asymmetric Michelson-Morley interferometer

Assume, as Michelson did, that the speed
of light adds vectorially to the speed l 7\

of the interferometer through the ether.
The time 7, for light to travel out
and back along /; parallel to v is 92 £ 4

l] " l] 211C
T = =
ST - B / \\
_211(1] _l./l_/_._..__ ]

continued next page —



THE SPECIAL THEORY OF RELATIVITY 185

Let 7 be the time to travel to the upper mirror. During this time, the lower mirror
advances a distance vr. The time 7, for the total round trip along arm /,, which is
perpendicular to v, is

2
T, =21 = - B+ (vr)?

4 [ 1
47* = - (l% + vaz) = 1= (—2)
c

Lol L, 1+
n=2r=22 zzzf(uiv—z)
2

The time difference is
ll V2 12 1 V2
- =2—(1+=]|-2=(1+=z=
nTnEe ( c2) c 2¢?

If the interferometer is rotated by 90°, the arms are reversed, so that the change AT
in delay is

AT =T -1) - (11 —-1) =T —11) = (1, — T2)
I3 1v? V2 I V2 112
I+ =—=]|-|{1+=]|-2=||1l+=5|-|1+==
( +2C2) ( +cz)] o | G T2
_ l] +lz V2
B c )c?
The fringe shift N is therefore

L+ V2
A )

[
o

N:5|AT|:(
1

12.5 Lorentz-FitzGerald contraction

Assume that both arms have the same rest length /,, and -T-
that during the fringe shift measurement, the lengths are

l4 and [p. :

The times to traverse the arms are

l 2
TA:2£(1+V—2) B
c c
=281 +-2 >
s c ( +202) A
21?2 I

At =14 —15==(Ia = Ig) + = (s — 3Ip)
c cc

continued next page —
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Following Lorentz and FitzGerald, take

1v?
lA = l() (1 - 5;) and lB = l()

2 (V? 2v? v 1
At=—hl—=]|+-=|b|l-z=5]|-=I
! co(2c2) ccz[o( 2c2) 20]

4
~ 0 to order (E)
c

There is no fringe shift to order v?/c?. For the Earth’s orbital motion v = 3.0 x 10*
/s, (v/c)* = 1073, Terms to order (v/c)* = 107! were too small to be detected in
the Michelson-Morley interferometer.

12.6 One-way test of the consistency of c

(a) event a: ! : _2 :}- l
At t=0, a pulse is sent from A [ | !
and arrives at B at time z,. e l —1 |

N R
l l v L e - -
t, = - (1 + —)
c—Vv ¢ c (a)
event b:
At time T, a pulse is sent from B
and arrives at A attime f,. 0 e e - — ————
by y g |
[ l v I >
=T+ zT+—(1——) £ |
c+v c c 4—'| n NN |
20 (v v B A
w-r-1=2(2) x
b c \c L e
(b) Let [ be the distance from the ground to the (b)

satellite, [ = 5.6R, — R, = 4.6R,. Then
(2)(4.6)(6.4 x 10°m) v
3.0 x 108 m/s

The orientation with respect to the ether would be opposite after 12 hours. With
an accuracy of 1 part in 106, the clock could detect a change 6T of

AT:( =0.17%s
C

c

6T = (12 hours)(3600 s/hour) x 107'® = 4.3 x 1072 s in a period of 12 hours.
_ 6T _(30x 108 m/s)(4.3 x 10~'25)
=047 0.17s

The minimum detectable v would be

Viin = 7.6 X 107 m/s
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12.7 Four events

v y Y
E: 06 | v
1 1 I
\/1 _2 1-(0.6) s s
L ———————————— —x
X' =y(x—-vr) x
, pay
£ (“Z)
(a)
x=4m tr=0s
X' =125[4-0]=5m
= 1.25[0—%]:—“1085
C
(b)
x=4m t=1s
X = 1.25[4 — (0.6¢)(1)] = 1.25[4 — (0.6)(3 x 10°] ~ —=2.25 x 10* m
¢ =125 [1 - (4)(()2'60)] ~ 1255
C

()
x=18x10"m r=1s
X =1.25[1.8 x 10® — (0.6¢)(1)] = Om
(1.8 x 105 m)(0.6¢)

2

t’:1.25[1 ]:0.83

C
(d)
x=10°m  t=2s
x =1.25[10° — (0.6¢)(2)] = 8 x 108 m
(109)(0.6c)] C0s

o2

=125 [2 -
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12.8 Relative velocity of S and S’

Given

x=9%x10°m X =3x10°m ¢ =1s
From Eq. (12.4a)

x =y +vt')

It is convenient to express all lengths in units of c.

x (x’ v,)
—=y|—+ -1
c c c
so that

v
3:y[1+z(1)] (1)

Let r = v*/c? so that
1

Vi-r2

and Eq. (1) becomes

’}/:

(1+r) = 91 -r)=1+r)?

-2+ V4+320 -2+18

0=10+2r-8 = r= =

3=

1—1r2

20 20
The roots are
4
r=—,—-1
5

The root -1 is rejected, because 7y is undefined for v?/c* = 1, and also because the
relative speed of observers must be less than c¢. Hence

4
V= gc =2.4x10% m/s
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12.9 Rotated rod

In this solution, primed quantities refer to the Y ,
moving x’ —y’ frame, and unprimed quantities 9 v
to the stationary x — y frame. |
Let x" —y’ be the rod’s rest frame, as shown |
in the sketch. In its rest frame, the rod makes angle I %
6 with x” axis. The lower end of the rod is at :

the origin of the x’ — y” frame, and the upper end is at _ -

x' =1'cosb, y =1sinf,

As observed in the x — y frame, the rod is moving to the right with speed v, as
shown. Let the measurements be made at r = ' = 0, when the origins coincide. It is
tempting, but wrong, to use x = yx’. The ends must be measured at the same time
in the x — y frame, so it is necessary to use the full transformation x" = y(x — vt),
andy’ =y.

Then at t = 0, the lower end is located at

0=x'=vy(x-0) = x=0

At t = 0, the upper end in x — y is located at

X =lcost)=y(x—0) = yx=x"=1cosé,

y =0sinf, =y
The angle 6, in the x — y frame is therefore
y I’ sin 6, ,
6y = arctan (—) = arctan |y = arctan (y tan 6;))
X I'cos 6]

Forv — ¢, theny — o0 s0 6y — 7/2.
In the x — y frame, the length / of the rod is

cos? @,
I=Ax2+y2 =1 \/TO + sin296

Forv — ¢, theny — oo and [ = /' sin 6.
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12.10 Relative speed
The sketches show the spaceships in the observer’s
frame S, and in frame S’ moving with spaceship A. S 0.9 0.99¢
— J—
In frame S Q >
B A
va=vp =099 =v
In frame S” moving with A, v/, = 0. 0.9%¢
s’ » / )
, Va4 + Vp 2v *_U'B —
Vp = VR =
Tolemt o iay S >
B A

v nearly equals c, so for accuracy let v = (1 — x)c where x = 0.01.

2(I=x)c (1-x)c
1+(1-x2 1-(x—2x2/2)

/7
VB—

The result is exact so far, but because x < 1, expand in Taylor’s series (1 — u)! =

Ltu+u’+...
(1-=x)c
o~ (e[l =2+ -2 ]

Retaining only terms up to x2,

;L (1 -x)c N |y
VB_—I—(x—x2/2)~(1 x/2)c-[1

Note the importance of including all terms up to the desired highest order.

01)?
(Og ) ]c = (1 -5x107)c = 0.99995¢

12.11 Time dilation

The total time of travel 7 is

2 L2 + (5)?

T =
c

AP =4 [L2 + (E)Z]
2

2L 1
Tz(cz—vz):4L2 - 7= — =

c \/1 —v2/2
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12.12 Headlight effect
(a) In the S’ frame, the coordinates x’, y’, #" of the p
light pulse after ' = 1 s are S
x" = ccos Yy = csinfy =1s L |

In §, the coordinates x, y, ¢ are

vx’ v cos 6,
x =7y +vt') =y(ccosby +v) y=y t:y(t’+ ):y(1+ O)

x  y(ccos@y+v)  cosb+:

§g=-— = =
€08 ct y(c+vcosth) 1+ Zcosb
(b) In S’, half the radiation is emitted in the forward ‘f
hemisphere, limiting 6, to +7/2 so that cos 8y = 0 at the ‘
limits. In §, using the result from (a), 6 is limited to S '
0+v/c % o = -’Wf
cosf ==+ = +- -— N
1+0 c
v =ccosf
Let 6 be the half-angle of the cone, as shown. ]
| 1 o
<1 = cosf~1- 592 =1- 5(10—3)2
-
v=(1-5x10")c .
S 8=la —g E e
dl

12.13 Traveling twin

From Sec. 12.11, the difference AT between the twins’ ages is

1. v?
AT = ETOE
where T is the total time for the voyage and where v is the speed of the craft,
assumed constant except at turnaround.
The distance to a Centauri is 4.3 light years. At a speed v = ¢/3, the craft travels 1

light year in 5 years, so the round trip takes

Ty = (2)(4.3)(5) = 43 years

1 1\’
AT = 5(43 years) (g) = (.86 year ~ 10 months
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12.14 Moving glass slab

For the trip from A to B, let 1, be the time spent
traveling outside the glass and 7, be the time spent -
traveling through the glass. To find 7,, consider two A
events in the S’ rest frame of the slab.

event 1: light enters the slab at #{ = 0, x] = 0.

event 2: light leaves at t, = nD/c, x, = D.
In the S lab frame, light enters the slab at x; and time ¢, —~ D -

and leaves at x, at time #,. The Lorentz transformation gives L

xp =y +vi))=(0+0)=0 =y, +vx;/c) =0 +0)=0

Xy = y(x5 +vty) = y(D+nDZ) = yD(l +nz)
c c
D D D
f =yt +vxy /) = 7("— + v—) =y (n + 2)
c

c? c c

The distance traveled outside the slab is L — x5, so
_ (L - x2)

C
T:to+lg:to+t2—t1

Iy

L D v D v L D v
:——y—(1+n—)+y—(n+—):—+y—[n—1+(1—n)—]

c c c c c/ ¢ c c

L D 1 L D 1-
e (n—l)(l—K):—+—(n—1) A
c c ¢ 1+v/c

+ S
c ¢ \1-12/2

12.15 Doppler shift of a hydrogen spectral line

Light from a receding source is shifted toward the red (longer wavelength), and
light from an approaching source is shifted toward the blue (shorter wavelength).

(a) From Eq. (12.12),

1-v/c v 3x10°m/s
g :—:—:0.01
=N T+ /e ¢ 3x105m/s
1
/1':3/:/1 lJrv;Cz/l\/1+2v/cz/1(1+\//6)=1-01/l
) 4 —-V/C

V== /l‘—c) —0.011=6.6%10°m
A = (656.1+6.6)x10™° = 662.7x 10" m

continued next page —



THE SPECIAL THEORY OF RELATIVITY 193

The difference in observed wavelengths from the
advancing limb a and the receding limb b is, from (a),
A=A, =222
c
v (Aa—4A) 90X 107 m
c 21 (2)(656 x 10°m)
v = (6.86 x 107%)(3 x 108 m/s) = 2.06 x 10° m/s

=6.86x 107°

(b)
v 4.12x10°m/s

_ _ _ _ -6 1
V—Q)R—CU(D/Z):w—B—m—2.94X10 S
The period T is
2n 1 day
T="=0213%x10%)[c——-—|~25d
w ) (8.64 % 107 s) s
12.16 Pole-vaulter paradox
Unprimed quantities refer to frame S, and primed quantities s| v
to frame S”. For v/c = V3/2,y = 2. | /g
(a) the farmer’s point of view (frame S ): g 4 )

|

|
Let end B of the pole be at xp at time 7. At the same time ¢, !
the farmer (in frame S) observes end A at x4. Let [ be the !
length of the pole in §, so that [ = x4 — xp. From the
Lorentz transformation Eq. (12.13),

Xy — xp = lo =y(xa = vt) = y(xp = vt) = y(xs — xp) = ¥l

[ =1y/y = lp/2, so that the pole easily fits inside the barn.
(b) the runner’s point of view (frame S’ ):

The length of the pole in S’ is [y, so if end A is at the rear door, the end B is
projecting out the front door by Iy — (3/4)ly = [y/4.

(c) From the Lorentz transformation Eq. (12.14),

continued next page =
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In the runner’s system S, the two ends of the pole are not inside the barn at the
same instant. From the runner’s point of view, event A occurs before the farmer
shuts the door.

Looked at more closely, at the instant the front door is closed, the runner ob-
serves that end A of his pole is at x, = Iy, so that it is already outside the rear
door. How does this event, call it C, look to the farmer in frame S ?

xc = y(xy +vt') —y(xp +vt') = yly = 2l

vx, vx/ v
tc = y(t' + —ZA) —y(t’ + —23) =2ly—
c c c

Because - > 0, the farmer observes that event C occurs after the door is shut.
So the farmer and the pole-vaulter are both correct; the bet can’t be settled until
they agree on whose frame is to be used.

12.17 Transformation of acceleration

Take differentials of the equation for the relativistic addition of velocities, Eq.
(12.8a). Note that v, the relative velocity of the S and S’ frames, is a constant.

_ (u' +v)
(1 + %)
_du @+v)y v . du [ v2] _au 1
du = — — —-d =——|[l-=|=z=——— (1)
u (1 N %) (1 R ”L—zv)z c2 u (1 B %)2 c2 (1 N %)2 y2

From the Lorentz transformation,

2

d / ’
dt:y(dt'+v f):ydr'(l + ”V) )
c
Dividing Eq. (1) by Eq. (2),
du du' 1 1

a:E_dt'y3(1+ﬂ)3

c2

In the rest frame, du’/dt’ = a’ and u’ = 0.
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12.18 The consequences of endless acceleration

(a) If the acceleration in S is ay, the acceleration a in § is, with reference to prob-
lem 12.17,

S '2 %
—_
[
I
1 3]
N
NS [8]
Il Il
h —
N}
SE 2
8 S
~

X apt v ;
= — = —— = Q)
Vi-x*2 ¢ V1 =v?/c?
apt
VY =

Note that for t — oo, v — c.
(b) Let uy = ag t so that
Up

J1+ (22

1 -3
L ~ 10_3C
VI + 10

C
uy=c:. v=—=0.71c
0 \/5
103
_ - ~(1-5x10T)c
VI+10°  V1+10°

V=

up = 1073¢c: v =

uy = 10°c:

<

High-energy particle accelerators can accelerate particles to energies far greater
than their rest-mass energies, but the particle’s speed is always less than c, if only
slightly.



RELATIVISTIC
DYNAMICS

13.1 Energetic proton

(a) In a frame moving with the proton, the galaxy 4+«
1s approaching at speed v and has thickness D = Dy/y. v
The proton has such high energy that v is very Lo N
nearly c, to the accuracy of this solution.
The time T to traverse the galaxy is

D Dy Dy
_V_’)/V_’)/C

E
E:ymoc2 = y=

T

moc?

2 _ 27 AL leV _ 8 \1
moc® = (1.67 x 107 kg) (3 x 10° m/s) (m)_mmo e

3% 102 eV
= 22X CV _39% 10!
YT 9 4% 10%eV

3x107s

Dy = (10° light years)(3 x 10® m/s)(
I year

):9><1020m

_ 9% 10°m _
(3% 1013 x 108m/s)
The photon is traveling at the speed of light, so y — oo, and T 010, = 0.
(b)
r o, 1 100 miles\ (1610m) { 1 hour |’
- _ = —(0. =145]
Evasevanr = 5 MV = 5(0.145 ke) [( I hour )( I mile )(3600 s)]

1.6x10717J
leV

10s

E\proton = (3 X 10% eV)( ) =48J
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13.2 Onset of relativistic effects

(a)
1 v 3w
— > _ |\t 2 (1Y L2V 2
K, = (y — Dmyc ( Y 1]m0c (262 + 8C4)m0c
using
1 1 3
~ 1+ =x+=x
— SX+ ¥
v 3 , 1, 1 (3
Kfef”(ﬁ*g;)’"oc = mov Mg e
K;d 1 3\?2
lij 4(ﬂ
For

. 3 2 2

=11 = 25 =01 = = =0133

cl c

1
y=——=1.074
V1 -.133
(b)

(1) Kepeetron = (y = Dmgc? = (0.074)(0.51 MeV) = 0.038 MeV = 38keV
(2)  Kproton = (y — Dmgc? = (0.074)(930 MeV) = 69 MeV

13.3 Momentum and energy

K= (y- l)moc2

dK ) d [ I 1) ) I v
— =my — | —Y—= 1| =myc | —— =
dv dv{ T =12/ (1- vz/cz)% c?
dK = myvy’dv

P = ymyy

d 1
dp = ymydv + mov— (—] dv =ymydv + y3mov%dv
c

dv{ 1 -v2/c2
v V2
v - dp = ymgvdv + y3m0—2dv = ymovdv(l + )/2—2)
I C
VZ/CZ
1 —v%/c?

= myvy’dv = dK

= ymyvdv (1 + ) = ymovdv(

1
1—v%/c?
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13.4 Particles approaching head-on

The left-hand particle is at rest in S’. From Eq. (12.9)

for the relativistic addition of velocities, S
’ 2V ’ 2
VETTee  EEyme &
J
1 1 1 +v?/c?
’)/ = = =
— /2 N 212 o A A A2 2
\/1 V2 /c \/l_ﬁ \/1+2v/c + v/t —dv?/c
B 1 +v?/c?
1 =2/
S (1+v/c? s'| VvV
E = moc” | ——— N
1 —v%/c?
&
!

13.5 Speed of a composite particle after an inelastic collision

9

o

before collision
p=ymgyVv
E=ymyc® + Mc?

Momentum and total energy are conserved, so

ymyv=y" MV (1)
ymoct =y M'¢* (2)

Dividing Eq. (1) by Eq. (2),

ymyv v/

ymoc? + Mc?

’

2
v my Vv
B ymy+ M

UI

after collision
pl — 7/ le
E/ — 7/ M/CZ
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13.6 Rest mass of a composite particle

before collision

pi=Yynmyv
E; :7m0c2+m002

2

szmoczz(y—l)moc = y=x+1

Momentum and total energy are both conserved.
ymov = (x+ Dmoyv =7y"myv' (1)

(y + Dmoc® = (x + 2)moc® =y my > (2)

Dividing Eq. (1) by Eq. (2),

,  (x+ 1Dy
Y TG+ 2)
1 B (x+2)

/

199

s,

after collision

pr =7y myV
Ef =y myc

o (x+2)  Vx+2

Y

(v + Dmoc® =y mic?

) VI-v2/ Jx+2P—(x+12+1 V2x+4 2

m6 _ (’)/+ 1)m0 _ \/i(x+2)mo _ \/Emmo

Y Vx+2

13.7 Zero momentum frame

In §’, the speeds of the particles are
, v=V

Ve T TV

v, = V to the left, as shown

The corresponding momenta are

ro_ ’ ’r_ ’
Pa =Y, MoV, Py =Y MoV
’ /

Vq vb
\/l—vzzz/c2 \/I_V;Z/CZ

The particles have equal mass, so by symmetry
they must have equal and opposite velocities in S’
to give zero net momentum.

O:p;—p;):

continued next page —
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Because their speeds are equal, it follows that y;, = v;, so that the condition for
zero momentum becomes

, N v=V v
V. =V —_—
a— b 1 —vV/c?
0:(12)\/2—2V+v
c
Vo 24 A2/ 1+ 1122
B 2v/c? B v/c?

For v < ¢, the negative sign correctly gives

vV~ 2\ (1+? v
“W)l2e2) T2
as expected. Hence

-

13.8 Final velocity of a scattered particle

e

£, y ‘e
AN 0 —mmm &g A ra.
. ¢
w
before collision ~ after collision
E; = Eq + myc’ Ef=E+ymyc*

There are 3 unknowns, 6, ¢, and u. However, if only u« is to be found, the most direct
route is to use conservation of total energy, which does not involve the unknown

angles.
2
Ey+moc = E + L
V1 —u?/c?
Ey-FE 1
+1=

continued next page —
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Let x = (Ey — E)/(myc?).

u? 1
1__2 R
c (x+1)
uz_ 1 _x2+2x
2 (x+ 1?2 (x+1)2
VxZ + 2x Ey—E
=|— |c where x =
x+1 moc?

13.9 The force of sunlight

(a) R, is the radius of the Earth. Let S be the solar constant.
S
Foar = — X 7TR5
c

As discussed in Example 4.21, the momentum flux density = S/c.
1.4 x 10° W/m?
3 x 108 m/s

Rj 1s the distance from the Sun to the Earth.
GMguimMsun (6.7 X 107" N - m? - kg 2)(6.0 x 10**kg)(2.0 x 10*° kg)

Foptar = 7(6.4 % 10°m)?> = 6.0 x 108N

Foraviey = =
greviy R (1.5 1011)2
Fgravity ~ 6 X 1013 Fsolur
(b) Both the pressure of light and the gravitational attraction of the Sun fall off as
the square of the distance, so consider the balance of forces on a particle at the

Earth’s orbit. Let the density of the particle be p = 5.0 x 10° kg/m?, its mass m,
and its radius r.

Fow= ZX?TI"Z

4
3
Fgravity =mdsy, = Z;7TF P asyn

3

To escape, Frua > Fyraviry-

S L. 4 5
—r" > =ar’p dsu,
c 3

The acceleration at the Earth’s orbit due to the Sun is

Asun = 6 % 1073 m/s?

3 (S) 1 3(1.4x%x10° 1
r<—|— = -
4\c/\pasu, 4\ 3x108 (5x103)(6 x 1073)

r<12x107"m

=3.6x 10N
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13.10 Levitation by laser light

Let the density of the particle be p = 2.7 x 10 kg/m?, and let r be its radius.
If the sphere is large compared to the spot of laser light, assume that the light is
reflected, doubling the force.

power) _2x10°W

- =6.7x10°°N
3% 10° m)s X

F:2(

c

For levitation,

4 3
Fngzgﬂrpg

At equilibrium,

4
6.7x107°N = (gnﬁ m3) (2.7x10°kg - m™)(9.8m - s?) = 1.1 x 10°/°

5 6.7% 107N
T 11x105N-m™3
r=39x10"m

=6.1x10"m?

13.11 Photon-particle scattering

/
E ¢
%Jjj“
Eo \9
ANNAP @ &

before collision after collision
E E 0
x direction: (pi)x == (pf)x = = + Pm COS @
c c
Esind
y direction: (pi)y=0 (pp)y = e P SIN @
E; = Eo + myc? E;=E+E,

continued next page —
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By conservation of momentum,

Ey, Ecos@

= + pmcosg (1)
C C

E sin6
— = pmsing (2)
C

Dividing Eq. (1) by Eq. (2),

Ey

coto =
¢ Esind

—cotd (3)
By conservation of total energy,

Ey+myc> =E+E, (4
(Ey — E + moc?)? = E,z,, = (pmc)2 +(moc®)* (5)

From Egs. (1) and (2),
pmccos¢ = Ey— Ecos6 pmcsing = E sin 6
Squaring and adding,
(pmc)* = (Eg — Ecos0)* + E*sin* 0 = E3 + E* — 2E(E cos 6

Using this in Eq. (5),

E, E
EoE(1 —cos8) = mycX(Ey— E) = — = —2 (1 -cos@) + 1
E  myc?

Using this expression for Ey/E in Eq. (4),

sin @

Ey (1—cos@)+ 1
sin 6 sin 6

—cotf = (1 + Eo )(1 — cos)

cot¢g = (

moc? moc?

= (1 . Eo )tan(6/2)

moc?
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13.12 Photon-electron collision

M,
} E/‘
. . ™, M llisi
before collision after collision
. . EO ’
x direction: (P)x = — — P (Pp)x = —p),cos0
c
E
y direction: (pi)y=0 (pf)y = — = p,,sin@
c
E,=Ey+E, E;=E+E,
(a) By conservation of momentum,
Ey—cpn = —cp,,cos8 (1)
E =cp,,sinf (2)
Squaring and adding Egs. (1)and (2),
E} —2Eocpn + (cpn)* + E* = (cp.)* (3)
By conservation of total energy, E,, = Eo+ E,, — E (4)
Use
(cpm)’ = Ep —(moc?)*  and  (cp),)* = E;; — (moc®)’

in Eq. (3) to give, with Eq. (4),
E} -2Eycp, + E2 +E* = E? = (Ey+ E,, — E)> = EyE, +cpy) = E(Ey+E,) (5)
v 9 v
Pm =ymgy = (—2)7m0C = (—Q)Em
C C
so Eq. (5) becomes

_ EE,(1+v/c)  Eo(1+v/c)
 Ey+E,  1+4Ey/E,

E

continued next page —
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(b) The line broadening AA is
Al=2A1- A
Using E = hy = hc/A,

hc  he Al 1 1 Ey—FE
M=—-— = L= 2 =
E E() hc E E() Eé

From the result of part (a),

E,-E i[l (1+v/c)]

E2  Ey| 1+E/E,
2
E, = ymoc2 L ~ m002
V1 —=v2/c?

Al Ao | (I+v/e) | Ao | (I+v/c)
he  he 1+ h/Agmoc|  he 1+ Ac /2

1+6x1073 1+6x1073
At =0711x 10701 - LHOXIO ) 5pp 5 jgrrofy - L #0x10)

1 + 2420407 (1+3.4x%x107?%)

~0.711x 10710 [1 —(1+6x1073)(1 -3.4x 10-2)]

=(0.711 x 10719 (=6 x 107> + 3.4 x 107%)
1A
=20x10"?m=2.0x107"? S —
0x107"?m = (2.0x 107" m) X100

=0.020A

consistent with the data plot in Example 13.6.
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14.1 Pi meson decay

Momentum P of the 7°:
P = ymy(v,0,0,c)

Momentum P; of the photons:
E

Py = —(cos0,sin6,0, 1)
c

E
P, = —(cos0,—-sinH,0, 1) @ »
c

T T,P

)

(a)
P= Pl + PZ

Equating the time-like components

2F
ymyc = —
C
2F
y=—>5 (1
moc
2 %X 100keV
=— =148
135keV

= (1.48)F = E = \1-1/(1.482 = 0.74

1—v%/c?

continued next page —
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(b) Equating the x components
2E

ymoyy = — cos 6
c
2E
- 5 cosf =ycosf using Eq. (1)
¢ myc
cosf =12 =074 = 0=42°
C

14.2 Threshold for pi meson production

%, “’/ b

before collision after collision

E, is the energy of the y ray. p; and p4 are 3-vectors, and P3 and P, are 4-vectors.
Comparing components of vectors requires evaluating them in the same coordinate
system. However, the norms of 4-vectors are scalars, independent of coordinate
system, permitting the 4-vectors to be expressed in any convenient coordinate sys-
tem. In this problem, the center of mass system is convenient.
conservation of 4-momentum:
P, +P, = P3 + P,
E,
P, = —(1,0,0,1)
c
P, = m,c(0,0,0,1)
P3 +Py = (p3 + P4, (mp + mno)c) = (O’ 0,0, (mp + mﬂ'o)c)
Equating norms,
P, + Py|* = P{ + 2P, - Py + P3 = 0 - 2m,E, — (m,c)’
IP5 + Py|* = =[(m, + mpo)c]’

continued next page —
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Consequently, the minimum value of E,, satisfies

1
2m,E, + (myc)* = [(m, + mp)c]* = E, = 7= Cmymyo + m)c”

P
2

B 5 myoc
Ey = muoC (1 + W)
135 MeV

) = 145 MeV

14.3 Threshold for pair production by a photon

Me O/PS-
&

ANNS AP
E -} ) ?l FL
T
e f; \ 4
before collision after collision

At threshold, all of the incident photon’s energy goes to promoting the reaction.
Above threshold, there would be a residual photon of lower energy among the re-
action products.

Let m, be the rest mass of each particle.

E
P, =—2(1,0,0,1)
c
P, = m,c(0,0,0,1)
P, + Pyf* = P2+ 2P, - P, + P3 = 0 - 2m,Eq — (m.c)*
Evaluate the 4-momenta of the three products in the center of mass frame.
IP5 + Py + Ps|* = —(p3 + pa + ps, 3m.c*)* = —(3m,c)’
conservation of 4-momentum:
P, +P, :P3+P4+P5
2m Eq + (mec)’ = Bmee)* = I(mec)?

Ey = 4m,c* = 4 x (0.51 MeV)
=2.04 MeV
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14.4 Particle decay
R
P ™,
M M,
R
before decay after decay

The mass symbols M, m;, and m, all refer to rest mass.

P = M(0,0,0,c¢)
P, =(p,Ei/c)
Py = (=p, E2/c)

Note that 3-momentum and 4-momentum are both conserved.

P:P1+P2
P> = P{ + 2P, - P, + P}

E\E
(Mo = =0me =2(p*+ 122 ) - o (1)
C
Use
2 2 El g 2 2 2
p :pl:(_) —mcC and E\+E,=Mc — E,=Mc" - E,
C

Equation (1) then becomes
(Mc)* = —(myc)* + (myc)* + 2E\M
B = M2+m%—m§ 2
: oM

To find E,, simply interchange the subscripts.

M? + m? — m?
E, = 2 1) 2
2M
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14.5 Threshold for nuclear reaction

e @ o &
before collision after collision

The symbols M, M,, M5, and M, all refer to rest mass.

P, =yM(»v,0,0,c)
P, = Mz(O, 0,0, C)

In the center of mass system,

IP5 + Pyl” = —(M3 + My)*c?
Use P, +P,? =P;+P,?* and (M;+ My)c? = (M, + My)c* + Q

P +2P - Py + P2 = |P; + P
2
=Mic* = 2y MiMac® = Myc® = —(Ms + My)’c® = — (M1 + M, + %) ¢
c

2 2
%) :Mf+M§+2(M1+M2)%+Q—2
C C C

2
20y = DM M, = 2(M, + Mz)C—Q2 + %

S LS Y T

M} +2y MiM, + M5 = (M1 + M, +

M1M2 C2 2M1M2 C4
K ( I)M ) M, + M, Q+ 1 Q2
= — cC =\ Pu—
! Y ! M2 2M2C2

14.6 Photon-propelled rocket

The initial 4-momentum of the rocket is P; = M, (0, 0, 0, ¢). When the rocket has ac-
clerated to speed v and its rest mass has decreased to M, the rocket’s 4-momentum
isP;=yM¢(,0,0,c0).
(a) By conservation of 3-momentum, the momentum p,, of the exhaust is

Dex = =Y va

The exhaust consists of photons, for which p = E/c. The 4-momentum of the
exhaust is therefore

Pex = (pex’ E/C) = YMf(_V7 0,0, V)

continued next page =
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(b) By conservation of 4-momentum,
P,=P;+P,,
My(0,0,0,¢) =y Ms(v,0,0,c) +y Ms(-v,0,0,v)

Because all the 4-vectors refer to the same frame (in this case, the laboratory
frame), it is correct to equate corresponding components. The 4th component

gives
Moc =yM¢c+yMyy
M
Mf C
My
Let u=—
My

2 1 \_/2_1+v/c
H _(l—vz/cz)(1+c) 1-v/c

p=1
y = c
>+ 1

14.7 Four-acceleration

Consider motion only along the x — axis, so that the 4-velocity is

U=7v(u,0,0,0)
dU dU d
- E - )/E - ')’E['Y (ua 09 O’ C)]

d
= yX(du/dt,0,0,0) + 7d—)t/(u, 0,0,¢)

where du and dy d 1 sudu  sau
— =a _— - = _— = —_—
dt dt dt \[T-u2/c2 Yoa Tl e

A = %(,0,0,0) + ¥* 2= (,0,0,¢)
C

2
au au

= (7261 + )/4—, 0,0, 74—)
c c

2 2.2
= [yza(l +72u—2),0, 0,’}/4%] = [yza(l + %),0, 0,'}’4ﬂ]
c c 1—-u?/c c
_ 7461[1,0,0, 3]
c

The norm of A is

2
|A|2:y8a2(1_u_2):,y6a2
c
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14.8 A wave in spacetime

Let u be the relative velocity of frames S and S’, to minimize confusion with the
wave’s frequency v.

(a) To demonstrate that K = 27(1/4, 0,0, v/c) is a 4-vector, show that its dot prod-

(b)

(©)

uct with a known 4-vector is a scalar, and that its norm is Lorentz invariant.
Take the trial 4-vector to be the displacement X = (x, 0, 0, c?).

K-Xzzn(f—vr)
1

This dot product is the phase of the wave. Different observers must agree on the
phase, for instance a point in spacetime where the amplitude vanishes. Because
X transforms according to the Lorentz transformation, K must also.

The norm is

- (]]

The norm is a Lorentz invariant, which implies that 1 v = ¢; in other words, the
wave travels at the speed of light, as postulated.

Using the notation of Section 14.5,

1
K = (a1, a», a3, a4) = 27r(—,0, 0, 3)
A c

In the S’ system, Eq. (14.13) gives

“):W(I_E):VM:V (1‘”/‘?)
N L+ufc

in agreement with Eq. (12.12) for the longitudinal Doppler shift.
For propagation along the y axis,

K:Zﬂ(O,l,O, Z)
1

C

In the S’ frame,

/ /
4 v 4 P —
—:‘y—:}v:—:y’ 1—”2/02
c c Y

in agreement with Eq. (12.13) for the transverse Doppler shift, with 6 = x/2.



