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Preface

Man has tried, from time immemorial, to increase his understanding of the world
in which he lives. A crowning achievement in this attempt was the creation of
Classical Mechanics by Newton, Lagrange, Hamilton and others. Classical
Mechanics is based on the concept that each system has a definite position and
momentum. Mechanics is usually the first course, following introductory
physics, at the degree level for students of physics, mathematics, and
engineering. A thorough understanding of mechanics serves as a foundation for
studying different areas in these branches. The study of Classical Mechanics also
gives the students an opportunity to master many of the mathematical
techniques.

The book is an outgrowth of the lectures on Classical Mechanics which the
author had given for a number of years at the postgraduate level in different
universities in Kerala, and as such the material is thoroughly class-tested. It is
designed as a textbook for one-semester courses for postgraduate students of
physics, mathematics and engineering. I have made every effort to organize the
material in such a way that abstraction of the theory is minimized. Details of
mathematical steps are provided wherever found necessary. Every effort has
been taken to make the book explanatory, exhaustive and user-friendly.

In the conventional approach to the subject, Lagrangian and Hamiltonian
formulations are usually taught at the end of the course. However, I have
introduced these topics at an early stage, so that the students become familiar
with these methods. Chapters 1 and 2 are of introductory nature, discussing
mainly the different frames of reference and the Newtonian mechanics of a
single particle and system of particles. In the next two chapters, Lagrange’s
formalism and the variational principle have been presented with special
emphasis on generalized coordinates, Lagrange’s equation, first integrals of
motion, Lagrange multiplier method, and velocity-dependent potentials, which
are needed for the study of electromagnetic force. A section on symmetry
properties and conservation laws, which leads to the important pairs of
dynamical variables that follow the uncertainty principle in quantum mechanics,
is also presented. Chapter 5 on central force motion has been broadened to



include topics like satellite parameters, communication satellites, orbital
transfers, and scattering problem.

Hamilton’s formulation of mechanics along with Hamilton—Jacobi method,
Chapters 6 and 7, provides a framework to discuss the dynamics of systems in
the phase space. The technique of action-angle variables leads to Wilson—
Sommerfeld quantum condition, which is an essential rule in quantum theory.
Poisson bracket, an integral part of classical mechanics, is also indispensable for
the formulation of quantum mechanics. Rigid body motion, Euler’s angles,
Coriolis force, Euler’s equations of motion, and motion of symmetric tops have
all been discussed in Chapter 8. A chapter on the essentials of small oscillations,
which is crucial for the study of molecular vibrations, is also included. Further, a
chapter on special theory of relativity is presented to enable the study of systems
moving at relatively high velocities. This chapter discusses Lorentz
transformation, relativistic dynamics, space—time diagram, four-vectors, and
invariance of Maxwell’s equations.

To provide a smooth transition from the traditional topics of Classical
Mechanics to the modern ones, two chapters (11 and 12) on the rapidly growing
areas of nonlinear dynamics and chaos have also been included in the book.

Learning to solve problems is the basic purpose of any course, since this
process helps in understanding the subject. Keeping this in mind, considerable
attention is devoted to worked examples illustrating the concepts involved.
Another notable feature of the book is the inclusion of end-of-chapter review
questions and problems. These provide the instructor with enough material for
home assignment and classroom discussions. Answers to all problems are given
at the end of the book. The usual convention of indicating vectors by boldface
letters is followed. A solutions manual is available from the publisher for the use
of teachers.

The saying ‘I have learnt much from my teachers but more from my pupils’
rings true in the context of writing this book. I wish to record my gratitude to my
students for their active participation in the discussions we had on various
aspects of the subject. I place on record my gratitude to Dr. V.K.Vaidyan, Dr.
V.U. Nayar, Dr. C.S. Menon, Dr. V. Ramakrishnan, Dr. V.S. Jayakumar, Lisha R.
Chandran and Simitha Thomas for their interest and encouragement during the
preparation of the book. Finally, I express my sincere thanks to the publisher,
PHI Learning, for their unfailing cooperation and for the meticulous processing
of the manuscript.

Above all I thank my Lord Jesus Christ, who has given me wisdom, might and



guidance all through my life.

G. Aruldhas



1

Introduction to
Newtonian Mechanics Classical
mechanics deals with the motion of
physical bodies at the macroscopic
level. Galileo and Sir Isaac Newton
laid its foundation in the 17th
century. As Newton’s laws of motion
provide the basis of classical
mechanics, it is often referred to as
Newtonian mechanics. There are two
parts in mechanics: kinematicsand
dynamics. Kinematics deals with the
geometrical description of the
motionof objects without considering
the forces producing the motion.
Dynamics is the part that concerns



the forces that produce changes in
motion or the changes in other
properties. This leads us to the
concept of force, mass and the laws
that govern the motion of objects. To
apply the laws to different situations,
Newtonian mechanics has since been
reformulated in a few different forms,
such as the Lagrange, the Hamilton
and the Hamilton-Jacobi formalisms.
All these formalisms are equivalent
and their applications to topics of
interest form the basis of this book.

1.1 FRAMES OF REFERENCE

The most basic concepts for the study of motion are space and time, both of
which are assumed to be continuous. To describe the motion of a body, one has
to specify its position in space as a function of time. To do this, a co-ordinate
system is used as a frame of reference. One convenient co-ordinate system we
frequently use is the cartesian or rectangular co-ordinate system.

Cartesian Co-ordinates (X, y, z) The position of a point P in a



cartesian co-ordinate system, as shown in Fig. 1.1(a), is specified
by three co-ordinates (x, y, z) or (x1, x2, x3) or by the position
vector r. A vector quantity will be denoted by boldface type (as r),
while the magnitude will be represented by the symbol itself (as r).
A unit vector in the direction of the vector r is denoted by the
corresponding letter with a circumflex over it (as F=r/r). In
terms of the co-ordinates, the vector and the magnitude of the
r=ix+ jykz

P=x?+y?+z? {11}

vector are given by

where f,}'and k are unit vectors along the rectangular axes x, y and z

respectively.

Elementary lengths in the direction of x, y, z: dx, dy, dz Elementary volume: dx
dy dx Cartesian co-ordinates are convenient in describing the motion of objects
in a straight line. However, in certain problems, it is convenient to use non-
rectangular co-ordinates.

-
""" P(x, y, z)
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Fig. 1.1 (a) Cartesian co-ordinates (x, y, z) of a point P in three dimensions; (b) Plane polar co-ordinates (r,
q) of a point P.
Plane Polar Co-ordinates (r, g) To study the motion of a particle in
a plane, the plane co-ordinate system which is shown in Fig. 1.1
(b) is probably the proper choice. The radius vector of the point P
in the xy plane is r. The line OP makes an angle g wih the x-axis.
The position of point P can be described by the co-ordinates (r, g)
called plane polar co-ordinates. The rectangular co-ordinates of P
are (x, y). The relations connecting (x, y) and (r, g) can be written
from Fig. 1.1 (b) as:

x=rcos 6 and y=rsinf (1.2)
From Eq. (1.2)

SE
P=x+y and O=tan 1(;) (1.3)
Elementary lengths in the direction of increasing r and q: dr, rdg

Elementary area: dr X rd68 =rdr dB

Velocity components: 7 and r6
Thus, in a two dimensional system (x, y) or (r, ) completely specifies the
position of a point in a plane.

Cylindrical Co-ordinates (r, f, z) Consider a point P having a
radius vector r. Point P can be specified by using a set of cartesian



co-ordinates (x, y, z) or cylindrical co-ordinates (r, f, z) as shown in
Fig. 1.2 (a). The co-ordinate r is the projection of the radius vector
r on the xy-plane. The two sets of co-ordinates are related by the
relations:

xX=pcos pz=x2+3.’2

y=psin ¢ ¢=tan"l(~2) (1.4)

X

Elementary lengths: dp, pde, dz
Elementary volume: pdp dgdz
Velocity components: p, pd, 7

Spherical Polar Co-ordinates (r, g, f) Figure 1.2 (b) defines the
spherical polar co-ordinates of a point P having a radius vector r.
The cartesian co-ordinates of P are (X, y, z). The co-ordinate g

is the angle that the radius vector r makes with the z-axis and f is
the angle that the projection of the position vector into the xy-
plane makes with the x-axis. From Fig. 1.2 (b).

AZ

N Y

OQ =rsingand OC =PQ =rcos q
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Fig. 1.2 (a) Cylindrical co-ordinates (r, f, z) of a point P in space: (b) Spherical polar co-ordinates (r, g, f) of
a point P in space.

The two sets of co-ordinates are related by the relations:
x=rsin @cos ¢

y=rsin 8sin ¢

g=rcosl (1.5)

Elementary lengths: dr, rd@, r sin 8 d¢
Elementary volume: dr X rd6 X r sin 8 d¢ = r? sin 6 d0 d¢ dr

Velocity components: r, 78, r sin@ ¢

1.2 NEWTON’S LAWS OF MOTION

Newton’s First Law of Motion Every object continues in its state of
rest or uniform motion in a straight line unless a net external force
acts on it to change that state.

Newton’s first law indicates that the state of a body at rest (zero velocity) and
a state of uniform velocity are completely equivalent. No external force is
needed in order to maintain the uniform motion of a body; it continues without
change due to an intrinsic property of the body that we call inertia. Because of
this property, the first law is often referred to as the law of inertia. Inertia is the
natural tendency of a body to remain at rest or in uniform motion along a straight
line. Quantitatively, the inertia of a body is measured by its mass. In one sense,
Newton made the first law more precise by introducing definitions of quantity of



motion and amount of matter which we now call momentum and mass
respectively. The momentum of a body is simply proportional to its velocity. The
coefficient of proportionality is a constant for any given body and is called its
mass. Denoting mass by m and momentum vector by p p = mv (1.6)
where v is the velocity of the body. Mathematically, Newton’s first law can be
expressed in the following way. In the absence of an external force acting on a
body p = mv = constant (1.7) This is the law of conservation of
momentum. As per the special theory of relativity (see Section 10.10), mass is
not a constant but varies with velocity.

If we denote the force by F, then the second law can be written

mathematically as
dp
Fes = 1.8
e (1.8)
Since p = mv and m is a constant, the second law can also be written as

dv

F=m—=ma (1.9)
dt

where a stands for acceleration. Since v = dr(¢)/dt, the second law may also be
written as

d*r(t)
dr’
which is often referred to as the equation of motion of the particle. It is a
second order differential equation. If the force F is known and the position and
velocity of the particle at a particular instant are given, with the help of second
law we can find the position and velocity of the particle at any given instant.
That is, its path is completely known if accurate values of its co-ordinates and
velocity (or momentum p = mv) at a particular instant are known
simultaneously. In quantum mechanics, we will be learning that this

deterministic model is not applicable to atomic and subatomic particles.

F=m

(1.10)



This law is often paraphrased as to every action there is an equal and opposite
reaction. This statement is perfectly valid but it has to be remembered that the
action force and the reaction force are acting on different bodies. In a twoparticle
system, the force acting on particle 1 by particle 2, F1p, is equal and opposite to

the force acting on particle 2 by particle 1, Fp1. That is, F12 = -Fp1

Since force is the rate of change of momentum
ap _ D
dt dt
or Hya; = —m-Ha, (1:11)
i o .
or = (1.12)
iy |82

Equation (1.12) can be used to determine the mass of particles.

1.3 INERTIAL AND NON-INERTIAL
FRAMES

Newton’s first law does not hold in every reference frame. When two bodies fall
side by side, each of them is at rest with respect to the other while at the same
time it is subject to the force of gravity. Such cases would contradict the stated
first law. Reference frames in which Newton’s law of inertia holds good are
called inertial reference frames. The remaining laws are also valid in inertial
reference frames only. The acceleration of an inertial reference frame is zero and
therefore it moves with a constant velocity. Any reference frame that moves with
constant velocity relative to an inertial frame is also an inertial frame of
reference. For simple applications in the laboratory, reference frames fixed on
the earth are inertial frames. For astronomical applications, the terrestrial frame
cannot be regarded as an inertial frame. A reference frame where the law of
inertia does not hold is called a non-inertial reference frame.
The accelerations in Eq. (1.12) can be measured experimentally. Hence,

Eq. (1.12) can be used to determine the mass of a particle by selecting m1 as unit
mass. The mass of a body determined in this way is termed as its inertial mass
because it characterizes the inertial properties of bodies. Mass can also be



defined on the basis of Newton’s law of gravitation. The mass of a body defined
on the basis of gravitational properties is called the gravitational mass.
Naturally a question arises: Is the inertial mass of a body equal to its
gravitational mass? Recently it was established that these masses are equal to

within a few parts in 1012, This equivalence of the inertial and gravitational
masses of a body is the principle of equivalence postulated by Einstein in
general relativity.

1.4 MECHANICS OF A PARTICLE

In this section, we shall discuss mainly the conservation laws for a particle in
motion in Newtonian formalism.

Conservation of Linear Momentum From Newton’s first law, we
have already indicated the law of conservation of momentum of a
single particle in Eq. (1.7). It also follows from Newton’s second
law of motion which states that

P _y

dt

If no external force is acting on the particle

P _4 or p = constant in time (1.13)

dt

If the total force acting on a particle is zero, then the linear momentum p is
conserved.

Angular Momentum and Torque Angular momentum and torque
are two important quantities in rotational motion. A force causes
linear acceleration whereas a torque causes angular acceleration.
The angular momentum of a particle about a point O (say origin),
denoted by

L,is definedasL=r p (1.14) where r is the radius vector of
the particle. The torque (N) or moment of a force about O is



defined as N=FXF=FX§_§] (1.15)

which is perpendicular to the plane containing the vectors r and F points in the
direction of the advance of a right hand screw from r to F. Since

dr dr dr
—Xp=m—X—=0
dt dt dt
from Eq. (1.15), we have
N:rxd_[:l:M
dt dt
dL

N=""
= (1.16)

which is the analogue of Newton’s second law in rotational motion.

Conservation of Angular Momentum The angular momentum
conservation comes automatically from Eq. (1.16).
If the torque N acting on the particle is zero, then

%:{} or L =constant (1.17)

If the torque N acting on a particle is zero, the angular momentum L is a
constant. Planets moving around the sun and satellites around the earth are some
of the very common examples.

Work Done by a Force Work done by an external force in moving
a particle from position 1 to position 2 is given by

2 2
Wi, = jF-a'r= jmj—:dr
1 1

Assuming the mass of the particle constant



2 2
m . 2 2
=mjv dv =5Jd(v2)=5(v2 —~¥: )
1 1
=T,-T, (1.18)

where Ty and T are the kinetic energies of the particle in positions 2 and
1 respectively. If Tp > T7, W1 > 0, work is done by the force on the
particle and as a result the kinetic energy of the particle is increased. If T
> Ty, Wip < 0, work is done by the particle against the force and as a
result the kinetic energy of the particle is decreased.

Conservative Force If the force acting on a system is such that the
work done along a closed path is zero, then the force is said to be
conservative. That is, for a conservative force F

(ﬁF-a‘rzO (1.19)

If the closed curve encloses the surface S, by Stokes theorem, we have

(ﬁF.drzj(VxF)+dS=U (1.20)

Since the surface is arbitrary, this is possible only if
VxF=Cuirl E=0 (1.21)

which is the necessary and suficient condition for a force to be conservative.
The curl of a vector is zero if it can be expressed as the gradient of a scalar
function of position. Hence, we can write

F=-VV(r) (1.22)

The scalar function V(r) in Eq. (1.22) is called the potential energy of the
particle at the point or simply the potential at the point. In terms of V, the

components of the force are
aV av av
szg F;Fg Fz:g (1.23)

Conservation of Energy The work done by a force F in moving a
particle of mass m from position 1 to position 2 is given by Eq.



V-V, (1.24)

Combining Eqs. (1.18) and (1.24), we have T1 + V1 =Ty + Vp
which gives the energy conservation theorem.

If the force acting on a particle is conservative, then the total energy of the
particle, T + V, is a constant.

Equation (1.22) is satisfied even if we replace V by V + C, where C is a

constant. Then f=_Vy =-V(V + C) £1.25)

Hence, the potential introduced through Eq. (1.22) is not unique and therefore an
absolute value of the potential has no meaning. It may be noted that the kinetic
energy also has no absolute value since we use an inertial frame of reference for
measuring the velocity and hence the kinetic energy. For measuring the absolute
kinetic energy we required a reference frame which is absolutely at rest. It is not
possible to find such a reference frame and therefore the kinetic energy we
measure is only relative.

1.5 MOTION UNDER A CONSTANT
FORCE

When the applied force F on a particle is constant in time and hence there is a
constant  acceleration, we  write Eq. (1.10) in the form
dr dv F
—5 =—=—=a=constant (1.26)
dt dt m
Direct integration of Eq. (1.26) is possible if the initial conditions are known.



With the initial condition v = v at ¢t = 0, on integrating Eq. (1.26) we have
v(t) = vy + at (1.27)

Since v = dr/dt, assuming the initial conditions r = ryat 1 = 0 leads to
l .3
r(r)=r{,+v”r+53r (1.28)

Substituting ¢ from Eq. (1.27) in Eq. (1.28)

v: = v + 2a(r —ry) (1.29)
In one dimension, Egs. (1.27), (1.28) and (1.29) reduce to
v(l) = vy + at (1.30)
1 7
x:x0+vﬂf+-2—)ar (1.31)
szvg + 2a(x — x;) (1.32)

Equations (1.30), (1.31) and (1.32) are the familiar equations that describe the
translational motion of a particle in one dimension. One of the familiar exmples
of motion under a constant force is motion under gravity.

1.6 MOTION UNDER A TIME-
DEPENDENT FORCE

When the force acting on a particle is an explicit function of time, the equation
of motion can be written as



dv
—=F(t
m it (1) (1.33)

Assuming the initial conditions that v = v, at 1 = ¢, integration gives

V()= vy + i_[F(r)dr
11y

fo

(1.34)

As v = dr/dt, integration of Eq. (1.34) gives r(¢), assuming r = ry at 1 = #,, as

t 4
r(t)=r1y + vo(t — 1)+ i -[dr’ JF(:”)dr” (1.35)
Iy fy
Since there is a double integration, two variables t and t  are used. If explicit
integration of the integrals in Eg. (1.35) is not possible, one has to go for
numerical integration.

1.7 REFLECTION OF RADIOWAVES FROM
THE IONOSPHERE

To illustrate the motion under a time-dependent force, we consider the
interaction of radiowaves with electrons in the ionosphere. lonosphere is a
region that surrounds the earth at a height of approximately 200 km from the
surface of the earth. It consists of positively charged ions and negatively charged
electrons which are formed when ultraviolet rays from the sun is absorbed by
atoms and molecules of the upper atmosphere. The particles are trapped by the
earth’s magnetic field and stay in the upper region, forming the ionosphere
which is electrically neutral. When a radiowave, which is an electromagnetic
wave, passes through the ionosphere, it interacts with the charged particles and
accelerates them. Since electrons are much lighter than the positive ions, they are
more effective in modifying the propagation of the radiowaves.

The electric field E of the electromagnetic plane wave is given by E = E( sin

wt (1.36) where w is the angular frequency of the wave. The ionosphere
may be regarded as a region made of free electron gas. A free electron of charge
— e interacts with the electric field E which results in a force on the electron: F =
— eE = —e Ep sin wt (1.37) The acceleration of the electron is



F av eE, .
a=—=—=——5sinwt (1.38)
m dt m
which can be integrated to give the velocity of the electron as a function of time:
cE, ek
v(t)= vy — —2 +—2cos ar (1.39)
m  mo
where v, is the velocity of the electron at = 1. Since v = dx/dt assuming that
X = Xxp at t = 1, integration of Eq. (1.39) gives the position of the electron as a
function of time:

ek, ek, .
x(t)=xy +| vg— Ik sin @t (1.40)
ma ma

The first two terms indicate that the electron is drifting with a uniform velocity
which is a function of the initial conditions only. Superimposed on this drifting
motion is an oscillating motion represented by the last term. The oscillating
frequency of the electron is independent of the initial conditions and is the same
as the incident frequency of the electromagnetic waves. The refractive index of

the medium is 5 =< (1.41)
v

where ¢ and v are the velocity of light in vacuum and in the medium
respectively. They are given by
1 1

and v=—
Jeokty Jeu (1)

Here &y and € are the electric permitivities and U, and [ are the magnetic
permeabilities of vacuum and medium respectively. In terms of these quantities,

C £
”—V—J;—\E (1.43)

where [ is the relative permittivity of the medium. In general, for the ionosphere,
e < e and hence from Eq. (1.43), v > c. That is, phase velocity v of radiowaves

=

assuming f, = U, we get

in the ionosphere is greater than c, the velocity of the radiowaves in vacuum.
Also, we see from Eq. (1.43) that the refractive index n of the ionosphere is less
than the refractive index ng = 1 of vacuum. This results in the reflection of the



waves from the ionosphere back to earth as shown in Fig. 1.3.

n<n,
V>c¢

_ lonosphere
v, H:__.-""--_”- i e

T W Ny

Fig. 1.3 Reflection and refraction of radiowaves by ionosphere.

The oscillating part of x, Eq. (1.40), gives rise to an electric dipole moment p
given by

p=——7sKk (1.44)
If N is the electron density, the total polarization

Neé?
P=Np=- 2E (1.45)
mao

which is inversely proportional to w? and it changes the refractive index of the
ionosphere. If w is very large, the refractive index n of the ionosphere is also
very close to unity and the waves are refracted away from the normal. Figure 1.3
also shows the refraction of radiowaves by ionosphere.

1.8 MOTION UNDER A VELOCITY
DEPENDENT FORCE

It is very often the case that, in addition to constant applied forces, forces that



depend on velocity are present. When a body is falling in a gravitational field, in
additional to the gravitational force, there exists a force of resistance offered by
air which is dependent on velocity. When bodies move through fluids, the
viscous forces oppose the motion. For such systems, Newton’s second law may

be written in the form
dv
m—=F(v
e (v) (1.46)
which can be written as
dv dx dv
m——=F((v) or mv—=F(v
o (v) o (v) (1.47)
Equation (1.46) or (1.47) can be solved to analyze the motion. Integration of
Eq. (1.46) gi =14 _v[ dv
. (1. = m .
q. ( ) gives 0 F(v) (1.48)
Yo

which gives time as a function of velocity. Here v() is the velocity at time t = t(.
Integration of Eq. (1.47) gives position as a function of velocity

r vav
x—xo+m_[ F(v) (1.49)
Vi

1.9 MOTION OF CHARGED PARTICLES IN MAGNETIC
FIELDS Consider a charged particle having a charge g, mass m and
velocity v moving in a uniform magnetic field B. The force

experienced by the charge is given by F = gv B (1.50) The
equation of motion of the particle is
mﬁzqva E1.:510
dt '

Taking the dot product of Eq. (1.51) with v, the right hand side becomes
v . (v x B) = 0. Consequently,

mv.ﬂzi(lmvz)zﬁ (1.52)
dt dr\2

That is, the kinetic energy of the particle is a constant.



The velocity v may be resolved into two components, one parallel to B
(denoted by vjj) and the other perpendicular to B (denoted by v, ). Since

v]] gl B = 0, Eq. (1.51) takes the form

d
mE(vH +v,)=qg(v, +v, ) XB

d dv
dt dt
Equation (1.53) splits into two equations, one describing the motion of the

particle parallel to the field and the other describing the motion perpendicular to
the field.

=L (v, xB) (1.5.3)
H1

d\’”
—=0 5
i (1.54)
dv, ¢

=—(v; xB 55
o m( . XB) 1553

The velocity vj; is constant means that the particle moves with uniform
velocity along the direction of B as shown in Fig. 1.4 (a). The quantity (dv, /dr)
is always perpendicular to both B and v, and therefore the perpendicular

component makes the particle travel in a circle as shown in Fig. 1.4(b). For
keeping the particle in a circular path, the necessary centripetal force is provided
by the force Therefore,

A A ABa - A B

S

P

[ X )
|
U

‘l;

(a) (b) (©)

Fig. 1.4 Charged particle motion in a uniform magnetic field.




2
mv

qv,B= (1.56)
where R is the radius of the circle. Solving
myv
R=—=
o (1.57)

The radius R is often called the Larmor radius of the particle. Period of
revolution

7= 27R 27R 27m

' AqBRfm: gB (1.58)

Angular frequency @ is given by
o= i _48 59
T (1.59)

The complete motion of the particle is obtained by combining the two motions,
one a uniform motion along the magnetic field line and the other in a circle in a
plane perpendicular to the field line. The resulting motion is along a helical path
as shown in Fig. 1.4 (c).

WORKED EXAMPLES Example 1.1 Is the force F = A r
conservative ?

Solution: (i) F = A r



= { (Ayz— Ap) + J(Ax— A2)+ k(A y — Ayx)

[ ki k
¥YxF= . 9 9
ox dy 0z
(Ayz—Ay) (Ax—Az) (Ay-Aw)
o 9 J 1. 49
=1 Lgiﬂxy — Ay) —§(Az~r o sz)_l ¥ J[gmﬂ —Ay)
d 1 -9 d |
—— (A, y—A, k|l —(Ax—A,z2)——(A,z—A, 0
ax( 3} j,.Jc]J+ ] ax( W ay( y " y)_l?f

Hence, the force is not conservative.

Example 1.2 Find the potential energy function associated with the force

]

Fz—yzf—x;;—xyﬁ
Solution: It is given that Fy = yz F, = -xz F; = —xy

V=- j(—_‘ﬁ'Z)dx + fl(}’, )=xyz+ f](}’s 2)

V=-— j(—xz)dy + L (X, 2)=xyz2 + f5(x, 2)

i J(—,ry)dz + fi(x, Yy = xyz+ f3(x, )

From these expressions for V, a single consistent equation is: V = xyz + C C =

constant Example 1.3 A particle of mass m moves under a force F = — CX3,

where c is a positive constant. (i) Find the potential energy function; (ii) If the
particle starts from rest at x = — a, what is its velocity when it reaches x = 0? (iii)
Where in the subsequent motion does it come to rest?



dv dv
Solution: (i) Force = — or ——= A

cxX
dV =ex’dxy or V= T + constant

0
(ii) Work done W = J F dx= %mvz

=

0 4

1 : 1
_[ (—cx)dx = Emv2 or % = Emvz
-a

C
V:J—az
2m
b

j(—tvx?’)]dx:E—Twﬂ:U or _T+'_:.[}

—d

(i11) Let at x = b it comes to rest.

or b=%g
Again, it comes to rest at x = + q.

Example 1.4 An artificial satellite is placed in an elliptical orbit about the earth.
Its point of closest approach (perigee) is at a distance p from the centre of the

earth, while its point of greatest distance (apogee) is at a distance r, from the
centre of the earth. If the speed of the satellite at the perigee is Vps find the speed
at the apogee.

Solution: The gravitational force on the satellite, not a very significant one,
exerts no torque as the force passes through the axis of rotation. Hence, the

Va VP
angular Lo, = Ipmp w,=— and aly, =—=
, ry

momentum of the satellite is constant at all times: where I5 and Iy, are the ML.I. of

the satellite about the axis of rotation when it is at apogee and perigee
respectively. The orbiting satellite can be considered as a point mass and



With these values

2 N 2 p
therefore mr, X—=mr, X —
¥ r,
rov
_'p'p
¥ =
r

which is independent of the mass of the satellite.

Example 1.5 A particle of mass m is projected vertically up with an initial
velocity of v(_If the force due to the friction of the air is directly proportional to

its instantaneous velocity, calculate the velocity and position of the particle as a
function of time.

Solution: For the particle moving up the frictional force is downward. Hence, the
total force acting on the particle
F=-mg-kv k = constant

v

mdv j dav
=—m

o F(v)_ mg + kv
Yoy Yo
+k
t =—""In (mg +kv) | o Py "“]
k mg kv
mg + kv _ ~(k/m)
mg + kv,
Vz{mg """’u)f’_(ﬂmﬁ ”;_8

Since v = dx/dt

de=|[ B gy, im0 |
k k




Example 1.6 A mass m tied to a spring having a force constant k oscillates in
one dimension. If the motion is subjected to the force F = —kx, find expressions
for displacement, velocity and period of oscillation.

Solution: F:—kx_,",."(x):—j(—kx)dx:%kxz (i)
0
Conservation of energy gives
L z.Ll,3%
—mv° +—kx"=FE i
) > (11)
2
2 (dx 2E k o
=| — =—]-—
d (a’r) m( ZEIJ (111)

Defining

’inginﬁ dx = ’Zﬁcosf?df? (iv)
2E k

Substituting Eq. (iv) in (iii)

&\ 2E
| =2=cos? 8
[dr] cos (V)

dx
= [0 (vi)
JQE/m) cos@® Vk
Writing @ =+/k/m and integrating

_0-6
a

di =

t or f=wt+ 6,

Substituting the value of 8in Eq. (iv)

X=, i% sin(wt + 6,) (vii)

It is obvious that the motion is simple harmonic with amplitude .f2£ /4 and
angular frequency @=~k/m .

2
Petiod T = =% = 27|12 (viiD)
w k

. dx 2E .
Velocity v = . i? @cos(wt + 6) (1x)
4



Example 1.7 A particle of mass m is at rest at the origin of the co-ordinate
system. At t = 0, a force F = F (1 — te_lt) is applied to the particle. Find the
velocity and position of the particle as a function of time.

Solution: By Newton’s second law

i c(1—2%) or dv:ﬁcl—m-’“)dr
dt m

Integrating between the limits t =0 and 1 =1

f

Fit F
v:i——ujter"l’d!

mn m
0

Integration by parts lead to

Since v = dx/dt

it
= 2100, 5,250 te"“+€_——i dt
m  mA A A4

K2 Eix  F(e®™ 1) Bl<e?® % 1]
= s oh— | +— |+ [ G s
2m mA mi2\ -4 A) mi| A 22
2K, iy Fof ey, Tp 2
=20 M€ g 0
mf’( e ") mﬁz( +e )+2m:

Example 1.8 A particle having total energy E is moving in a potential field V(r).
Show that the time taken by the particle to move from ri to rp is

Ia d
r
t, — 1, :_[
: J2AE=V)/Im

Solution: The particle is moving under the action of a position-dependent force



and therefore the sum of its kinetic and potential energies is E. That is,

’/ 2
lm' ﬁ) +V(r)=E
Bl
(mjz (E-V) ar _ [XE-V)
— — or B T o —
dt m dt m
d
dt = L
J2E=V)Im
Integrating,

i
t ‘f___[ dr
U E-V)im

Example 1.9 A disc of mass m and radius r rolls down an inclined plane of angle
q. Find the acceleration of the disc and the frictional force.

Solution: Forces acting on the disc are the weight mg, the reaction R and the
frictional force f. Let the acceleration of the disc be a. (See Fig. 1.5.)

Fig. 1.5 Disc rolling down a plane.

The unbalanced force on the disc = mg sinqg — f This must be equal to ma. Hence,
ma = mg sing — f Moment of inertia of the disc about its point of contact



f= L mr® = =mr*
2
Torque acting,
dt dt da 2

Taking moment about the point of contact

T=rxF =rmgsin@sin90 =rmgsino

Equating the two expressions for
= . 2 sinf
—mr‘m=rmgsinl or ®W=—
2 3 r

Acceleration a=rm=—gsinf

2

torque

Frictional force f=mgsinf@—-ma=mgsinfB—-—m—g sinﬁzgmg sinf

Example 1.10 Consider a body of mass m projected with velocity v() at an angle

a with the horizontal. Derive expressions for the range and time of flight of the

projectile.

Solution: The motion remains in the vertical plane containing the velocity vector
vp. The horizontal may be taken as the x-axis and the vertical in the plane of

motion may be taken as the y-axis. The equations of motion of the projectile are



These are subjected to the initial conditions:
x=0=0 W=0)=0
x(t=0)=vycostt  V(t=0)=vysinu (i)
Integration of the equations of motion gives

dx dy

=g
dt di

where ¢; and ¢, are constants. Applying the initial conditions

=-glt+c (iii)

Ezvﬂcosa =— gt + Vysin

Integrating again

X=V,fcosix y =—§grz + vyfsin o (1v)

Substituting the value of 7 from the expression for x

1 i* N %
—g—5——5—+ Vysin
2 v% cos’ Vi COSUX

Y=

8"
2\’02

= xtano — l(l+tar12 x)

This represents the trajectory of a parabola. The range R of the projectile is
obtained by putting x = R and y = 0.

2
0=Rtana—%(1+tan2a)
2vy
2vg  tangr  2vg sina 1 -
p_ 2V tan - v sin 2 0
g l+tan" o g costsec'xx g
: : R 2V .
The time of flight T= =—"sinw

Vpcosol g

REVIEW QUESTIONS 1. What are inertial and non-inertial



frames of references?

2. Is inertial mass same as gravitational mass? Explain.
3. Under what condition do we write Newton’s second law in the form

F=m dl + v @"
dt dt

4. “Law of conservation of linear momentum is a consequence of Newton’s first
law”. Substantiate.

5. When do you say a force is conservative? Illustrate with an example.

6. State and explain the analogue of Newton’s second law in rotational motion.

7. Explain angular momentum conservation by taking an earth satellite as an
example.

8. “Absolute value of the potential and kinetic energies has no meaning.”
Comment.

9. For a particle moving under the action of a force, prove that the sum of its
kinetic energy and potential energy remains constant throughout its motion.

10. A force F acts on a particle, giving it displacement dr. If F.dr = —dV (r),
where V(r) is a scalar function of r, show that F=-VFV(r)

11. How are refraction and reflection by the ionosphere possible?
12. Consider a particle having a charge g, mass m and velocity v moving in a
uniform magnetic field B. Explain the resulting motion of the charged particle.

PROBLEMS

1. Find the potential energy function that corresponds to the force
F= axf+by\}\'+czig

2. Find whether the following force is conservative, if so find the corresponding
potential function: F = (ax +by”)i + (az +2bxy) j + (ay +bz* )k, where a, b
are constants.

3. A ladder of length 21/ and mass m is resting against a wall. Coefficient of

friction between the ladder and the wall is m and that between the ladder and
the horizontal floor is m. The ladder makes an angle g with the horizontal.

L—
2u
4. A block of mass m is at rest on a frictionless surface at the origin. At time

When the ladder is about to slip, show that tané =

t =0, a force F = F()e_lt = where [ is a small positive constant, is applied.



Calculate x(t) and v(t).

5. A particle of mass m is falling under the action of gravity near the surface of
the earth. If the force due to the friction of the air is directly proportional to its
instantaneous velocity, calculate the velocity and position of the mass as a
function of time.

6. A particle of mass m having an initial velocity v is subjected to a retarding

force proportional to its instantaneous velocity. Calculate its velocity and
position as a function of time.
7. A ball of mass m is thrown with velocity v( on a horizontal surface, where the

retarding force is proportional to the square root of the instantaneous velocity.
Calculate the velocity and position of the ball as a function of time.

8. A particle of mass m is at rest at t = 0 when it is subjected to a force
F = A sin wt. Calculate the values of x(t) and v(t).

9. A particle of mass m is at rest at the origin of the co-ordinate system. At
t = 0, a force bt starts acting on the particle. Find the velocity and position of
the particle as a function of time.

10. The components of a force acting on a particle are Fy = ax + by2,

Fy=az+2bxy and F; = ay + bz2, where a and b are constants. Evaluate

the work done in taking the particle from the origin to the point (1, 1, 0) by
moving first along the x-axis and then parallel to the y-axis.

11. A particle of mass m moves in a central force field V(r) = kmr3 (k> 0). If its
path is a circle of radius a , then (i) what is its period? (ii) what is its angular
momentum?

12. A particle having a charge g, mass m and velocity v is moving in a uniform
magnetic field B. If the field is perpendicular to v, prove that the kinetic
energy of the particle is a constant.

13. A particle of mass m moves along the x-axis under a constant force f starting
from rest at the origin at time t = 0. If T and V are the kinetic and potential

f
energies of the particle, calculate j(T —Vdt.
0
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System of Particles

The mechanics of a system of particles can be studied by using a straightforward
application of Newton’s laws.This application of Newton’s laws considers the
forces acting between particles in addition to the externally applied forces. One
can easily extend the considerations of the mechanics of a single particle to a
system of particles also.

2.1 CENTRE OF MASS

The mass of a point particle is concentrated at a particular point. When we
consider the motion of a system of n particles, there is a point in it which
behaves as if the entire mass of the system is concentrated at that point. This
point is called the centre of mass of the system. The centre of mass C of a
system of particles

(see Fig. 2.1) whose radius vector is R is related to the masses m; and radius

vectors r; of all n particles of the system by the equation
Ya

O @)
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OD 8 @) 0O
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r, /O m, 0%
R I'QD o m




Fig. 2.1 Centre of mass of a system of n particles.

z m;x;

Y + Maly + ...+ 0T + ... :
R= 111 212 it ey i (2.1)
m+m+..+m+.. M

where M is the total mass of the system. For a continuous body, the co-ordinates
of the centre of mass are

I 1 1
X:—_[ vdV Y:—_[  dV z=—_[ dv
wl? —]P i 1P

For a homogeneous body, the density p is constant and V is the volume of the
body

| i i
X:—_[ dv Y:—J  dV z:—_[ dv
v rx v ,} v ,Z (2.1a)

A frame of reference with the centre of mass as the origin is called the centre of
mass frame of reference. In this frame of reference, obviously, the position
vector of the centre of mass R is equal to zero. Consequently, the linear
momentum P of the system (dR/dt) is also zero. It is the practice to deal with all
scattering problems in nuclear physics in this frame of reference.

2.2 CONSERVATION OF LINEAR
MOMENTUM

Consider a system of n particles of masses mq, my, m3, ... mp. Let their position
vectors at time t be rq, rp, r3, ... rp. The force acting on the ith particle Fj has

two parts: (i) a force applied on the system from outside or external force (ii) an
internal force which is a force among the particles of the system. Newton’s
second law for the ith particle of the system can be written as

d p;

> =F,=F,+ Y F; j#i (2.2)

Eh
where Fj, is the external force on the ith particle and Fj; is the internal force on
the ith particle due to the jth one. Since F;; = 0, j Tt i in the summation. Summing



over all particles of the system, Eq. (2.2) takes the form

de‘ DEAY DF i (2.3)

i=1 i=1 i=1 j=1
Assuming that Newton’s third law is valid for the internal force Fijj= -
Fjj (2.4) Use of this condition reduces the second term on the right of Eq.

(2.3) to zero. The first term 2 =F,. the total external force acting on the

system. The sumpy +pp +p3 + ... +pp =

is the total linear momentum of the system. Now Eq. (2.3) reduces to
dP

e F, (2.5)
which provides the law of conservation of linear momentum of a system of
particles: If the external force acting on a system of particles is zero, then the
total linear momentum of the system is conserved.

When external force acting on a system is zero, it is called a closed system. For a
closed system, linear momentum is conserved.

Another interesting result is the relation connecting the total linear momentum
and the velocity of the centre of mass. With the definition of centre of mass in
Eq. (2.1)

dp; d* d*R
Z— =— 3 mt=M—
dt  dr? dt*

and Eq. (2.3) takes the form
2
y 4R d R dP

> dr =t 2:6)

That is, the centre of mass moves as if the total external force were acting on the
entire mass of the system concentrated at the centre of mass.

2.3 ANGULAR MOMENTUM

We now derive the angular momentum L of a system of particles which is



definedas L= 1 xp, 2.7)

Figure 2.2 illustrates the position vector of the centre of mass of the system and
that of the ith particle.

F 3

Y

Fig. 2.2 Position of centre of mass and ith particle.

From Fig. 2.2 we have
r=R+r’ or F=R+r1’ (2.8)

Consequently,
pi =mil; =m;(R+17) (2.9)

Substituting these values in Eq. (2.7)

L= (R+r)xm (R+4)

=2mi- (RxR)+[Rme, P +[Zm,-r,-’><l'1 +Z(m‘-r,-’><ﬁ:-)
’ | ' i (2.10)

The quantity sz"i vanishes as it defines the radius vector of the centre of
i

mass in the co-ordinate system in which the origin is the centre of mass. The
quantity



L odf )
zmil'i =EL2”1£'}' J=0

Hence, the total angular momentum
L=Zm,. (RxR)+Zmiﬁ.’xﬁ.
=Rx MV, + Y (1 xp)) (2.11)

where V) is the velocity of the centre of mass with respect to the origin O.

The meaning of the equation is that the total angular momentum about a point O
is equal to the sum of the angular momentum of the system concentrated at the
centre of mass and the angular momentum of the system of particles about the
centre of mass.

2.4 CONSERVATION OF ANGULAR
MOMENTUM

We now consider the angular momentum of a system of n particles which is

L=irs X Pi
i=1

dL
oo T ‘x:— 212
e Z (2.12)

defined as

The first term on the rlght is zero since the vector product of a vector with itself
is  zero.  Substituting for (dp; / dt) from Eq. (2.2)

o i
dL
EzZ[Lri XLEE + ZJ:FU]J

:Z(ri XF*'*?HZ Z(rixF,;,-) J#i (2.13)
I r J



The second term on the right contains pairs of terms like
I; XEJ.'-I'_} XFﬁ

Since F!}- =-F,

i»this pair reduces to

r,XFH—I'J,XF“=(1‘;—I'})><FU=I‘UXF,J (2‘14)
which is zero if the internal forces are central, that is, the internal forces are

along the line joining the two particles. Hence, the second term on the right of
Eq. (2.13) vanishes. Since r; Fj, is the torque due to the external force on the ith

particle, Eq. (2.13) reduces to

dL
—= > N, =N, 2.1
—= (2.15)

where N, is the total external torque acting on the system. Eq. (2.15) leads to the

conservation law: If the total torque due to external forces on a system of
particles is zero, then the total angular momentum is a constant of motion.

2.5 KINETIC ENERGY FOR A SYSTEM OF PARTICLES

For a system of particles the kinetic energy of the system
1 13
ngz,m;v? (2.16)
i=1

The position of the centre of mass of the system and that of the ith particle is
shown in Fig. 2.2. From the figure, we have

o L4 i R
r=R+r’ or v;=Vg, +vV,

With this value of v;, Eq. (2.16) takes the form
1 F ,
T=— Zm,. (Vepg + 97 ).(Vgg +v7)

The term Zmi r;” vanishes as it defines the radius vector of the centre of mass

in the co-ordinate system in which the origin is the centre of mass. Hence,
1 1 X
T= EM Vi + Ezm’ Vit (2.18) Thus, like angular momentum, the
i

kinetic energy also consists of two parts:
(i) the kinetic energy obtained if all the mass were concentrated at the centre of



mass, and (ii) the kinetic energy of motion about the centre of mass.

2.6 ENERGY CONSERVATION OF A SYSTEM OF PARTICLES

The energy conservation law of a single particle system can easily be extended
to a system of particles. The force acting on the ith particle is given by Eq. (2.2).
As in the case of a single particle, the work done by all forces in moving the
system from an initial position 1 to a final position 2 is given by

WIEZZij'd‘?:Z} dr, +Z ZJF dr, iz (2.19)
i1 i ]

Again, reducing the integral Z jF,- .dr; using equation of motion, we have
i 1

-3, fo.i

m J— v;dt

l 2.2
=)y m |v;dv; = m|v:
-2 j Z SmiLv ]
=T, -T (2.20)
where T is the total kinetic energy of the system.
Next we consider the right hand side of Eq. (2.19). If both Fje and Fj; are
conservative they are derivable from potential functions
ViVie(r;) and F; =-VV; (r;,r;) (2.21) where the subscript i

on the del operator indicates that the derivative is with respect to the co-
ordinates of the ith particle. The first term on the right side of Eq. (2.19) now
takes the form



2
ZJF dr; = J'v  (r;).dr;
i
2
--y _[du-e :_[LZVEQ} (2.22)
i1 i 1

In order to satisfy Newton’s third law, F;; = — F;. Hence,

Z‘ ;F&-.(ﬁ‘;:!Z ;Fﬁ.drj— ZZF Ay i#j o

Consequently,

ZZF dr——zz (dr; — i#j

__2 ZF dry  dry=dr—dr; i#j (2.24)

where the factor ¥ is 1ntroduced to avoid each member of a pair being included
twice, first in the i summation and then in the j summation. Substituting this

2 2
Z;!Fﬁ*dﬁ:ézg"!%.dn} £t 4
2
L%ZZJVFJ%*‘% i#
i 9
2
-3 % = 1%
iO¥

value

1l i
:‘EIZ Z"}fl i#j (2.25)
L S | Jl

Here V;; stands for the gradient with respect to rjj.
Equation (2.19) can now be written as



2 2
Wi, :—[ZVIJ —%i—z ZVQ,—I i#j (2.26) As the internal and
L Jl L i Ji

external forces are derivable from potentials, it is possible to define a total

1 T
potential energy V of the system: V= z Vauk P 2 2 ng 1# ] (2.27)
i i
With this potential, Eq. (2.19) reduces to W1p = — (Vp — V1) (2.28) From

Egs. (2.20) and (2.28), we get Tp —T1 = V1 - V>
T1+V1i=Tr+Vp (2.29) which gives the energy conservation law:

For a conservative system of n particles, the total energy E = T + V is
constant, where T is given by Eq. (2.18) and V by Eq. (2.27).

2.7 TIME VARYING MASS SYSTEMS—ROCKETS

So far we have been studying systems in which the mass is constant. We shall
now investigate a system in which the mass is time-varying. The time variation
of the mass in a rocket is due to the expulsion of the exhaust. The mass of an
object can also vary due to its very high speed (relativistic effect) which is
different from a time-varying mass system.

Consider a rocket which is propelled in a forward direction by the ejection of
mass exhaust in the backward direction in the form of gases resulting from the
combustion of fuel. Thus, the forward force on the rocket is the reaction to the
backward force of the ejected gases. Our aim is to find the velocity of the rocket
at any time after take-off from the ground. At time t assume that the rocket of
mass m is moving with a velocity v relative to the fixed co-ordinate system, say
earth. The exhaust is ejected with a constant velocity u relative to the rocket and
therefore v + u relative to the fixed co-ordinate system
(see Fig. 2.3). At time t + dt the mass of the rocket has changed to m + dm and
the velocity to v + dv. At this time an amount of fuel denoted by — dm is moving
with velocity v + u relative to the fixed co-ordinate frame.

Momentum of the system at time t is P(t) = mv Momentum of the rocket alone

P e (L +d)=(m+dm)(v+dv)
att + dt
= mv + mdv + vdm



Fig. 2.3 Motion of a rocket at some instant of time.

The second order term dm dv is neglected.

The momentum of the fuel Pge] (¢t + dt) = —dm (v + u) = — dmv — dmu Hence,
the total momentum of the system at (t + dt) is P(t + dt) = Pyocker (t + db) +
Pfuel (t +dt) =mv+mdv—dmu (2.30) Change of momentum dP is
given by dP = P(t + dt) — P(t) = mdv — dmu (2.31) Rate of change of
momentum

—=m— U — (2.32)

F=m——u—
£ o (2.33)
When a rocket is in deep space, F = 0, then
m ﬁ =u d_m 2.34
dt dt (2.34)

The term on the left side, m (dv/dr), is the thrust, the force felt by the rocket.
Thus, the thrust depends on the exhaust velocity u and the fuel mass flow rate
(dm/dt):

The thrust on the rocket F=m ﬁ =1u d%m (2.34a)
dt dt
The solution of Eq. (2.34) is simple. It can be written as
dv=nu i
m
Integrating,
v m
d
jd" —
m



m
v—v(,zubzg (2.35)
)

Since my > m, it is more convenient to write this equation as

'irzw()—ufﬁﬂ (2.36)
m

where m) is the original mass, m is the final mass and vy is the initial velocity,

velocities v and u are in opposite directions. Very high final velocity requires
large values for the exhaust velocity u and large values for mg/m. Large values

of mg/m can be achieved by reducing m, the final mass which consists of the

rocket structure and the payload. To reduce m, staged rockets are used. The
structure of the first stage is usually very massive as it contains all the necessary
fuel, engine, and so on. When its fuel is over, all this structure is jettisoned from
the rest of the rocket, so that the entire force is applied to accelerate a much
smaller mass.

Near the earth surface, the external force on the rocket due to the attraction of
the earth has to be taken into account. In such a situation, Eq. (2.34) takes the
form

dv dm
m—-u—=mg
dt dt
dv=u ﬁ+g¢:i‘,'1‘ (2.37)
m
Integrating,
vzvﬂ—ufn@+gr (2.38)
m

Remembering that u and g are in a direction opposite to that of v, the
corresponding scalar equation for a rocket fired vertically upward from rest

vo=0) v=uln o gt (2.39) In the present-day rockets, the high final
m

speed is achieved by continued acceleration; the value of the acceleration
increases as the remaining mass of the rocket decreases.
Another useful relation is the one connecting the original mass of the rocket m,

mass of the rocket at time t and the rate of mass decrease a. From definition



dm
— ==
dt

where the negative sign indicates that there is a mass decrease. Integrating,

Jdmz—fadr or m-—my=-—aqt

m=mgy — ot (2.40)

The mass at the end of the mission will be the sum of the body of the rocket plus
the mass of the satellite or bomb in the case of missiles.

WORKED EXAMPLES

Example 2.1 A body of mass m splits into two masses m1 and mp by an

explosion. After the split the bodies move with a total kinetic energy T in the
same direction. Show that their relative speed is /2Tm/ m;m, .

Solution: The initial momentum of the mass is zero. Hence, by the law of
conservation of linear momentum



mv, +mv,=0 or —=-——%

Y3 "
itvy _m-m (v]_'_vzjz(mz—ml)vl
¥i g i)
For the kinetic energy 7, we have
| |
—myvy +—=m,v, =T
5 MV1 2”12 2
Replacing v, from the above and simplifying
viz =£ i and vg = &
e L St My By iy
2T (my, — m 2T -m
VIZ—V§= (my = m) or (vi+vy)(vy=v,)= {my )
Hgin ity

Substituting the value of v; + v, and simplifying

V=V, = = —
myvy  my \ 2T m;

_ 2Tm
\ 11y,

which is the relative velocity of one with respect to the other.

2T _g\/m, (my +m,)

Example 2.2 Ball A of mass m is attached to one end of a rigid massless rod of
length 21, while an identical ball B is attached to the centre of the rod. This
arrangement is held by the empty end and is whirled around in a horizontal circle
at a constant rate. Ball A travels at a constant speed of va. Find the tension in

each half of the rod.
Solution: Fig. 2.4 illustrates the details.

Fig. 2.4 Tllustration showing balls A and B of example 2.2.



Ball A: Only a single tension force Tp acts on A. This provides the centripetal

force keeping ball A on its circular path.

2
mvy

4 3y

Ball B: Two tension forces act on ball B. The centripetal force is provided by

) I N

Since the arrangement is a rigid unit, the time for each ball to travel once
around is the same. Since the radius of the circular path of B is half that of

A, vz =v, /2. From the second equation

T, =

B =

mvy +T, = mvy  mvy
! 4 2
mv4 '(1+IJ= 3mvy
21 \2 4l

Example 2.3 The maximum possible exhaust velocity of a rocket is 2 km/s.
Calculate the mass ratio for the rocket if it is to attain the escape velocity of 11.2
km/s. Also calculate the time taken by the rocket to attain this velocity if its rate
of change of mass to its initial mass is 1/10.

Solution:

In

My

The velocity v=uln— or In—2 = ¥
u

m iy

iy _vzll.Zl(mf’S=5‘6

nt i

2km/s

™ _ 27046 =270

m



o 1
From Eq. (2.40) we have m=m, — at. It is given that E = 10" Substituting

this value of o, we have

Example 2.4 Masses of 1, 2 and 3 kg are located at positions 4 + 3k, 4 f-t= 3k,

and 2i +2k respectively. If their velocities are 7i,—6;jand—3i, find the

position and velocity of the centre of mass. Also, find the angular momentum of
the system with respect to the origin.

Solution: Radius vector of the centre of mass
e zmm _ 1 + J+K)+2(47 +3k) + 321 + 2k)
!. M 6
(71 +9] +13k)
B 6

Velocity of the centre of mass

2 m

i B XTI +2(-6) +3(-30)

M 6
_=2i-12] -i-6j
6 3

The angular momentum vector about the origin
L= z I; X m;v;
i

=([+ J+k)xTi+(4]+3k)x2(—6]) + (27 + 2k) % 3(=30)

=7]—Tk+36i—18]7=36{ —11] -7k



Example 2.5 Particles of masses 1, 2 and 4 kg move under a force such that their

A

position vectors at time t are respectively Py = 574 4;2;25 Iy = 47 — k,

1; = (cost)i + (sinzt) j . Find the angular momentum of the system about the
originatt=1s.

Solution: The angular momentum L is given by
| B 2 I; X mji',-
i

= (21 + 41°k) x 8t k + (4ti — k) x 8i + [(cost)i + (sin7r) j]
X 477 [(—sin )i + (coszt) ]
=—16t j — 8 + 4 (cos? zt + sin® zt) k

(L),_,, =—24]+4rk

REVIEW QUESTIONS

1. Define the centre of mass of a system of particles. What is the centre of mass
frame of reference?

2. Is mass necessary at the centre of mass in the case of a solid body? Explain.

3. In a system of particles, if Newton’s third law is applicable for the internal
forces, show that the acceleration of the centre of mass is only due to the
external forces.

4. Show that the centre of mass of a system of particles moves as if the total
external force were acting in the entire mass of the system concentrated at the
centre of mass.

5. Explain the principle of a rocket. What is meant by thrust of a rocket? On
what factors does thrust depend?

6. The final velocity of a multistage rocket is much greater than the final velocity
of a single-stage rocket of the same total weight and fuel supply. Explain.

7. What is a closed system? For a closed system, show that the linear momentum
is conserved.

8. The total angular momentum of a system of particles about a point is equal to
the sum of angular momentum of the system concentrated at the centre of
mass and the angular momentum of the system of particles about the centre of
mass. Substantiate.



PROBLEMS

1. A rocket motor consumes 120 kg of fuel per second. If the exhaust velocity is
5 km/s, what is the thrust on the rocket? What would be the velocity of the
rocket when its mass is reduced to 1/15th of its initial mass? Assume that the
initial velocity of the rocket is zero.

2. Calculate the mass ratio (mg/m) of a rocket so that its speed is: (i) equal to the
exhaust speed; (ii) equal to twice the exhaust speed. Here mq is the initial
mass and m is the mass, at a time, of the rocket.

3. In a system of particles, the force exerted by the ith particle on the jth one is
E;. If Newton’s third law is applicable for the internal forces, show that

Y Y rxE;=0, i#}.
i
4. In a system of particles, if Newton’s third law is applicable for the internal

forces, show that Z ZFgf -, :% 2 ZF;;;- dry i ]
i i

where Fjj is the force exerted by the ith particle on the jth one and
5. A string with masses m1 and my at its ends passes over a smooth pulley fixed
at the edge of a table, with the mass mq resting on the smooth table and m»
hanging. If mp > mq, calculate the acceleration of the masses and the tension

in the string.
6. Particles of masses 4, 3 and 1 kg move under a force such that their position

vectors at time ¢ are r =3j+2t2k,x, =3ti —k and r; =4¢i +¢%j. Find the
position of the centre of mass and the angular momentum of the system about

the origin att = 2 s.
7. The position vectors and velocity of masses 2 kg, 3 kg and 4 kg are

respectively 2/ — 3,7 + j +k and 4 + 3k. If their velocities are -3i, —6; and
2i + 3/ units respectively, find the position and velocity of the centre of mass.

Also evaluate the total angular momentum vector of the system with respect to
the origin.
8. In a radioactive decay of a nucleus, an electron and a neutrino are emitted at

right angles to each other. Their momenta are 1.3 10722 and 6.0 10729



kgm/s. If the mass of the residual nucleus is 6.0 10726 kg, calculate the recoil
kinetic energy.



3

Lagrangian Formulation

In the previous chapters we were able to demonstrate the effectiveness of
Newton’s laws of motion in solving variety of problems. However, if the system
is subject to external constraints, solving the equations of motion may be
difficult, and sometimes it may be difficult even to formulate them. The forces of
constraints are usually very complex or unknown, which makes the formalism
more difficult. To circumvent these difficulties, two different methods,
Lagrange’s and Hamilton’s formulations, have been developed. These techniques
use an energy approach and are constructed in such a way that the Newtonian
formalism follows from it. Before going over to these procedures, we try to
understand certain terms such as constraints, generalized coordinates, etc. In this
chapter a discussion on the Lagrangian formalism is given.

3.1 CONSTRAINTS

A motion that cannot proceed arbitrarily in any manner is called a constrained
motion. The conditions which restricts the motion of the system are called
constraints. For example, gas molecules within a container are constrained by
the walls of the vessel to move only inside the container. A particle placed on the
surface of a solid sphere is restricted by the constraint, so that it can only move
on the surface or in the region exterior to the sphere. There are two main types of
constraints, holonomic and non-holonomic.

In holonomic constraints, the conditions of constraint are expressible as
equations connecting the coordinates and time, having the form f (rq, rp, r3,...

rn, t) =0 (3.1) We give below a few typical examples of holonomic



constraint: (i) In a rigid body, the distance between any two particles of the body

remains constant during motion. This is expressible as |r; —r, B :cﬁ

(3.2) where cjj is the distance between the particles i and j at r; and rj.

(ii) The sliding of a bead on a circular wire of radius a in the xy-plane is another

example. The equation of constraint is X2 + y2 = q2 (3.3) which
can also be expressed in the differential form as x dx + y dy =
0 (3.3a) Equations (3.2) and (3.3) are of the same form as
Eq. (3.1). The differential equation denoted by Eq. (3.3a) can be
integrated to obtain Eq. (3.3). Holonomic constraints are also
known as integrable constraints. The term integrable is used
here since Eq. (3.1) is equivalent to the differential equation

J
a'_id":‘ =0 (3.4) Equation (3.4) can be readily integrated to Eq.

(3.1).

Non-holonomic constraints are those which are not expressible in the form of
Eq. (3.1). The coordinates in this case are restricted either by inequalities or by
non-integrable differentials.

(i) The constraint involved in the example of a particle placed on the surface of a

sphere is non-holonomic, which may be expressed as the inequality r2 - g2

> 0 (3.5) where a is the radius of the sphere.
(ii) Gas molecules in a spherical container of radius R. If r; is the position vector

of the ith molecule, x? + y? +z? < R? (3.6) Here, the centre of the

I

—da

sphere is the origin of the coordinate system.
In non-holonomic constraints, if the constraints are expressible as relations
among the velocities of the particles of the system, that is,
F ¥ Xy By, i) =0 (3.6a) and if these equations of non-holonomic

constraints can be integrated to give relations among the coordinates, then the
constraints become holonomic.



x4yt =12

Constraints introduce two types of difficulties in the solution of mechanical
problems. The coordinates r;j are no longer independent as they are connected by

the equations of constraint. In the case of holonomic constraints, this difficulty is
solved by the introduction of generalized coordinates. The second difficulty is
due to the fact that the forces of constraints cannot be specified explicitly. They
are among the unknowns of the problem and must be obtained from the solution.
This difficulty can be solved if the problem is formulated in the Lagrangian
form, in which the forces of constraint do not appear.

In most of the systems of interest, the constraints involved are holonomic.
Hence, we restrict ourselves mainly to holonomic systems.

3.2 GENERALIZED COORDINATES

Degrees of Freedom

The number of independent ways in which a mechanical system can move
without violating any constraint is called the number of degrees of freedom of
the system. It is the minimum possible number of coordinates required to
describe the system completely. When a particle moves in space, it has three
degrees of freedom. If it is constrained to move along a space curve it has only
one degree of freedom whereas it has two degrees of freedom if it moves in a
plane.

For a system of N particles, free from constraints, we require a total of 3N
independent coordinates to describe its configuration completely. Let there are k



constraints of the type fs (r1, rp,... *N,) =0s =1, 2, 3,..., k (3.9) acting

on the system. Now the system has only 3N — k independent coordinates or
degrees of freedom. These 3N — k independent coordinates represented by the
variables d1, 92, q3,---» Q3N—k are called the generalized coordinates. In terms of the new

coordinates, the old coordinates r FDyeues N can be written as
r; =1 (g1, 925 G35k, D)
ry = T2 (415 9255 Q3N ) (3.10)

Iy=TIxn (qls q2seees ql"\"—k, I)
These are the transformation equations from the set of, variables to ¢, variables.
In analogy with cartesian coordinates, time derivatives ¢;,q,.¢;... are defined as

generalized velocities.

Generalized coordinates are not unique. They may or may not have
dimensions of length. Depending on the problem, it may prove more convenient
to select some of the coordinates with dimensions of energy, some others with

dimensions of L2, and yet some others could be combinations of angles and
coordinates, and so on.

We have seen that the configuration of a system can be specified completely by
the values of n = 3N — k independent generalized coordinates q1, q,..., qn. It is

convenient to think of the n g’s as the coordinates of a point in an n-dimensional
space. This n-dimensional space is called the configuration space with each
dimension represented by a coordinate. As the generalized coordinates are not
necessarily position coordinates, configuration space is not necessarily
connected to the physical 3-dimensional space and the path of motion also does
not necessarily resemble the path in space of actual particle.

3.3 PRINCIPLE OF VIRTUAL WORK

A virtual displacement, denoted by drj, refers to an imagined, infinitesimal,

instantaneous displacement of the coordinate that is consistent with the
constraints. It is different from an actual displacement dr; of the system



occurring in a time interval dt. It is called virtual as the displacement is
instantaneous. As there is no actual motion of the system, the work done by the
forces of constraint in such a virtual displacement is zero.

Consider a scleronomic system of N particles in equilibrium. Let F; be the

force acting on the ith particle. The force F; is a vector addition of the externally
applied force Ff and the forces of constraints f;. Then F, =F +f, (3.11)

If dr; is a virtual displacement of the ith particle, the virtual work done dWj; on the ith particle is given by
6W; =F, .0r, (3.12) If the system is in equilibrium, the total force on each

particle must be zero:
Fj = 0 for all i. Therefore, the dot product F,.ér; is also zero. That is,

oW, = (¥ +f).6r,=0 i=12,..,N (3.13) The total virtual work

done on the system dW is the sum of the above wvanishing products:
N N

SW= oW, =Y (Ff +f;).01,=0
i=1

i=1
5 N

= Ff.or+ Y £,.65,=0 (3.14)
=1 =

i
Under a virtual displacement, the work done by the forces of constraints is zero.

This is valid for rigid bodies and most of the constraints that commonly occur.
Therefore, Eq. (3.14) reduces to

N
oW =Y F'.or,=0 (3.15)
&

which is the principle of virtual work and is stated as : In an N-particle system,
the total work done by the external forces when virtual displacements are made
is called virtual work and the total virtual work done is zero.

The coefficients dr; in Eq. (3.15) can no longer be set equal to zero as they are
not independent. It should also be noted that the principle of virtual work deals
only with statics.

3.4 D’ ALEMBERT’S PRINCIPLE

The principle of virtual work deals only with statics and the general motion of
the system is not relevant here. A principle that involves the general motion of



the system was suggested by D’ Alembert.

Consider the motion of an N-particle system. Let the force acting on the ith
particle be F;. By Newton’s law F,=p, or F,—p,=0 (3.16) This means
that the ith particle in the system will be in equilibrium under a force equal to the
actual force plus a “reversed effective force”,-p,;,as named by D’Alembert.

Then dynamics reduces to statics. To this equivalent static problem, give a

virtual displacement dr; which leads to
N
2(]5‘5—[3;).51'5:0 (3‘17]
i=1
N
Z(EE"‘fi—If’i)‘fﬁ?:O (3.18)
i=1
Restricting to situations where the virtual work done by forces of constraints is
N
Zero z(Ff —p,;).0r, =0 (3.19) which is D’ Alembert’s principle.

i=1

3.5 LAGRANGE’S EQUATIONS

Lagrange used D’Alembert’s principle as the starting point to derive the

equations of motion, now known as Lagrange’s equations. Dropping the
N

superscript e in Eq. (3.19) Z(F,-—]i,-)ﬁri:t] (3.20) The virtual
i=1
displacements dr; in Eq. (3.20) are not independent. Lagrange changed Eq.

(3.20) into an equation involving virtual displacment of the generalized
coordinates which are independent.
Consider a system with N particles at rq, rp,..., ry having k equations of

holonomic constraints. The system will have n = 3N — k generalized coordinates
d1, 92---.qn- The transformation equations from the r variables to the q variables

are given by Eq. (3.10).
rj = ;i (91, 92, .- Qp, ) (3.21) Since virtual displacement does not
involve time, from Eq. (3.21)



ar! a l i l
or; =—=08q; + ——0¢;, +.. + 5% z 59’; (3.22) Here dgj’s
dq, dq, J
are the virtual displacements of generahzed coordinates. From
. dr al',- . E)r or; . E)r
Eq. (3.21) we also have r, = v i aq] 8 e — s+t — . d, a{
5 Jr; o,
aq,, (3.23) a agj (3.24) The form of

D’ Alembert s principle, Eq. (3.20), can be changed easily by substituting
o6, from Eq. (3.22). The first term of Egq. (3.20) is

St Th{ T2

qu

=) 0,04, (3.25)
j=1

where, (3.26)

The quantity Qj is the jth component of the generalized force Q. The generalized

force components need not have the dimension of force as the g’s need not have
the dimension of length. However, deqj must have the dimension of work.

We now  write the inertial force term of Eq. (3.20)



3.27
dt dq (3.27)
Using Eq. (3.24)
d( Lo df ,af-i} df v,
;1 B _lm:r:_ s zmivi—.
drk 9q; ~dr| " 0q; ) er : 9q;
B Lo, 2]odar
where T is the total kinetic energy of the system. Changing the order of
differentiation in the second term of Eq. (3.27)
_d or, [ 2] T
D m; =) m ;.— z mv? |=—— (3.29) Use of Egs.
i df qu i q;’ aqj i q;
(3.28) and (3.29) reduces Eq. (3.27) to Zfl or; = i LM
: . . (3. : ; -OF; 2 dracj'j ag}
(3.30) With Egs. (3.26) and (3.30), Eg. (3.20) becomes
S d or 9T
Z —a—‘* a—‘* Qj 5qj =0 (3.31) The dq’s are independent and therefore

coefficients  must

separately ~ vanish. From  which it follows that
ia—T—a—T—Q:D J=12,..,n (3.32) Equation (3.32) can be
didj, 3 A =2 = '

simplified further if the external forces F; are conservative: F; =—V, } where V
= Vv (rq1, rD,..., ryN). Then



aqj — Jr; dq;
__ 3_"
- 3q; (3.33)
since
dv = 2— dr, —Z lrz W
| qu f
i
v v or
dq; “dr; dg; (3.34)
Equation (3.32) becomes
d 0T oT oV
+ =() _j':l, 2,...,1”1 3.35
dran Elqj g, (3.35)
: : ; = A% :
If the potential }'is a function of position only, 3. =0. We can now include
4
this term in Eq. (3.35). Then
d d d
—— T =-V)-—T-V)=0 j=12,.
& 3 ( ) 5 ( J= g (3.36)

We now introduce a new function L defined by L(gq,q.t)=T(q.q.t)—V(q)
(3.37) where g stands for qi1, q2, g3,...., qn and 4 stands for
G142+ ¢3..... ¢,. This function L is called the Lagrangian function of the

system. In terms of L, Eq. (3.36) becomes _[B_L]_B_LO j=123,..,n

9q; ) 9q;
(3.38) These n equations, one for each independent generalized
coordinate, are known as Lagrange’s equations. These constitute a set of n
second order differential equations for n unknown functions gj(t) and the general

solution contains
2n integration constants.



In certain systems the forces acting are not conservative, say where a part is
derivable from a potential and the other is dissipative. In such cases, Lagrange’s
oL | dL

equations can be written as — | —
194, aq;

where L contains the potential of the conservative forces and @} represents the

=0 j=123..n (3.39)

force not arising from that potential.

3.6 KINETIC ENERGY IN GENERALIZED
COORDINATES

Kinetic energy of a particle of mass m is a homogeneous quadratic function of
the velocities ¥,

T= Zm zm (i ) (3.40) Replacing " using Eq. (3.23),
n ] i
| or; Jr: 81‘ Jr:
T = — 5 e B + il ' + A 5
2 2" L_Iaqj = a:J { (g X a:J

we have _—222 o5 dn —q; 4

qu dq,

| ) (3, o)
+EZ_"” Zan ar ! ) 2 Laz ar) ©4D

T(Qsésf:':zzajkéjék +zb;‘f}j+"—' (3.42)
i k i

where,

ajk:_z dr; dr; b, _Z aq a; Zm [%I;J (3.43)

aq j aqj{




In general, the kinetic energy in terms of generalized coordinates consists of
three distinct terms: the first term contains quadratic terms, the second contains
linear terms and the third is independent of generalized velocities. If

9%, 5,
8 a‘i‘k

qj’s is referred to as an orthogonal system.

=0 forj#k (3.44) the generalized coordinate system in the

The special case where time does not appear explicitly in the transformation
equations, (dr;/0f)=0 and therefore bj = ¢ = 0, and Eq. (3.42) reduces to

= Z Z‘Iﬂc 9; 9k (3.45) That is, the kinetic energy is a homogeneous
ik

quadratic function of the generalized velocities. In such a case, we are led to an
interesting result when T is differentiated with respect to ¢,. For this, let us go

back to the first term of Eq. (3.41)
A [raq(zaqé Ao o |
dg 2 ; i[La'?s k " dgy ’ L I, dq; aq‘;‘l

=me [on )lfzaiqﬂ (3.46)

2, aT (wor . [ o
==Y m,| L |l 5 |=2T (3.47)
Z Iaqf Zz: L I ]kza G ]

=1

This result is a special case of Euler’s theorem, which states that if fis a
homogeneous function of the y;, which is of degree n, then

y ! (348
z k av J
In the present case, T is a homogeneous quadratic function of the generalized
: ar
velocities 7* Hence, from Eq. (3.48) we have ng 5 =2T (3.49)
Tk

which is Eq. (3.47).



3.7 GENERALIZED MOMENTUM

Consider the motion of a particle of mass m moving along x-axis. Its linear
momentum p is mx and kinetic energy T = (%) m x*. Differentiating T with

respect to ¥ we have a—]:ﬂ:mj:':p (3.50) If the potential V is not a

function of the velocity ¥, sinceL=T-V
_ar_aL

Jox o
momentum. For a system described by a set of generalized coordinates q1,

p (3.51) Let us use this concept to define generalized

q2,--, qn, we define generalized momentum p; corresponding to

oL
generalized coordinate g; as Pp; :E (3.52) Sometimes it is also

known as conjugate momentum (conjugate to co-
ordinate qj ).

In general, generalized momentum is a function of the g’s, ¢’s and t . As the
Lagrangian is utmost quadratic in the ¢’s, p; is a linear function of the 4’s. The
generalized momentum p; need not always have the dimension of linear

momentum. However, the product of any generalized momentum and the
associated coordinate must always have the dimension of angular momentum.
For a conservative system, the use of the expression for generalized momentum,

. adL .
Eq. (3.52), reduces Lagrange’s equations of motion to P; =5, J= L, 2,....n
J
(3.53)

3.8 FIRST INTEGRALS OF MOTION AND
CYCLIC

COORDINATES

Lagrange’s equations of motion for a system having n degrees of freedom will



have n differential equations that are second order in time. As the solution of
each equation requires two integration constants, a total of 2n constants have to
be evaluated from the initial values of n-generalized coordinates and n-
generalized velocities. In general, it is either very difficult to solve the problem
completely or very tedious. However, very often a great deal of information
about the system is possible from the first integrals of equations of motion. The
first integrals of motion are functions of the generalized coordinates g’s and
generalized velocities q’s of the form
J(qqas s Gus G1s G2 s 4y, ) = 0; (cOnstant) (3.54) These first integrals
are of interest because they give good deal of information about the system. The
conservation laws of energy, momentum and angular momentum that we
deduced in Newtonian formalism are of this type. In the process, the relation
between conservation laws and the symmetry properties of the system is
revealed.

Coordinates that do not appear explicitly in the Lagrangian of a system (although
it may contain the corresponding generalized velocities) are said to be cyclic or

ignorable. If qi is a cyclic coordinate
E = E{fy s iillioys Qs Bas Qs Gosvnis G ) (3.55) In such a case
(dL/dg;)=0 and Lagrange’s equation reduces to
d oL oL
——=0 or ——=constant &,
dt aqi a‘?z
which means that
L
aa—é = p; = constant o; (3.56) Equation (3.56) constitutes a first

integral for the equations of motion. We may state this result as a general
conservation theorem: The generalized momentum conjugate to a cyclic
coordinate is conserved during the motion.

3.9 CONSERVATION LAWS AND SYMMETRY PROPERTIES

The title suggests the possibility of a relationship between the conservation laws
and symmetries. In this section, we shall investigate the connection between the
two in detail. A closed system is one that does not interact with other systems.



Homogeneity of Space and Conservation of Linear Momentum
Homogeneity in space means that the mechanical properties of a
closed system remain unchanged by any parallel displacement of
the entire system in space. That means that the Lagrangian is
unchanged (dL = 0) if the system is displaced by an infinitesimal
amount §r :r; —»r; +6r;. The change in L due to infinitesimal

displacement dr, the velocities remaining fixed, is given by

dL
oL = Za—l}ﬁl} (3.57) The second term in this equation

vanished as velocities remained constant (6i; =0). Since each of the
ér, in Eq. (3.57) is an arbitrary independent displacement, the

. : oL
coefficient of each term is zero separately. Hence, —=0

o
(3.58) With this condition, Lagrange’s equation reduces to
d JdL oL
——=0 or —=constant
dt or; or,
p; = constant (3.59) As the p;’s are additive, the total linear

momentum p of a closed system is a constant. Thus, the homogeneity of
space implies that the linear momentum p is a constant of motion.

It can also be proved that if the Lagrangian of a system (not necessarily
closed) is invariant with respect to translation in a certain direction, then the
linear momentum of the system in that direction is constant in time.

Isotropy of Space and Conservation of Angular Momentum Space
is isotropic, which means the mechanics (i.e., the Lagrangian) of a
closed system is unaffected by an infinitesimal rotation of the
system in space, i.e.,

dL = 0. Consider a cartesian frame of reference with O as the
origin. Let rj be the radius vector of the ith particle located at P.

Let the system as a whole undergoes an infinitesimal rotation df.
The displacement is denoted by the vector df and its direction is
that of the axis of rotation. Due to this rotation, the position vector



of the ith particle is shifted from P to P and the radius vector rj to
r; + drj
| Or; |=r; sin 6, 5¢
or; = 0p X r; (3.60)

When the system is rotated, the position vectors of all particles change their
directions in this way. The corresponding change in the velocity vector is given

(see Fig. 3.1)

by f, =f X I (3.61) 0
Fig. 3.1 Change of a position vector under rotation of the system.

The condition that dL = 0 leads to



AT = Z[— o, +—5rJ =0 (3.62)

Equations (3.38) and (3.52) give

al"i B dt af', i ar, kS

Equations (3.62) now becomes

Z(Pa or; + p; 5i?)= 0 (3.63)

Substituting Or; from Eq.(3.60) and dr; from Eq. (3.61)
DB (59X 1) +p, (39 i)]=0

Using the vector relation A.(B x C) = B.(C XA )= C.(A x B), the above relation
can be written as

D 186.(r; x p,) + 89.(5, X p,)] =0

d
‘3“"25 (r; xp;) =0

dL
N s
op 7 (3.64)
where L is the total angular momentum of the system. Since df is arbitrary
dL
i
dt
L = r X p = constant (3.65)

Thus, the rotational invariance of the Lagrangian of a closed sytem is equivalent
to the conservation of total angular momentum.

Homogeneity of Time and Conservation of Energy Homogeneity
in time implies that the Lagrangian of a closed system does not
depend explicitly on the time t. That is, (9L/9¢)=0. The total time



@— B_L 7. + a_L +a_L
dr g 1T Lg T o (3.66)

I i

Use of the condition that (dL/df)=0 gives

o Zaql (3.67)

Replacing (dL/dgq;) using Lagrange’s equation, we have
(d aL\ oL d(aL, \_
zkdr aq) Za%q era q,J Z (Pig;)

| Zp;qi L (3.68)

That is, the quantity in parenthesis must be constant in time. Denoting the

constant by H called the  Hamiltonian of  the system

zpiéa' — L= H (constant) (3.69) It can be shown that H is the total

energy of the system if (i) the potential energy V is velocity-independent and (ii)
the transformation equations connecting the rectangular and generalized
coordinates do not depend on time explicitly. When condition (ii) is satisfied, the
kinetic energy T is a homogeneous quadratic function of the generalized

aT
velocities and by Euler’s theorem, Eq. (3.48) Zﬁ% =2T (3.70) Now, Eq.

(3.69) can be written as

£ - B_Fqi_Lzza(T—'—V)q__L

—z—qs L=2T—(T-V)

H=T+ V= E (total energy) (3.71)



When condition (ii) is not satisfied, the Hamiltonian H is no longer equal to the
total energy of the system. However, the total energy is still conserved for a
conservative system.

Summing up, the laws of conservation of linear momentum, angular
momentum and total energy are an immediate consequence of the symmetry
properties of space and time. For a closed system, there are always seven
constants or integrals of motion: linear momentum (3 components), angular
momentum
(3 components) and total energy. An interesting point to be noted is that the
following pairs of variables are associated with each other: (r, p) (g, L)

(t, E) These are the important pairs that follow the uncertainty principle in
quantum mechanics.

3.10 VELOCITY-DEPENDENT
POTENTIAL

Lagrange’s equation in the form as in Eq. (3.38) with L = T — V is applicable
only for conservative systems. For systems having non-conservative forces,
Lagrange’s equations can be put in the same form if the generalized forces are

( j r
obtained from a function U(g;.¢;) such that Qj :i a_U _a_[’
dt|\dq; | dq;

(3.72) and the Lagrangian is defined by L =T - U (3.73) The potential U

is known as a generalized potential or velocity-dependent potential. An
important example of such a potential is the one that gives the electromagnetic
forces on moving charges. The force F experienced by a charge g moving with
velocity v in an electromagnetic field is given by the Lorentz force: F = g[E + v
B] (3.74) where the electric intensity E and magnetic induction B are
obtainable from the vector potential A and scalar potential f:



oA
E=-Vg-—" B=VxA (3.75)

In terms of A and ¢, the Lorentz force becomes

JA
qu[— V¢—a—t+(vx(VxAD} (3.76)

Let us now consider only the x-component of the force F

5 0A, ) . [ 0A,
VxA=i dA; _ %4 +j{aﬁ_a‘4z}+k y A,
dy Oz dz  ox dx  dy

aA\-‘ A A A
TR % [ ox aa; J e [aa; } aa_.x)

X

dx

Adding and subtracting the term v,

0A,
(vx(VXA), =v, 9, +v,—+vV a4, A, i, _ v, 4,

B " P Tt Er "5 Yoy 9z

As the x-component of the vector potential Ay = Ay (x, y, z, t), the total time

derivative of Ay is



dA, 0A, 0A, 0A, 0A,
=Xy Ly + Ly +
dt dx & dy 9z ot

Now the x-component of v X (V X A) can be written as

0 dA, 0A
X(VxA)) =—(v.A)-—= L 3.77
(v ( ))‘ dx (¥ ) dt ot (3-77)
With this substitution the x-component of Lorentz force is
Fo=g| 2+ 2 (v.4)- AA""
dx dx
dA d(v.A
Since x4 _(v ) =
dt  dt\ dv,
[ -3 d ( a(v.A))l
F,=q| — A 3.78
ql_ax (¢ (v )) dr L av, ]J (B18)
Since the scalar potential f is independent of velocity, this expression for Fy can
e written as R T (3.79)
where,
=qp—q(v.A) (3.80) U is a generalized potential and the
Lagrangian L for a charged particle in an electromagnetic field can be
written as L=T-U=T—-q¢+q v.A (3.81) Since T = (Y%)mi?, the

generalized momentum of the charged particle is given by

oL
p,=—=mx+qgA,
ox

or p =mv + gA (3.82) which shows that a part of the momentum is
associated with the electromagnetic field.

3.11 DISSIPATIVE FORCE

Often the forces acting on the particle are such that its one part is conservative
and the other part is dissipative, like a frictional force which is often proportional



to the velocity of the particle. Its x-component Fy = — kyvy (3.83) The

form of the equations of motion of such a system is mentioned in Eq.
(3.39). Frictional forces of the above type may be expressed in terms
of a function G(v), called Rayleigh’s dissipation function:
N
G(v)= % D (kv +ky Vi + K, vi) (3.84) where the i summation
i=l
is over the particles of the system. It is evident from
dG
Eq. (3.84) that F, =——
dv,
In three dimensions
F=-V, G(v) (3.85) where V, is the gradient operator in velocity
space.

The component of the generalized force resulting from the force of friction is
ZFE -) V.G
i aqi i aq!
Using Eq. (3.24)

or; oG :
= (3.86) Now, Lagrange’s equations of

%= 3, 9,

=0

motion in the presence of such frictional force is — IR + af}'
39; dq; 94,
(3.87) It may be noted that in addition to the Lagrangian L, another

function G must also be specified to get the equations of motion.

3.12 NEWTONIAN AND LAGRANGIAN
FORMALISMS

The Lagrangian formalism is not the result of a new theory but it is derivable
from Newton’s second law. In the Newtonian formalism, all the forces acting on
the system, both active and internal forces, must be taken into account. That is,
the dynamical conditions must be known. But the Lagrangian method
concentrates solely on active forces, completely ignoring the forces of



constraints by formulating the problem in terms of generalized coordinates. This
gives the advantage of selecting any suitable quantity such as linear momentum,
angular momentum, velocity or angle as the generalized coordinates depending
on the problem. Secondly, the Newtonian force-momentum approach is vectorial
in nature whereas the work-energy approach of Lagrangian method involves
only scalar functions. In the Lagrangian approach, all the details are contained in
a single scalar function, the Lagrangian of the system. Though the directional
properties of the vectors are more helpful when dealing with simple systems, the
formulation becomes difficult when the system becomes more complex.

The Lagrangian method is applicable to conservative forces only, though
procedures are available to study velocity-dependent problems. However,
Newtonian mechanics is applicable for both conservative and non-conservative
forces.

WORKED EXAMPLES

Example 3.1 Consider a system of N particles with masses mq1, mp, ms,...,mp,
located at cartesian coordinates ri, rp,..., ry, acted upon by forces derivable
from a potential function V (rq1, rp,..., ry). Show that Lagrange’s equations of
motion reduce directly to Newton’s second law.

N
Solution: The kinetic energy T = Z % m, 2
i=1



; _ _1 o
Lagrangian L—T—V—EZ.'?:!-I',- ~V(r.rp,ry)
oL aV dL , aV
I i - = ml} s
ar; O, or; or;

Identifying the rectangular co-ordinates as the generalized co-ordinates,
Lagrange’s equation, Eqg. (3.38), can be written as

i'(a—L —a—L=0 i=L2uuy N
dr\ df; ) or,
Substituting the above values
i(m,.g)+a—v=o i=1,2, ...N
dt al'l'
m‘f',-z—a—sz, =12, ... N
al'l'

which is the familiar form of Newton’s second law.

Example 3.2 Consider a particle moving in space. Using the spherical polar
coordinates (r, g, f) as the generalized coordinates, express the virtual
displacements dx, dy and dz in terms of r, g and f.

Solution: In terms of coordinates (r, q, f
x =rsint/ cos g y=rsintsing z=rcost
ox . dx dx ) .
— =sinf/ cos — =rcosf cos — =—rsinf sin
Jar / af ? 00 ¢

av .. dy : dy :
— = gin# sin — =y cosf/ sin —— =rsinf/ cos
ar ? af ? d g

In terms of the generalized coordinates (r, g, f), we have



x=x(r, 6, ¢) y=y(r, 6, ¢) z=z(r, 6 9¢)
. oOx Br ox .
Sx=220r + 22 5+ 25
or a ik ¢ £

=sinfl cos @ or + r cosf) cos ¢ of) — rsin @ sin @ o¢@

ooy dy
oy = — or —66‘ a
Y or ¢ ¢

=sinfI sing@ dr + rcosf? sin @ df + r sinfl cos @ i

&_a—z‘a +a—zﬁ€+a—5¢
dr 0t dg

=cosf or —rsinf o6

Example 3.3 A light inextensible string with a mass M at one end passes over a
pulley at a distance a from a vertically fixed rod. At the other end of the string is
a ring of mass m(M > m) which slides smoothly on the vertical rod as shown in
Fig. 3.2. The ring is released from rest at the same level as the point from which
the pulley hangs. If b is the maximum distance the ring will fall, determine

b using the principle of virtual work.

Solution: Let I be the length of the string. From Fig. 3.2

x+(c12 +bz)% =]

'y
=
 J

P
T ' 9
X
l b
Mg
R -—
Y
mg

Fig. 3.2 Pulley-ring system with mass M at one end of the string.



Imagine a wvertical displacement db of the ring along the rod

)_}iﬁbzo

dx+b(a® +b
-1
dax=—b(a"+b") " b
The constraints over the pulley and rod do no work. By the principle of virtual
Mg ox + mg ob=0
Substituting the value of dx

k, Eq. (3.15), 2 2\ 5 ;
work, Eq. (3.15) —Mgb(a.“ +b2) 0b=—mg b

Since b is arbitrary

2

e %(az +b7)

ma
p=—
(Mz = mz)}5

Example 3.4 Consider the motion of a particle of mass m moving in space.
Selecting the cylindrical coordinates (r, f, z) as the generalized coordinates,
calculate the generalized force components if a force F acts on it.

Solution: The generalized force, Eq. (3.26), corresponding to the coordinate ¢/

0= J5_p 9 g W 02
aqj aqj BQj aqj
In cylindrical co-ordinates

X= pcose y=psing and z=z

ox dx ox _

E:cosgb Ez—psing’) E—U
%zsin(ﬁ %zpcosgﬁ 3—:;=0

%R _o  %L_o %_,

dp a9 0z



Substituting these values in the expression for generalized force, we have

o =Fx£+}7y§i+}'}a—Z

dap dp ap

=F, cosg + F, sinq&)sz
Qp=—F,psing+ F, pcosgp=pF,;

Q. =F,
where Fy, Ff and F, are the components of the force along the increasing

directions of r, f and z.

Example 3.5 Find Lagrange’s equation of motion of the bob of a simple
pendulum.

Solution: Let us select the angle g made by the string with the vertical axis as the
generalized coordinate as shown in Fig. 3.3. Since [ is a constant, kinetic energy

of the bob T:lm([é)z :lmfza"f"z
2 2

LLLL AL LTS

IcosB

Fig. 3.3 Simple pendulum.

Taking the mean position of the bob as the reference point



The potential energy of the bob V = mg (I = ECDSH)

The Lagrangian L =%m!2f§2 — mgl (1 - cos )
a—If =ml*0 and & =—mglsin@
a6 20
Substituting these quantities in Lagrange’s equation
d (aLJ oL
—| —=|—-—=0
dt\2e) a8

ml*6 + mgl sin@=0
6+(g/l)sind=0
which is Lagrange’s equation of motion of the bob of a simple pendulum.

Example 3.6 Obtain the equations of motion for the motion of a particle of mass
m in a potential V (x, y, z) in spherical polar coordinates.

Solution: In spherical polar coordinates the elementary lengths are dr, rdq,
F.rl. 7 sin 00

r sinqg df and velocities are
Kinetic energy T =%m (Pz +r2 6% +r%sin’6 92)
Lagrangian L= %m (fz + r%6? + r? sin? 9.;552] —V (.0 ¢)

Lagrange’s equations of motion: — —————=0 J=123,..

Identifying r, q and f as as the generalized coordinates, the equations of motion
are r coordinate:



av

d(mr) 12 2 432
——=—mr|f” +sin" 0¢" |+ —=0
7 mr( sin” fl¢ ) e
@ co-ordinate:
d vV
E(mrzﬁ) mr? sinfl cost) ¢* + 39 0
¢ co-ordinate:
Z (mrzsm A )+a_'i,! 0
dt 90
Note: If the force is central, g—: = 3—1; =

Example 3.7 Masses m and 2m are connected by a light inextensible string
which passes over a pulley of mass 2m and radius a. Write the Lagrangian and
find the acceleration of the system.

Solution: The system has only one degree of freedom, and x (see Fig. 3.4) is
taken as the generalized coordinate. The length of the string be I and the centre
of the pulley is taken as zero for potential energy.

. 7

Fig. 3.4 A pulley with a string carrying masses m and 2m at its end.



K.E. of the system T=Emi +mi° +—lw

2| =
Py I e

P.E. of the system V =— mgx —2mg (I — x)

3 1

i L==mi* + — i* — mgx + 2mgl
Lagrangian ) Py & 8
oL [ IY. JdL
——=|3m+—|* —=—img
x a dx

Substitution of these derivatives in Lagrange’s equation gives the equation of
motion:

(3m+ai2)i‘t+mg:[]

o me g

Acceleration B Gm+ 1/a?) 4

since moment of inertia of the disc = — x 2ma® = ma*. Minus sign indicates
mass m moves upwards with the acceleration g/4.

Example 3.8 A simple pendulum has a bob of mass m with a mass mq at the

moving support (pendulum with moving support) which moves on a horizontal
line in the vertical plane in which the pendulum oscillates. Find the Lagrangian
and Lagrange’s equation of motion.

Solution: This pendulum (see Fig. 3.5) has two degrees of freedom, and x and g
can be taken as the generalized coordinates. Taking the point of support as the



M

Y
zero of potential energy

Fig. 3.5 Simple pendulum with a moving support.

P.EE. of mass m; =0

S
K.E. of mass my =Eml £

K.E.of mass m= _"3"’(3512 * J"'lz)



= ?m: I:jcz + 126% + 2150 cos H:I

P.E. of m = -mgl cos®
L=T-V
= %miz'cz + %m (,\':2 +1%0% + 21x0 cos€)+ mglcos()
Lagrange’s equation of motion for x is

%{(m+m1]j:+ m!cosH@}:O

(m+ m])i’+ mlcost & —misint 6% =0

Equation of motion for 6is

di (m!zé + ml cost! x) + mlsin 0 %0 + mgl sin 0 =0
!

ml6 + ml cos 03 + mglsinf =10

Example 3.9 Two equal masses m connected by a massless rigid rod of length [
forming a dumb-bell is rotated in the x-y plane. Find the Lagrangian and obtain
Lagrange’s equations of motion.

Solution: Figure 3.6 illustrates the motion of the dumb-bell in the x-y plane.

¥y
' i (x5 ¥5)

(X1, Y1)

=X
Fig. 3.6 Dumb-bell in the x-y plane.

The system has 3 degrees of freedom. The cartesian coordinates x1, y1 and the



angle g can be selected as the generalized coordinates. From the figure xp = x1 +
[ cosq yp =y1 + Ising



Kinetic energy, T = ém(if F }’12) + ém(x% * }’%)
=L 57)s S5 15im00) 45, + 1e0s0 0]

= m(xl2 + ylz) + ém(fzf}z -2 b'clﬂﬁ sinf} + 25}3]6' cosH)

Taking x-axis as the reference level, the potential energy is given by

V =mgy, + mgy, = 2mgy, + mglsinf

L=m( +37) +%m(1292 — 20,0 sinf) + 2, G cos ) — 2mgy, — mgl sin 0

a—_L=2mi1—m£'6'sinH Lo
X axl
i : L
a—‘=2mj,-'1+m£b'cosﬁ a—=—2mg
A 9y
L. .
a—.:mlzﬁ—mi &, sin@+ ml y, cos@
dJ6
JL . L
£=“mfxlﬁcesﬁ'—mfylﬁsmﬁ'-mga’cosH
d( oL = 42
—| = |=2m X; —mlf) sinfl —ml" cosf}
dfl\axl
d (oL . o
— — =2mj5l—m{6‘cosﬁ—mlﬁzsm€
dfl\'a_'l-"l
( % : :
i ‘a—{' :m!zﬁ—ma!j‘:lsinﬁ—miilHccs€+m!iﬁlcos€*m£ v, @siné
dr {96 ‘ ]

Substitution of the above quantities in the Lagrange’s equation gives the following
equations of motion:

2% — 10sin 6 — 16° cos8=0
23, + 16 cos@ — 16” sin@=0

126 — 1%, sin@ + [ ¥, cos@ + gl cos@ =0



Example 3.10 A simple pendulum that is free to swing the entire solid angle is
called a spherical pendulum. Find the differential equations of motion of a
spherical pendulum using Lagrange’s method. Also show that the angular
momentum about a vertical axis through the point of support is a constant of
motion.

Solution: Figure 3.7 illustrates the motion of the spherical pendulum in spherical
polar coordinates. Since [ is constant, the system has two degrees of freedom.
Angles g and f can be selected as the generalized coordinates.

Fig. 3.7 Spherical pendulum.

Taking the point of support as the reference level for potential energy V, we



V =— mglcosy = mglcost/
Elementary lengths are [d@ and [siny d¢ =1sin8 d¢

Kinetic energy
_ 1 UL P L
T—Em(i §* +17sin” 0¢°)

Lagrangian
L= %m(izéz + [*sin? 9:;.1:52) — mglcosé@
have %=m529 3—;=m£2¢32 sin @ cos @ + mgl sin @
a—%szzésinzﬁ i _g
¢ ¢

Lagrange’s equation for the co-ordinate &1is
mi*6 - m!zqi‘iz sin @cos@— mgl sin@=0
For the co-ordinate ¢
mi* éﬁsin2 g+ ZmIZQqE) sinf@cos@=0
Since (BL/B(?) = 0, from Lagrange’s equation for ¢ we have

L3 E(mfzsinzﬁqﬁi):o
dt d¢ dt

2

mi* sin’ 6 ¢ = constant

In spherical polar coordinates, the magnitude of the angular momentum is
m(!smqﬁg&})! sinf) = ml” sin’ Hg}fw, which is the same as the above. Hence, the

angular momentum about a vertical axis through the point of support is a
constant of motion.

Example 3.11 A bead of mass m slides freely on a frictionless circular wire of
radius a that rotates in a horizontal plane about a point on the circular wire with
a constant angular velocity w. Find the equation of motion of the bead by



Lagrange’s method. Also show that the bead oscillates as a pendulum of length [

= g/w2

Solution: The circular wire rotates in the x-y plane about the point O in the
counterclockwise direction with an angular velocity w. A is the centre of the
circular wire. The angles f and g are as indicated in Fig. 3.8. The coordinates of
m are (x, y). The problem is of one degree of freedom and g can be taken as the
generalized coordinate. The potential energy of the bead can be taken as zero
since the circular wire is in a horizontal plane.

¥
F
‘ < (x, 3)
B
o
o
‘A
[
0=t R
O - I

Fig. 3.8 A bead sliding on a circular wire.

x=acoswt +acos(f + wr)
y=asinwt +asin(6 + wr)
i=—awsinwt - a(0+ m]sin(6'+mr)
¥ =aw cos ot + a(+ w)cos(6+ or)
Lagrangian
L=T= %m(iz +3%)



s %mgz I:cuz + (6’ + mf + 260(6' + m)cos H:I

aa—g:maz(é+m+mccs€) g_;z_mmaz(é-lnw]sinﬁ

Substituting these values in Lagrange’s equation, we get

ma* (8 — &Jésinﬂ) 4 ﬂmzm(ﬁ"‘+ &J)sinﬁ ={)
or O+ @?sinf=0

which is the equation of motion of the mass m. Comparing the equation of
motion with that of the simple pendulum (see Example 3.5) we see that the bead

oscillates about the line OAB like a pendulum of length PR
Example 3.12 A particle of mass m is constrained to move on the inner surface
of a cone of half angle a with its apex on a table. Obtain its equation of motion
in cylindrical coordinates (r, f, z). Hence, show that the angle fis a cyclic

coordinate.

Solution: As the particle is moving on the surface of the cone, the equation of
constraintis Q= zZtan@ or Z=pcotd

Since there is an equation of constraint the particle requires only 2 generalized
coordinates, say “and ¢ (see Fig. 3.9).

Zh
e ¥,/
a/ YHE
L

X

Fig. 3.9 Mass m moving on the inner surface of a cone.



Kinetic energy T'= m(,bz + e + iz)

m(,{)2 + p*@* + p* cot? oc)

= 2=

= %m(ng'}z + pzcoseczaf)

Assuming that the potential energy V'=0atz=0

V =mgz=mgpcota
Lagrangian

L= %m(pzéﬁz +pzcnsec2a) — mgp cota

L : 2 dL 22
— = mpcosec” & a—: mpg” — mg cot

ap

JdL 9: OL
— = —:D
39 mp”¢ 39

Lagrange’s equation for the co-ordinate p is
peosec’n— pd* + geota=0

Lagrange’s equation for the co-ordinate ¢ is

d . i
E(mngﬁ) =0 or mp’¢=-constant
The generalized momentum corresponding to the generalized co-ordinate ¢ is
Py = 3—; - mngib = constant

Since the generalized momentum is a constant, the corresponding coordinate is a
cyclic one. This can be seen from the Lagrangian itself which is independent of

f.
Example 3.13 An inclined plane of mass M is sliding on a smooth horizontal

surface, while a particle of mass m is sliding on the smooth inclined plane. Find
the equation of motion of the particle and that of the inclined plane.

Solution: The system has two degrees of freedom. Let x1 be the displacement of



M from origin O and x» be the displacement of m fromO [see Fig. 3.10(a)].
We shall consider xq and x» as the generalized coordinates.

The velocity of M with respect to O is A,

The velocity of m with respect to O is e
The velocity of m with respect to O [see Fig. 3.10(b)] is given by
VZi'l +i’2

v2 =il + i) + 21 x,cos6 (i)

(a) ()
Fig 3.10 A particle sliding on an inclined plane which is sliding on a horizontal surface.

Kinetic energy T = % M xlz + % mv?

|
= (M +m)i + Em,;eg* + mi; x, cos@ (ii)

If O is taken as the zero for potential energy, the potential energy of M will
be a constant which will not affect the motion. The potential energy of m is

givenby V =-mgx,siné (iii)
From Egs. (ii) and (iii)



| 1
BTV (M +m)i + meg' + miyx, cost) + mgx, sinf)  (iy)
dL oL
—=(M +m)x + mx; cost/ —=0
ai] ( ) I ? Bxl (V}
a—L—m.i: + mx, cos @ a—L—m sin @ :
T 2 1 s 8 (vi)
Lagrange’s equations for x| and x, are
(M + m)X; + mX, cos@=0 (vil)
mi; cos@ + mi, — mgsin@=0 (viii)
Solving Egs. (vii) and (viii)
gsinfcosd il g gsinf

;{'1:— M
[l+ —)—coszfﬂ
m

l—[ e }30529 (ix)
M+m

Equation (ix) is the equation of motion of the inclined plane and of the body
sliding down the inclined plane respectively.

Example 3.14 A rigid body capable of oscillating in a vertical plane about a
fixed horizontal axis is called a compound pendulum. (i) Set up its Lagrangian;
(ii) Obtain its equations of motion; and (iii) Find the period of the pendulum.

Solution: Let the vertical plane of oscillation be xy. Let the point O be the axis of

oscillation, m be the mass of the body, G its centre of mass and I its moment of

inertia about the axis of oscillation. The system has only one degree of freedom.
(i) Angle g can be taken as the generalized coordinate (see Fig.3.11).

Fig. 3.11 Compound pendulum.



When the displacement is g, the kinetic energy T =% 16*

With respect to the point of oscillation, the potential energy

V =—mglcostl
Lagrangian L=T-V= % 160? + mgl cosf)
(1) Lagrange’s equation for &1s
d (I6)
+ mglsint/ =0
dt

16 +mglsinf=0

H=— ngt sinf]
(111) For small oscillations, sin &= &. Hence,
L
I
which is the equation of a simple harmonic motion. Hence, period
- ! .72 2 . :
T=2r|— I =mk* + ml k = radius of gyration
mgl
T
=2y k* +1
gl

Example 3.15 A mass M is suspended from a spring of mass m and spring
constant k. Write the Lagrangian of the system and show that it executes simple
harmonic motion in the vertical direction. Also, obtain an expression for its
period of oscillation.

Solution: The direction of motion of the mass is selected as the x-axis as
illustrated in Fig. 3.12. The velocity of the spring at the end where the mass M is
attached is maximum, say * and minimum (zero) at x = 0. At the distance t from

the fixed end, the velocity is (17)X. where I is the length of the spring. If r is the

mass per unit length of the spring, the kinetic energy of the element of length dt
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Fig. 3.12 Vibration of a loaded spring of mass m.

For the whole spring

1¢t 2, 1pit¢l,, pitl
T==| parz =222 | Par=22—
2 of 12 2 12 Jo 6
_fﬂil
6
mit 1., .,
Total K.E. T:= +—M x
ota 6 3 X
Potential energy V:lmz
2
miz 1 2 l 2
L= +—Mi* ——kx
6 2
:l[E+M) 2 gyt
243

Lagrange’s equation is

[%+M)5c’+kx=0



which is the equation of simple harmonic motion.

7
Period T =2z l\? + MJ /k

Example 3.16 A particle of mass m is constrained to move on the surface of a
cylinder of radius a. It is subjected to an attractive force directed towards the
origin and is proportional to the distance of the particle from the origin. Write its
Lagrangian in cylindrical coordinates and (i) obtain its equations of motion,

(ii) show that the angular momentum about the z-axis is a constant of motion,
and (iii) show that the motion of the particle in the z-direction is simple
harmonic.

Solution: The motion of the particle is illustrated in Fig. 3.13. It can be described
by the cylindrical coordinates (r, g, z). In the present case r = a = constant. The

equation of constraint is X2+ y2 = g2
Coordinates g and z can be taken as the generalized coordinates.

Fig. 3.13 A mass m constrained to move on the surface of a cylinder.



V=%kr2 =ifc(x2 +y:+2%)
=~ k(a® +2%)
Force = —kr. Hence, 1
Kinetic energy T'= Y m(a* +a’0” + )
Since ¢ 1s constant
1 )
T =—m(a*8* + %)
2
l 252 -2 1 2 2 .
L=—m(a@ +7)——k(a"+7°) (i)
2 2
.. oL 9 JL
W S5~ ma Y

Lagrange's equation of motion for co-ordinate &is

d .
E(mazﬁ) =0 (ii)
n_ oo,
0z 0z

Lagrange’s equation for co-ordinate z is

d . "
E(mz)+kz=0 or F=——g (iii)

(1) Egs. (11) and (111) are the equations of motion.
(11) From Eq. (11) we have

ma’@ = constant

That is, the angular momentum about the z-axis is a constant of motion.
(111) From Eq. (ii1), it is obvious that the motion is simple harmonic with frequency

@=Jk/m.
Example 3.17 If L is the Lagrangian for a system of n degrees of freedom
satisfying Lagrange’s equations, show by direct substitution that

dF
" (%w‘ha >anf)
dt

L'=L




also satisfies Lagrange’s equations where F is any arbitrary but differentiable
function of its arguments.

Solution: For L to satisfy Lagrange’s equation of motion, we must have

dfav) oL _.  ._ ., .
dt\dq; | oq; S

Writing F for (dF/dt) and substituting for L’

d| dL d oF dL OF :
el B T g = =0 (i)
dt{ dg; | dtdq; dq; Jq;
_ d JL JL , : : ;
Since — —————= 0, for L’ to satisfy Lagrange’s equation, ' must satisfy
d|dF | dF
dpok ) oF s .
dr{a‘i’f] dg; &
We have F=F(q,q3.sqy.1)
. dF JoF
F=% —§.+—
Z‘Bq; 4T dt
oF _oF  d(aF)_d(oF)_aF
94, dq, dr\9q, ) di|\aq, )" aq, L)

which is the same as Eq. (ii). Hence, the result.

REVIEW QUESTIONS

1. Explain holonomic and non-holonomic constraints, giving two examples of
each.

2. Gas molecules are confined to move in a box. What is the type of constraint
on the motion of the gas molecules? Explain.

3. What is meant by degrees of freedom? What is the number of degrees of
freedom that a body which is constrained to move along a space curve has?



4. Explain the difference between real and virtual displacements. In a virtual
displacement, the work done by the forces of constraint is zero. Why?

5. State and explain the principle of virtual work.

6. What are generalized coordinates? If a generalized coordinate has the
dimension of momentum, what would be the dimension of generalized
velocity?

7. Explain the type of constraint in: (i) a pendulum with an inextensible string;
(ii) a pendulum with an extensible string.

8. What is configuration space? Why does the path of motion in the
configuration space not necessarily resemble the path in space of an actual
particle ?

9. State and explain D’ Alembert's principle.

10. What is generalized momentum p;? For generalized momentum Pj; establish

dl.
aq_!- ‘

P ;

the relation

11. What are the first integrals of motion?

12. What is a cyclic coordinate ? Why do we say that the generalized momentum
conjugate to a cyclic coordinate is a constant of motion?

13. The homogeneity of space implies that the linear momentum is a constant of
motion. Substantiate.

14. The homogeneity of time implies that the total energy is a constant of
motion. Substantiate.

15. What are velocity-dependent potentials?

16. Write the Lagrangian of a charged particle in an electromagnetic field,
explaining each term.

17. What is a dissipation function? How is it related to the force it represents?

18. Evaluate the dissipation function corresponding to Stoke’s law.

PROBLEMS

1. A particle of mass m is moving in a plane. Using plane polar coordinates as
the generalized coordinates, find the displacements dx and dy .

2. Consider the motion of a particle of mass m moving in space. Selecting the
cylindrical coordinates (r, f, z) as the generalized coordinates, calculate
displacements dr, df and dz.

3. Two blocks of masses m1 and my are placed on a frictionless double inclined

plane and are connected by an inextensible massless string passing over a



smooth pulley at the top of the inclines. Find the condition for equilibrium by
the principle of virtual work.

4. A uniform plank of mass M and length 21 is leaning against a smooth wall and
makes an angle a with the smooth floor. The lower end of the plank is
connected to the base of the wall with an inextensible massless string. Using
the principle of virtual work, find the tension in the string.

5. A particle of mass m is moving in a plane under the action of a force F. Using
the generalized coordinates (r, q), calculate the generalized forces for the
particle.

6. Consider the motion of a particle of mass m moving in space. Selecting the
spherical polar coordinates (r, g, f) as the generalized coordinates, calculate
the generalized force components if a force F acts on it.

7. A particle of mass m is moving in a plane under an inverse square attractive
force. Find the equation of motion by the Lagrangian method.

8. A mass is attached to a spring having a spring constant k which is suspended
from a hook. Set up Lagrange’s equation of motion (i) if the mass executes
simple harmonic motion, and (ii) if the mass is driven by a sinusoidal force A

sin wt.
9. A light inextensible string passes over a smooth massless pulley and carries
masses mq and mp (mq > mp) at its ends. Write down the Lagrangian and

Lagrange’s equation of motion for the system. Also find the acceleration.

10. A particle of mass m is moving in a potential V which is a function of
coordinates only. Set up the Lagrangian in cylindrical coordinates and obtain
the equations of motion.

11. Set up the Lagrangian of a three-dimensional isotropic harmonic oscillator in
polar coordinates and obtain Lagrange’s equations of motion.

12. A particle of mass m is projected in space with velocity v( at an angle a to

the horizontal. Write the Lagrangian for the motion of the projectile and show
that its path is a parabola. Also find expressions for the range and time of
flight.

13. A cylinder of mass m and radius a rolls down an inclined plane of angle q.
Write the Lagrangian of the system and obtain the equation of motion. Also,
calculate its velocity at the bottom of the plane.

14. In a double pendulum, the second pendulum is suspended from the mass of
the first one (m1) which is suspended from a support. The double pendulum is

set into oscillation in a vertical plane. Obtain the Lagrangian and equations of



motion for the double pendulum if the mass of the second one is my.

15. A particle of mass m moves in one dimension such that it has the Lagrangian
2.4
L= m1; +mi” V(x)-V?(x)

where Vis a differentiable function of x. Find the equation of motion for x(t) and
interpret the physical nature of the system.

16. A solid homogeneous cylinder of radius a rolls without slipping inside a
stationary hollow cylinder of large radius R. Write the Lagrangian and obtain
the equation of motion. Also show that the motion of the solid cylinder is
simple harmonic and deduce its frequency.

17. A bead of mass m slides on a wire described by the equations x = a(q — sing),
y = a(l + cosq) where 0 < g < 2p. Deduce (i) the Lagrangian and (ii) the
equation of motion of the system.

18. A mass M is suspended from a fixed support by a spring of spring constant
k1. From this mass another mass m is suspended by another spring of spring

constant k. If the respective displacements of masses are x1 and xp, obtain the
equation of motion of the system.



4

Variational Principle

In Chapter 3, Lagrange's equations of motion were derived from D’Alembert’s
principle which is a differential principle. In this chapter the basic laws of
mechanics are obtained from an integral principle known as Hamilton’s
variational principle. In this procedure, Lagrange’s equations of motion are
obtained from a statement about the value of the time integral of the Lagrangian
between times t7 and tp. In D’Alembert’s principle, we considered the

instantaneous state of the system and virtual displacements from the
instantaneous state. However, in the following variational procedure,
infinitesimal virtual variations of the entire motion from the actual one is
considered.

4.1 HAMILTON’S PRINCIPLE

Hamilton’s principle is a variational formulation of the laws of motion in
configuration space. It is considered more fundamental than Newton’s equations
as it can be applied to a variety of physical phenomena.

The configuration of a system at any time is defined by the values of the n
generalized co-ordinates q1, g2, q3,..., qu- This corresponds to a particular point
in the n-dimensional configuration space in which the g;’s are components along

the n co-ordinate axes. Hamilton’s principle states: For a conservative
holonomic system, the motion of the system from its position at time t1 to its

position at time ty follows a path for which the line integral

t t
! =JL(€hr 25+ Gn> Gt G250+ f}mf)df=_[ﬁ(q, g,t)dt (4.1)

f h

has a stationary value.
That is, out of all possible paths by which the system point could travel from its
position at time t1 to its position at time ¢y in the configuration space consistent

with the constraints, the path followed by the system is that for which the value



of the above integral is stationary. Mathematically, the principle can be stated as:

fy
538 jL(q, g,t)dt =0

h

(4.2)

g; (1) Oy (1) =0¢;(1,) = 0. The

where g;(t) and hence is to be varied such that

time integral of the Lagrangian L, Eq.(4.1), is called the action integral or
simply action. The d-variation considered here refers to the variation in a
quantity at the same instant of time (see section 3.3) while the d-variation as
usual refers to a variation in quantity along a path at different instants of time
(see Fig.4.1). The two paths are infinitely close but arbitrary.

I 3

/
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k

dt t—
(a) (b)

Fig. 4.1 (a) d-variation in motion; (b) d-variation in motion.

4.2 DEDUCTION OF HAMILTON’S PRINCIPLE

Hamilton’s principle can be easily deduced from D’Alembert’s principle given
by Eq. (3.19). Consider a system of N particles of masses mj, i = 1, 2,..., N,

located at points r; and acted upon by external forces F;. According to
D’ Alembert’s principle



N
Z(F‘ — My i:f).csr; =0 (43)

i=1
The term ZE .Or; is the virtual work 6W done by the external applied forces
F;, its value is given by Eq. (3.25):

N n
w3 v -S00 "
i=l J=1

where Qj is the generalized force, defined by Eq. (3.26), and g’s are the

generalized co-ordinates of the system. The second term in Eq. (4.3) can be
written as

Zm; r;.0r; =i[2m,-f'f.§r,} - zi‘m,rF %(ﬁlﬂ

Since virtual displacement is at the same instant of time, the order of & and
d-variations can be interchanged.

. de . 5
Zmi I;.0r = = LZ m, T .51}} - Zmiri .OF;
il . ) (1 g
=—| ) mr;.0r; |- 0| —Zm,-r,-.ri- (4.5)
dt\ 5 ) 2%
The second term on the right hand side of Eq. (4.5) is the d-variation of kinetic
energy T. Now Eq. (4.5) takes the form



- d .
Z.’?’IFI'! .(5['5 —Egmir;uﬁr,- —(S'T" (4.6)
Combining Eqs. (4.3), (4.4) and (4.6)
- Z f. .o = 6T + 6W
E i. mi-ri-. l';' = + (4:’1)

Integrating with respect to time between the limits #; and 7,, we get

th

I

J(JT +oW)dt = {Z mii}.c?r!-:l (4.8)
4 i f
The right hand side is zero as Jr;(f;) = d1;(t,) = 0. Replacing oW by Eq. (4.4),
Eq. (4.8) reduces to

5] ( n
| lkfsrr+ Y 0,0 |dr=0 (4.9)
4 i=1

Eq. (4.9) is sometimes referred to as the integral form of D Alembert’s principle
or the generalized version of Hamilton’s principle. The integral form is more
advantageous since it is independent of the choice of co-ordinates with which we

describe the system. If the external forces are conservative, K= Ve and by
- d i
Eq. (3. 33) =(-o¥jdy)) Consequently,
D.0;0q;= Za dq; = (4.10)
j 9
and Eq. 4.9) becomes
| @r-svyar=o
h
2 2
jé(T— v)drz_[cSLdrzo @10

h h

For a holonomic system the d-variation and integration can be interchanged.



(4.12)

which is Hamilton’s principle.

4.3 LAGRANGE’S EQUATION FROM HAMILTON’S
PRINCIPLE

The action integral must have a stationary value for the actual path. Let us label
each possible path in the configuration space by an infinitesimal parameter, say
a. That is, the set of paths may be labelled by (g, a) with

q (t, 0) representing the correct path. In terms of the parameter a, each path may

be written as q; (t, a) = q;j (t, 0) + a h; (©),i =1, 2, 3,..., n (4.13) where
hj(t) is a completely arbitrary well-behaved function of time with the condition h
(t1) = h(ty) = 0. From Eq. (4.13)
oq; = n;(t)da (4.14)
As the g;’s and d; ’s are only functions of t and a, for a given hj(t), the action
integral I is a function of a only:
I
h
Expanding the integrand L by Taylor series

Iy

| | oL oL . |
I ()= j ZILL{q; (t,0),¢; (1,0),t} + g(am) + a—,(a'r;r,—)J dt (4.16)
1 i i i
where the higher order terms in the expansion are left out, which is reasonable as
a 0. Since the integration limits t1 and tp are not dependent, differentiating with

respect to a under the integral sign



I

ol loL oL .

= _[ PRE= +.’L}df 4.17)
t, ot .

Integrating the second term on the right hand side by parts

2oL d( oL
— p.dt =
ndt = J Jfr, = KB%] (4.18)

The integrated term vanishes since #, (f;) = »,(t,) = 0. Substituting Eq. (4.18) in
Eq. (4.17) we get

ap o FaL d (oL
_j e ]Jq,.(r)dr (4.19)

SE= J zi:[ral B a;}éq,-(r)dr (4.20)

For I to be stationary, dI = 0. Since g;’s are independent, the variations dq;’s are

arbitrary and the necessary condition for the right side of Eq. (4.20) to be zero is
that  the  coefficients of dgj’s vanish  separately. Hence,
i‘_;]—"‘L—%']—‘IT'Jzo i=12,..n (4.21)
dt dg;  9q;
which is Lagrange’s equation, given by Eq. (3.38).
The above result is a special case of the more general Euler-Lagrange
differential equation which determines the path y = y(x) such that the line



dy
dx

X3
integral [= J F(y, ¥ x)dx y=

X

(4.22)

has a stationary value. From simple variational considerations, Euler has shown
that the necessary and sufficient condition for the integral in Eq. (4.22) to have a

stationary value is Bi el ] =0 (4.22a)

Later this was applied to mechanical systems by Lagrange. Hence, the name
Euler-Lagrange differential equation for Eq. (4.22a).

If the forces of the system are not conservative, one has to go back to the
generalized version of Hamilton’s principle, given by Eq. (4.9).



j[§T+ ZQ;éq,-]dr—

The first term on the left is

oT ( qqt df (BT - q,. dt
J JZ :

| BT d(orT d(or), |
= | D | I et
JZLaq‘S‘Wkaqs‘sq] ar\ 94, ]5“”J
The integral
sz(aT i_] o
dt \ dq

since dg; =0 at time f; and 7,. Hence,

t _ Lefdr d 3T
jéT (q, q,f) dt =j zkg—aaq dq; dt (4.23)
f ho!

Combining this with the term Z 0, 0q;. we have

P (9T d T
D2t 429

Since Og;’s are arbitrary and independent, it follows from Eq. (4.24)

d T JT

—_——_— =) i=1,2,3,...,n
dt aq‘ aﬁj"i Ql utel

These equations are the same as Eq. (3.32).

4.4 HAMILTON’S PRINCIPLE FOR NON-HOLONOMIC
SYSTEMS

Equations of constraints are in the form of algebraic expressions or in the



differential form. If they are in the differential form, they can be directly
incorporated into Lagrange’s equations by means of Lagrange undetermined
multipliers. We first discuss the Lagrange multiplier method for non-holonomic
systems and then for holonomic systems.

With non-holonomic system, the generalized co-ordinates are not independent
of each other. Consequently, for a virtual displacement consistent with the
constraints, the dg;’s are no longer independent. However, a straightforward

treatment is possible if the equations of constraints are of the type

Y a;dg; + a,dt=0  i=1,2.3..m (4.26)
j

Lo 5 : , :
where the coefficients "’ and ‘7 may be functions of the g’s and time. The

quantity m indicates that there are m equations of this type. The constraint
equation, Eq. (4.26), for virtual displacement is:

Za!}. éqJ =) [ = ]__., 2, 3,...m (427)
i

We can now use Eq. (4.27) to reduce the number of virtual displacements to
independent ones by the Lagrange multiplier method. If Eq. (4.27) is valid, it is

also true that % Z“sﬁ:’ ag; =0 t=1,2,3,..m (4.28)
j
Y [ : "
where are some undetermined quantities known as
Lagrange’s multipliers. In general, they are functions of the co-ordinates and of
time t. In addition, Hamilton’s principle is assumed to hold for non-holonomic

systems. Proceeding as in Section 4.3

(9 & Bk
shrars fapS) B2 8 O Loy wn
_[ ¢ szkaq 734 |* (4.29)

where the integration is with respect to time t1 (point 1) to time ty (point 2).
Summing Eq. (4.28) over i and then integrating with respect to time between

points 1 and 2, we have de z?, a; 0q;=0 (4.30)
1

Combining Egs. (4.29) and (4.30)



_[d a—L—ia—‘L+ZA,. a,..](sq.zﬂ (4.31)
kaq j  drdg; i
In Eq. (4.31) the selection of I;’s are at our disposal but the dqj’s are still not
independent but they are connected by the m relations of Eq. (4.27). That is, out
of the n co-ordinates n—m may be selected independently and the remaining m
are fixed by Eq. (4.27). The integrand in Eq. (4.31) can be split into two as

2 n—m

(38 & BE .

1 j=1

FoE o JF
d A dgg. =0 4,32
W EI N T Yl LA

1 J=r—-m+l

As the values of A;’s are at our disposal, we now choose them to be such that
the second term in Eq. (4.32) vanishes. That is,

oL _d dL +3 4a; =0 j=(-m+Dn (4.33)

dg; dtdq; “

Now we are free to select the n — m co-ordinates arbitrarily and therefore from
Eq. (4.32)

L d JL .
J + Y ha; =0 j=L2(n—m) (4.34)

qu dt dq;

Combining Eqgs. (4.33) and (4.34), we get the complete set of Lagrange’s equations
for non-holonomic systems:

d L dL ~

—_———= At [ =1,2,..0
Now we have n + m unknowns, the n co-ordinates (q;%s) and the m Lagrange
multipliers (I;). Eq. (4.35) together with the equations of constraints, now being
written as first order differential equations

Za;j q;+a; =0 (4.36)
j



constitute (n + m) equations for n + m unknowns.

Next we consider the physical significance of the undetermined multipliers.
For that, let us remove the constraints on the system in such way that the motion
is unchanged by the application of external forces Qj. These external forces Qj

make the equations of motion of the system remain the same. Under the
influence of these forces Qj, the equations of motion are

d dL JL
—————=Q, (4.37)

dt 9q; dq;

Z ca;
which must be identical with Eq. (4.35). Hence, we can identify ! with Qj,
the generalized forces of constraint.

Next we consider a holonomic system in which there are more generalized co-
ordinates than degrees of freedom. A holonomic equation of constraint

f(q1, 420 G 1) =0 (4.38)
is equivalent to the differential equation
of of
d dt = 4.39
Z an q.f ar ( )

which is identical in form to Eq. (4.26):
L/ = of (4.40)
aq_‘, ot

Thus, Lagrange’s multiplier method can be used for holonomic constraints when
(i) it is inconvenient to reduce all the g’s to independent co-ordinates or (ii) we
desire to obtain the forces of constraint.

WORKED EXAMPLES

Example 4.1 Show that the shortest distance between two points is a straight
line.

ar'j =

Solution: In a plane, element of arc length



ds =Jdx? + dy? = dxy1 + (dy/dx)”

The length of any curve between points | and 2 is given by

2 )
1= [ds= _Hl + (dy/dx) dx
1 x
The shortest path can be determined using Euler-Lagrange equation. Writing

f =1+ (dydx)’ =1+ 37 ¢=j—‘
X

¥_o U__

9y 1+ §?

Substituting in Eq. (4.22a)
i |( Y \] =0 or Y constant
Squaring and simplifying

a = constant

g
I
Y

Integrating
y=ax +b b = constant

which is the equation of a straight line.

Example 4.2 The brachistochrone problem is to find the curve joining two
points along which a particle falling from rest under the influence of gravity
reaches the lower point in the least time.

Solution: Let v be the speed along the curve.



(0,0)

=

Xwy (Ijay])

Fig. 4.2 Brachistochrone problem.

The time required to fall an arc length ds = il

v

d
Time required to reach the lower point = J—S
v

The problem is to find the minimum of the integral for t. If x is measured down,
by the principle of conservation of energy

2 mv? = mgx or v=.2gx

The expression for t becomes

R T

The function f in Euler-Lagrange equation is then




A1+ 37

I =
28x

o _ ¥ _,

¥
N P

Substituting in Eq. (4.22a), we get

[y |, j -
o = or = constan
dxk 2gx l+j22J \f'2gx-,p'l+_i.=2

_‘}'2 =cx(1+ j-'lj ¢ = constant

P=—" =7 b = constant

’ l-cx b-x

dy _ X

dx b-x

Integrating
= _[ e
b—x

The  integral can  be  evaluated  making the  substitution



x=bsin? @ or dx=2bsin@cosB df

—dv = _bsin®6 Wisin@cos@ dg
b—bsin’ @

= 2bsin? 8 d@= b(1 - cos28)d6
sin 26

y =b-|‘(l = CDS29)d9=b(9— J+ constant

The constant is zero since the curve passes through (0, 0). Hence,

xzbsinzﬂzg(l—CDSZH) =—(2€—51n26")
b
Writing ¢ =26 and 5 =4a, we have

x=a(l—cosg) and y=a(¢—sing)

the parametric equations for a cycloid. The constant a can always be determined
as the path goes through the final point (x1, y1).

Example 4.3 Using Lagrange’s method of undetermined multiplier, find the
equation of motion and force of constraint in the case of a simple pendulum.

Solution : The system has two co-ordinates r and q. (see Fig. 4.3).

L

Fig. 4.3 Simple pendulum.



From

Kinetic energy T = lrm"zéPZ
=

Taking the point of suspension as zero for potential energy,

V =—mgrcos@
Lagrangian [, = %mrzéz + mgrcos 8
The only equation of constraint is
=i or dr=0

Comparing this equation with Eq. (4.27),a,=1 and ay=0.

As there is only one equation of constraint, only one Lagrange multiplier is

needed.

a—Lzmré2+mgcos€ a—LzO
ar or
L =—mgrsind B_Ij: mr’
d6 d6
From Eq. (4.35), the equations of motion are
—mré® —mgcosf=21 (1)
d 2 ;
—(mr-@)+ mgrsin@ =0 (ii)
dt
equation (ii), using r = [
16+ gsin@=0 (ii1)

When @ is small, sin@= ¢ and Eq. (iii) reduces to

160+g0=0
which is the equation of motion of the simple pendulum. Eq. (i) gives the value

of A, which gives the force of constraint, — m/@> — mg cosf, where 6 = angular

displacement. The tension in the string

T =—mif? - mg cosf

Example 4.4 Discuss the motion of a disc of mass m and radius b rolling down
an inclined plane without slipping. Also, find the force of constraint using the



Lagrange method of undetermined multipliers.

Fig. 4.4 Disc rolling down an incline.

Solution: Figure 4.4 illustrates the disc rolling down the incline. We can take x
and g as the generalized co-ordinates. Moment of inertia of the disc about an
axis

B2
axis passing through the centre = mT

Assuming the potential energy V at the bottom to be zero
V=mg(l—-x)sina (1)
Total kinetic energy T = Translational K.E. + Rotational K.E.
1 1

T=—mi’+=16 i
> 5 (ii)
1 .2 1 229 .
L=— +Zmb 0° —mg(l— x)sin (iii)
The equation of the constraint (holonomic) connecting the co-ordinates x and
q is
X=ihl or b8 —x=0 (iv)
The equation of constraint written as first order differential equation is
bd@—dx=0

Comparing it with Eq. (4.27), the coefficients in the constraint equations are

a,=-1 and ag=b (V)

Only one Lagrange multiplier is needed as there is only one equation of
constraint.



L . L )
For x co-ordinate: ——=Hmgsmno ——=mx
dx d

X
dJL JdL 1 5.
Py ; — =0 —=—mb" 8@
For 8 co-ordinate: Y 362

Lagrange’s equations, Eq. (4.35), for x and @ are

mi—mgsina+A=0 (vi)
1 9
Emb 68— Ab=0 (vii)
From the constraint equation, we have
i=b6 (viii)
The three equations (vi), (vii) and (viii) may be solved to get the values of X, g
and 4
- - 28 . mg . :
¥==gsing fO==Zsinad A=—sina (ix)
3 3b 3

The value of [ gives the force of constraint resulting from a frictional force. It is
this force that reduces the acceleration due to gravity from g sin a to (2/3)
g sin a when there is friction.

Example 4.5 A bead of mass m slides freely on a frictionless circular wire of
radius a that rotates in a horizontal plane about a point on the circular wire with
a constant angular velocity w . Find the reaction of the wire on the bead.

Solution: In Example 3.11, we were interested in the equation of motion of the
bead. The angle g was taken as the generalized co-ordinate as it was a case of
one degree of freedom. Now we have to determine the force of constraint too.
Hence, the problem is treated as having two degrees of freedom with co-

ordinates r and q. The condition of constraint is r = a or dr = 0 (i)

Hence, a =1 and ayz=0



The co-ordinates x and y of the bead are given by

x=acos@t+ rcos(@+ wt) (i1)
y=asin @t + rsin (6 + wt) (iii)
X =— awsin @t + icos (0 + wt) — (rf + re)sin(6 + or) (iv)
Vv =awcos wt + Fsin (0 + wt) + (1) + rw)cos (0 + wt) (v)

Since the circular wire is in a horizontal plane, potential energy is zero. Hence,

L:Tzém(j:z +37)

1 ; ’
:Em[azm2 + i+ rg(f:? + w)?' + 2awr (0 + w)cosf + 2awrsinf ] (vi)

Substituting the value of L in Eq. (4.35)
mli + awfcosb — r(0+ w)* — aw(@ + w)cosO]= A (vii)
Using the condition r = a = constant
A=—mal(6+ @)* + @ cosB] (viii)
In the same way for the @ co-ordinate, we have

2sin@ (ix)

0=—-w

Multiplying both sides by 28dt and integrating

6° = 2w* cos @ + constant (x)
The condition §=0 when 8=0 gives constant = — 2?. Hence,
& = 20w? cos 8 — 2w* = 2w (cos 6 —1) (xi)

The value of I can be calculated by substituting ¢ from Eq. (xi) in Eq. (viii). The
value of | gives the force of constraint, opposite of it is the reaction of the wire
on the bead.

Reaction = maw> [30056' -1+ 2\5 JJcos@ — l}

Example 4.6 A solid sphere of mass m and radius b rests on top of another fixed
sphere of radius a. The upper sphere is slightly displaced and it begins to roll
down without slipping. By Lagrange’s method of undetermined multipliers, find
the normal reaction on the upper sphere and the frictional force at the point of



contact.

Fig. 4.5 Instantaneous position of a sphere rolling down another sphere.

Solution: Initially the sphere is at the top with the point of contact at A and the
centre of the sphere B is along the line OA. When the sphere moves to a position
with angle g as in Fig. 4.5, the line BA in the body of the sphere takes the
position BA. In the process the point of contact travels arc AC = arc CA. That is

al =bg (1)

We must measure angles with respect to a fixed direction. The angle travelled

= ¢

with respect to the wvertical to=¢. The corresponding distance is



arc AC+arcCN =af+ b8 =(a+b)68=rf
r=a+b (i1)

which is one equation of constraint. This arc length is the distance travelled by
the centre B
=(a+b)0=al+b0=bg"+b0=>b(0+¢")=bg¢

The second equation of constraint is:
(a+b)8=bg p=¢ +6 (1i1)

Two Lagrange multipliers 4, and A, are needed as there are two equations of

constraints. In the differential form the constraint equations are
dr=0 and (a+b)d@—-bdp=0 (iv)
Comparing these conditions with Eq. (4.26), we have

a =1 ag=(a+b) and a;=-0b (v)

r

The co-ordinates (r, g, f) can be selected as generalized co-ordinates. The kinetic
energy (1) of the sphere = translational kinetic energy + rotational kinetic energy

T:%m(i‘z + rzéz')+émb2é)2 (vi)

where the second term is the rotational kinetic energy =121 o’ =l Embzgﬁz.

25
With respect to O, potential energy V = mgr cosf. Then the Lagrangian of the

system

L= %m(ﬁz +r20%) + émbzgﬁz — mgrcosé (vid)

Lagrange’s equations, Eq. (4.35), are then

m¥ — mr@* + mgcos = A, (vii)
d . ; -
E(mr 6)— mgrsin@=(a+b)A, (ix)
2

gmbzéﬁz— bA, (x)



In addition to these three equations of motion, we have the two constraint
equations, Egs. (ii) and (iii), to solve for the various quantities. Since r = (a + b)
= constant, F=0. Then Eq. (viii) reduces to
m(a+ b)6* + mg cosf= 4, (xi)
From Eq. (ix)

m(a+ b)*6— mg(a+b)sinf@=(a+b)A, (xii)
From Eqs. (x) and (iii)

4 5 4 i
%:—gm.b@:—gm(ﬂﬂ'b)ﬁ ()Clll)

Combining Egs. (xii) and (xiii)

m(a + b)zg’— mg(a+ b)sinf=(a+ b)[—%m(a + b)é}

b= S5gsiné ‘
~ T(a+b) (xiv)
Multiplying by 284t and integrating
. 10
g* =— LDSH + constant
T(a+b)
Use of the condition that #= (0 when g= () reduces it to
. 10g .
g2 = 1—cosf
@+ ) ) (xv)

L]

With this value of . Eq. (xi) reduces to



A= %(17@.59— 10) (xvi)

which represents the reaction of the fixed sphere on the rolling one. It is in the
direction of ¢, .

From Eqgs. (xiii) and (xiv)
2 .
Ay=- ?mg sin & (xvil)
The frictional force will be in a direction opposite to the direction of increasing 6 .

Frictional force = % mg sin &

Example 4.7 A particle of mass m is placed at the top of a smooth hemisphere of
radius a. Find the reaction of the hemisphere on the particle. If the particle is
disturbed, at what height does it leave the hemisphere?

Solution: Let the two generalized co-ordinates be r and g (ses Fig. 4.6). The
bottom of the hemisphere is taken as the reference level for potential energy. The

kinetic (T and potential Q%) energies are
o

e e o G s il

Fig. 4.6 Particle on a hemisphere.
1 22 2Ah2
T=—m(r"+r°8)
2
V =mgrcos@

L= %m(i‘z +r26*) — mgreos @ (i)



The equation of constraint is r = a or dr = 0 and therefore a, = 1 and ag = 0.
Lagrange’s equations are
ma@* — mgcos@+ A=0 (ii)

ma*6 — mgasinf =0 (111)

Multiplying Eq. (iii) by 264t and integrating

29§dt=2—gsin9dr
s

& :%(l—cosﬁ} (1v)

where the integration constant is 2g/a, since =0 when #=0. Substituting
this value of @2 in Eq. (ii)

A=mg(3cosf - 2) (v)

which is the reaction R. The particle leaves the hemisphere when A = 0. That is,

3cos@—2=0 or 9:005_1(2.*’3)

REVIEW QUESTIONS

1. State and explain Hamilton’s principle, bringing out clearly the nature of
variation involved.

2. Express D’ Alembert’s principle in the integral form. What is its advantage
over the one in the differential form?

3. Briefly outline Lagrange’s multiplier method for a non-holonomic system.

4. Explain the significance of the Lagrange multiplier constant.

5. Lagrange’s multiplier method can be used also for systems having holonomic
constraints. How?

6. For a particular set of equations of motion, there is no unique choice of
Lagrangian. Comment.

7. State and explain the Euler-Lagrange differential equation in the calculus of
variation.

PROBLEMS

1. Obtain the equation of motion of a spring mass system, using Hamilton’s
variational principle.



2. Consider a curve passing through two fixed end-points (x1, y1) and (x2, y2)

and revolve it about the y-axis to form a surface of evolution. Find the
equation of the curve for which the surface area is minimum.

3. Consider the motion of a hoop (ring) of mass m and radius r rolling down
without slipping on an inclined plane of length | and angle a. Obtain

Lagrange’s equations of motion and hence show that the friction force of

constraint is mg ™" ¢

of the incline.

4. A cylinder of mass m and radius r is rolling down an inclined plane of length I
and angle a. Calculate the force of constraint and the velocity of the cyclinder
at the bottom of the incline.

5. If L is the Lagrangian for a system of n degrees of freedom satisfying

. Also evaluate the velocity of the hoop at the bottom

Hamilton’s variational principle, show that ;. _ ; dF (g1, G2+ Gn> 1)
dt

also satisfies Hamilton’s principle where F is any arbitrary well-behaved
function.

6. A cylinder of radius a is fixed on its side, and a ring of mass m and radius b
rolls without slipping on it. The ring starts from rest from the top of the
cylinder. Using Lagrange’s multiplier method, find (i) the reaction on the ring
due to the cylinder, and (ii) the position g when the ring leaves the cylinder.

7. For identical particles obeying Fermi-Dirac statistics, the probability that n;

particles are in the ith

€. i=123..

state of energy is given by

= gi"Ir
W =] |————. g; — degeneracy of the state
51:1[”:'-’(3:‘ —n;)! ’ : ’

where the symbol H indicates the product of a series of similar terms.
!
Use Lagrange’s method of undetermined multipliers to maximize W subjects

to the conditions (i) an = N =constant and (ii) Zni €; = E = constant

! 1

and derive an expression for the most probable distribution of N particles among
the various states. Assume n;’s, g;’s and N to be very large.

[Hint: Use the Stirling approximation, which states that is large.]



8. A particle of mass m is placed at the top of a vertical hoop of radius a.
Calculate the reaction of the hoop on the particle by Lagrange multiplier
method. Also find the point at which the particle falls off.



D

Central Force Motion

A central force is a force whose line of action is always directed towards a fixed
point, called the centre or origin of the force, and whose magnitude depends
only on the distance from the centre. If interaction between any two objects is
represented by a central force, then the force is directed along the line joining the
centres of the two objects. Central forces are important because we encounter
them very often in physics. The familiar gravitational force is a central force.
The electrostatic force between two charges is a central force. Even certain two-
body nuclear interactions such as the scattering of a-particles by nuclei is
governed by a central force. In this chapter, we shall discuss some of the salient
features of central force motion.

5.1 REDUCTION TO ONE-BODY
PROBLEM

Consider an isolated system consisting of two particles of masses mq and mp
with position vectors r1 and ry as shown in Fig. 5.1. Let rq{ and rp be their

position vectors with respect to the centre of mass (CM) and R be the position
vector of the centre of mass. From the figure we see that



Yi

/R
rz
O %
Fig. 5.1 Co-ordinates of the two-body system.
r=n-n=n-r’ (5.1)
and r=R+r” r,=R+r,’ (5.2)

Such a system has six degrees of freedom and hence six generalized co-ordinates
are required to describe its motion. The three components of the difference
vector r and the three components of the vector R can be taken as the
generalized co-ordinates. By the definition of centre of mass



nyry + r r ’
1 2

From the second equation of Eq. (5.3)
’ mA '
I == (5.4)
L)

Combining Eqgs. (5.1) and (5.4)

mry”  (my +my)n’

r=r'-r,'=r"+ =

) m
e mr
] 2.5
my + nty 2
By similar arguments
py =—— (5.6)
my +m,

From Eqgs. (5.2), (5.5) and (5.6) we get

n=R+—2 r,=R——F (5.7)
my +my my + my

We shall limit ourselves to cases where the forces acting are directed along the
line joining the masses. The Lagrangian of the system can be written as

1 1
L=5m1f‘]2 +Em21"§ -V —-n) (5.8)

.2 .32
=%%(n+ i ]+1mJR L ]vu)

\ m + my 270 m+m,
2.2 2.2
= = G S g THIRE D WMT i
(my +my) 2 (my + my)
1 . 1 m
== (m +my) R? + — — 112 5 (i, + my)¥~ = V(r)

2 2 (my +m,)



i

M=m+m, and U=—"— (5.9)
my o )
Writing ] )
L:-?MRE+E##—Vu) (5.10)

where m is called the reduced mass of the system. Thus, the central force
motion of two bodies splits as a uniform centre of mass motion plus the relative
motion of a particle of mass m with a relative co-ordinate r.

The three components of R do not appear in the Lagrangian and therefore they
are cyclic. That is, the centre of mass is either at rest or moving at a constant
velocity, and we can drop the first term from the Lagrangian in our discussion.
The effective Lagrangian L is now given by

|
L=—pi® =V (@) (5.11)

It is the Lagrangian of a particle of mass m moving in a central force field which
is derivable from the potential function V(r). The problem of two bodies moving
under the influence of a mutual central force is thus equivalent to a one-body
problem moving about a fixed force centre. Once we have found r(t), we can
calculate r1(t) and rp(t) from Eq. (5.7).

5.2 GENERAL PROPERTIES OF CENTRAL
FORCE

MOTION
The equation of motion for a particle of mass m in central force field is
& . g
,ur:F(r):F(r)r:F(r); (5.12)
F oV /d

where " Since it is a vector equation, in effect we have 3 equations.
We can learn a lot about the motion of the particle without actually solving these
equations.

Taking the cross product of both sides of Eq. (5.12) with r, we have



F(r)

rxyi‘:er(r)E: rxr=1{ £5.13)
r r
Differentiating L = r X ur with respect to time
d ; oz «
=—(rxur)=putxr+rx ur=0 (5.14)

Edr

where we have used Eq. (5.13). It follows from Eq. (5.14) that
L = Constant (5. 15) That is, the angular momentum L of a body under the action of
a central force is conserved.

Next consider the dot product of L with r
Lr=(rxur)r=(rxr) ur=0 (5.16)

It means that the angular momentum L is normal to the vector r. In other words,
throughout the motion, the radius vector r of the particle lies in a plane
perpendicular to the angular momentum. That is, the motion is confined to a
plane which is perpendicular to L. Thus, the problem has been simplified to a
motion in two dimensions instead of three dimensions.

The Lagrangian L can now be expressed in plane polar co-ordinates as

L:%p(f2+r292)—v(r) (5.17)

We see that 8is a cyclic co-ordinate and therefore the corresponding generalized
momentum pg must be a constant

JL ;
pa=a—9=#r29=i (5.18)

where [/ is a constant. It is a first integral of motion. It can be seen from
Fig. 5.2(a) that the constant / is simply the magnitude of angular momentum (L).

L=rxp=grxv]l=u[rx(v, +vy)]
=UrXV, )+ U(rXvg)=U(rX Vy) (5.19)
since r and v, are collinear vectors.

L] = pr(r6)=ur*é=1 (5.20)



The result in Eq. (5.18) has an important consequence. Consider a mass m at a
distance r(q) at time t from the force centre O as shown in Fig. 5.2(b). In a time
interval dt the mass moves from A to B. The distance of B from the force centre
O isr(q + dqg). As shown in the figure, the radius vector r sweeps out an area dA
in a time dt. Since dq is very small, ds will be small and almost a straight line.

dA=Yrxrdg=1,240
2 2
dA 1 ,.
s yig
a2 AL
which is the rate at which the radius vector sweeps out the area. Substituting the
value of 0 = L/mr? in Eq. (5.21)
. L constant
& 2 (5.22)

0

(a) (b)

Fig. 5.2 (a) Motion of a particle in plane polar co-ordinates; (b) Area swept by a radius vector r in time dt.

The conservation of angular momentum implies that the radius vector r traces
equal areas in equal intervals of time. Eq. (5.22) is a statement of Kepler’s
second law of planetary motion. It is also known as the law of equal areas. The
law of equal areas is a very general result for any type of central force. Kepler’s
second law implies that a planet will move faster at a point closer to the sun than
at a point farther from it. That is, as r increases, velocity decreases to keep the
areal velocity constant, which is illustrated in Fig. 5.3. When the motion is



periodic with period T, we may integrate Eq. (5.22) and get
T
A:jdA:jidrzir (5.23)
DZy 2u

The central forces are conserved. Therefore, the total energy of the system is also
conserved.

= %,u (2 + r*6%)+ V(r) = constant

It is another first integral of motion. From Eq. (5.20), &= UﬂrZ,Hence,

2
E=l,u.r"2 L
2 2ur

k- V(&) (5.24)

Note that the expression for E does not contain ©-

Fig. 5.3 Law of equal areas: A = Ay = A3.

5.3 EFFECTIVE POTENTIAL

Equation (5.24) is identical to the total energy expression of a particle of mass m
moving under the influence of an effective potential



12
V. .=V(r+
eff 2,.[1 .?‘2 (5 25)
The effective potential is the sum of the real potential V(r) and an additional term
called the centrifugal potential defined as

12
VeSS i (5.26)
This Vg 1is equivalent to a force term
L2
Fpp(N=F(r)+— (5.27)

Ur
The additional force term L?/u r3, a fictitious force, is usually referred to as the

centrifugal force, F :
2

23
B =—=prl (5.28)
ur
Since L is constant, it is evident that F is also a central force, with this effective
force the equation of motion is identical to that of a one-dimensional one:

pi = F g (5.29)

In physical terms, Eq. (5.29) describes the motion of a particle of mass m under a
central force as viewed by an observer at the centre of force from a rotating
reference frame. In this rotating frame the force seems to be F eff ().

5.4 CLASSIFICATION OF ORBITS

A system has two generalized co-ordinates r and q and therefore two second
order differential equations have to be solved to study the motion. In other
words, four integrations are needed to study the motion of a particle. However,
without solving the equations of motion for a specific central force, we can learn
a lot about the motion using the first integrals of motion, E and L. Solving Eq.
(5.24) forr we have



2 2
r:J;LEVzHFZ] (5.30)

Since F must be positive

2 2
EI(E—V— LEWIEO or E=ZV(r+ £
2ur

#\ 2ur

2 (5.31)

When the equality sign in Eq. (5.31) is valid, 7 =0 which corresponds to the

maximum and minimum values of =
To get further insight, we consider motion in an attractive inverse square
force field :

k k
F(r)z_r_z V(r):—; k>0 {5.32)
Then, V g#becomes
k I
Vopimime o 3
: 2#?‘2 (5.33)

For large r, the first term is the dominant one and therefore Veff < 0. As r ,
Veff 0. For small r, the second term is the dominant one and Veff + as
r 0. Fig. 5.4 shows a plot of Veff (r) versus r for a particular value of L.



V1)

Fig. 5.4 Plot of Veff (r) versus r for a given L for attractive inverse square law force.

Next let us consider motions for different values of E. We have four distinct
cases.
E > 0: If E > 0, say E3, from Fig. 5.4 it is evident that there is a minimum radial

distance r3 but no maximum. The motion of the particle is unbounded. A particle
heading towards the centre of force can come as close as r3 and then turns back

and may even go back to infinity. Thus, for a particle with E > 0, the motion is
unbounded with a single turning point.
0> E > (Veff) min = Em: This condition corresponds to energy Eq, in Fig. 5.4.

The radial motion of the particle will be confined to the values of r = r{ = rpip

and

r =ry = rmax- Lhe points ri and rp are the turning points. At these points
k., E

E=——+
r o (5.34)

Though "~ 0 at these points, angular velocity © 2 [}. Hence, the particle will not
be at rest at these points. Actually, the motion is confined between the areas of

two circles of radii r{ and rp. A possible shape of the path for an attractive
inverse square law force is an ellipse with the focus at the force centre. When r



varies from rq to rp and back, the radius vector turns through an angle q which

can easily be obtained from Eq. (5.20):
ﬁ == iz or: O= %ﬂ'r + constant (5.35)
dr  ur ur T
From Egq. (5.30)
e ( dr :
B (5.36)
U L 2ur

Substituting this value of df in Eq. (5.35), we get
(Lf’rz)dr
0=

J2u(E=V)= 12/
When the angle g = 2p (m/n) where m and n are integers, the path is a closed
orbit. That is, during n periods the radius vector of the particle makes m
complete revolutions and will come back to its original position. When q is not a
rational fraction of 2p, the path has the shape of a rosette, as shown in Fig. 5.5.

Such an orbital motion is often referred to as a precessing motion.

E = Em = (Veff)min: If the energy of the particle is such that E = (Veff)mins
)

+ constant (537)

and ¢ is finite. Hence, the particle must move in a circle.
E < (Veff)min: If the energy of the particle is less than (Veff)min, © will be

imaginary and therefore no physically meaningful motion is possible.




Fig. 5.5 Motion of a particle with energy 0 > E > (Voff)mip resulting in precessing motion.

5.5 MOTION IN A CENTRAL FORCE FIELD—GENERAL
SOLUTION

The complete solution for the motion of a particle in a central force field can be
obtained in two ways: the energy method and Lagrangian analysis. The energy
method is based on the laws of conservation of energy and angular momentum.
In Lagrangian analysis, the differential equations of motion are obtained from
the Lagrangian and then analysed.

In Eq. (5.24) we have the energy expression in terms of the angular momentum.

Solving it for r we get
2
fz\jg{EVzL 2] (5.38)
H ur
Integrating
; _[ dr
= (5.39)
2
P
U k 2ur

which gives the general solution in the form t = t (r). The solution in the standard
form r = r (t) is also possible from Eq. (5.38). Often we require a relation
between q and r, the form of which is given in Eq. (5.37). The integral in Eq.
(5.37) can be put in a standard form by making the substitution

U= i or du =— d—; (5.40)
r r
Equation (5.37) now takes the form
du
H=%—LJ

where q( is the constant of integration. To proceed further, we require the form
of the potential V(r).

The Lagrangian of the system is given by Eq. (5.17). Lagrange’s equations of



motion are

. Vv
ui — urf* + LA (5.42)
Jr
d 9.
E(Hf 9) =0 (5.43)
Replacing —9V/9r by F(r)
Uy — yréz =F(r) (5.44)
It is convenient to work with the new variable u = ; In terms of u
. L L ,
AT 5.45
P (5.45)
b B Lh 1k,
dt di\u) 2 dt  u?de
__Ldu
u dé (5.46)
dr Ldde Ldu, (La) du
—2=————=———23=—'— i (5.47)
di®  pdtd0  udg \u) a6
Substituting Eqs. (5.47) and (5.45) in Eq. (5.44), we get
d’u u o 1)
TR e oy v 5.48
102 22 \u (5.48)

which is the differential equation of the orbit. It is possible to find the force law
if the equation of the orbit r = r (q) is given.

5.6 INVERSE SQUARE LAW FORCE

The most important type of central force is the one in which the force varies

inversely as the square of the radial distance:
k k
V(r)=—; or F(r)=-— (5.49)
r

where k is a positive constant for an attractive force and negative for a repulsive



force. The two most important cases under this category are gravitational force
and coulomb force. For the gravitational force k = G mq mp where G is the

gravitational constant. The equation of the orbit can be obtained from Eq. (5.41)
which now takes the form

du
0=6, - :
’ J [(QuEA?) + Quk/I?u - u?)? (5.50)

The integral on the right side of Eq. (5.50) is a standard one of the type

j dx 1 o be2ex ]

= cos | ———-—
(a+|’Jur:+|L:.:r:2J}'é = L (b* - 4ac)” et
To apply this standard integral to Eq. (5.50) we have to set
2uE 21k
1/ 1/
2, 2 % 2Y2
B* — dacy” [ 4 f + 8'”2‘5 | = zﬁk - ZELZ
\ L)\
with these values, the integral in Eq. (5.50) reduces to
du o Wl k) -1
_[ 2 2 Bl 2, 20K
[(QUE/L" )+ Quk/L Yu —u”)? 1+ (2EL/ k)]
Equation (5.50) now takes the form
L’/ uk) -1
cos(f@—6y) = L ':I ) TREY,
[1+ (2EL? | uk*))
1k 2EI*
uz;zL—z{l+ 1+ ,u,kz cos(ﬁﬂ,)} (5.52)

which is the equation of the orbit. It may be noted that only three (qq, E and L)

of the four constants of integration appear in the orbit equation. The fourth
constant can be obtained by finding the solution of the other equation of motion,
Eq. (5.43).

The general equation of a conic with one focus at the origin is



1
;:C[1+ ECOS(H_H{_})] (5.53)

where is the eccentricity of the conic section. A comparison of Egs. (5.52)
and (5.53) shows that the orbit is always a conic section with eccentricity

2
e=[1+ ZEL2 (5.54)
Lk
_ Mk ;
) (5.55)
The nature of the orbit depends on the value of € according to the following
scheme:
e>1 E>0 hyperbola
e=1 E=0 parabola
O<ex< 1 E<O ellipse
12
e=0 E=- ,u_z circle
2L

These orbits are shown in Fig. 5.6. It may be noted that the energy is negative for
bound orbits.

e=1
parabola & > 1

Fig. 5.6 Shapes of different conics.

The constant g simply determines the orientation of the orbit. Therefore, we
can even select gg = 0 which corresponds to measuring q from rpjn. Then the



equation of the orbit, Eq. (5.53), becomes

L =C(l+ € cos@) (5.56)
r

The position corresponding to r = rpip is called the pericentre whereas that
corresponding to rpax is the apocentre. For motion about the sun, the

corresponding positions are perihelion and aphelion and for motion about the
earth they are perigee and apogee. The general term for the turning points is
apsides.

5.7 KEPLER’S LAWS

Based on the detailed astronomical data of Tycho Brahe, Kepler enunciated three
general laws regarding planetary motion. They can be stated as follows: Law of
orbits: Planets move in elliptical orbits with the sun at one focus.

Law of areas: The radius vector from the sun to a planet sweeps equal areas
in equal intervals of time.

Law of periods: The square of the period of revolution about the sun is
proportional to the cube of the semi-major axis of its orbit.

We have already discussed the first two laws in Sections 5.2 and 5.6. The laws
of orbits follows directly from Newton’s law of gravitation, that is, from the
inverse square nature of the force of gravitation. The law of areas is a
consequence of the result that the angular momentum remains constant. In this
section we consider the third law in detail.

In the case of ellipse, the perihelion (r{ = rpjp) and aphelion (rp = rmax)

distances are the values of r when (q — qg) = 0 and p, respectively. Now from

Eq. (5.53)
A —l and: oo == —l
mi 1 C(l + €) max 2 C(I—E) (557)
K+ 1
Semi-major axis = 7 ca- Ez) (5.58)

Substituting the values of C and € from Eqgs. (5.55) and (5.54)

k
a=-—— 59
E (3.59)

That is, the length of the semi-major axis depends solely on the energy.



Let T be the time period of an elliptical orbit. From Eq. (5.23), the area of the
ellipse A = LT/2m. The area of the ellipse is also equal to pab, where b is the
length of the semi-minor axis. From these two relations, we have

E:zab
2
2
T= T’wab (5.60)

In an ellipse, b= g,h — &% . From Eqg. (5.58), 1- €% =1/aC and from Eqg. (5.55)
C= ,uk/Lz. Hence,

2 3
1
P=atl-H= =%
( ) aC ik (5.61)

With  this  value  of b2, Eq. (5.60) takes  the  form

_ 4r* ,:mj
k
which is the statement of Kepler’s third law.
We would be able to get the third law in an alternative form by replacing m by
mimp /(mqj+ mp) and k by its value G myumyp

T;a

(5.62)

4;?.?2{13
s TN
G(my + my) (>:63)

As the mass of the planet m; compared to the mass of sun m,is very small,

4.?r2a3
T2 =
s (5.64)

In this approximate expression the proportionality constant 4 pz/Gm2 is the

same for all planets. Eq. (5.64) is fairly valid, except in the case of Jupiter which
has a mass of about 0.1% of the mass of the sun.
The orbital eccentricities of the planets vary from 0.007 for Venus to

0.249 for Pluto. For Earth’s orbit = 0.017, ripip = 145.6 105 km and

'max = 152 10 km. Comets generally have very high orbital eccentricities.
Halley’s comet has a value of = 0.967. The non-returning type comets have



either parabolic or hyperbolic orbits.

5.8 LAW OF GRAVITATION FROM KEPLER’S LAWS

Kepler’s laws paved the way for Newton to develop his law of gravitation. This
can easily be proved. To start with, we will show that it is a central force and
then proceed to prove that it is of the inverse square type. From Kepler’s second
law, Egs. (5.21) and (5.22), we have

ﬁ—lrzé _L_COHSIEIHI ;
d(r’e)

T 2ri0+ r*0 = r(rf + 2i0)
I

Since the acceleration perpendicular to the r-direction a, = 1 + 276, the above
can be written as

d(rzé?) _
dt

The time derivative of ;2§ is zero since r28 is a constant. Hence,

rag (5.66)

d(r’6) _
dt

rag =0 (5.67)

That is, the transverse acceleration on the planet is zero and therefore the force
acting on the planet is a central one.

The force law can be determined from the differential equation of the orbit,
Eq. (5.48), which can be written as



d> 1} 1 E 2
FU]Jr_:_Fr F(r) (5.68)

=
in which r is given by Kepler’s first law, Eq. (5.56).

1 k
l=Cl+ecosd) cC=X

r L‘?

1
Replacing S on the left hand side of Eq. (5.68), we get
2

d
C < (1+ecosh) + C(1+ ecosf) =— L r2F(r) (5.69)
do L
“ 2
C=—-—=r" F(r)
72
:'**(r)——c—ﬁi——E 5.70
4 2 (5.70)
where,
W < )
K’ = —— = constant (5.71)
u
The negative sign indicates that the force is one of attraction. From Eq. (5.60)
dn??
7= Lz‘” ab? (5.72)

From Eq. (5.61), b? = a/C. Substituting this value of b?

7= 4%2;;[%}& = ;ﬁfﬁ (5.72a)
Comparing this with Eq. (3.63) we get
Ho_ 1 mymy 1
K G(m +m,) (my +my)K"  G(my +m,)
K’ =G mm, (5.73)
With this value of K, Eq. (5.70) reduces to
Fry=— S ; (5.74)

r



which is the gravitational force of sun on a planet.

5.9 SATELLITE PARAMETERS

Today there are many satellites in orbit around the earth. The orbits of satellites
are an interesting application of the central force problem. For circular orbits, the

eccentricity €~ U"and the satellite travels at a constant speed. In elliptical orbits,

O<<<1 and the speed of the satellite changes from position to position with

maximum speed at the perigee and minimum at the apogee. The locations of
some of the quantities in elliptical orbits are shown in Fig. 5.7.

Tie
o
el

P
(Perigee) (Apogee)

Fig. 5.7 Different parameters in elliptical orbits: Centre of the ellipse — O; Force centre — F ; Perigee
distance — PF, Apogee distance — FA.

From the definition of eccentricity 0 we have
Interfocal distance  FI7° I
e = oen —=
Major axas P4 2a

Hence,



__ Interfocal distance _ FF’ B FF’

Major axis PA  2a
Hence,
OF =a e (5.75a)
toin =PF=a—-ae=a(l-¢e) (5.75b)
thax = FA=a+ae=a(l+ €) (5.75¢)
From Egs. (5.55) and (5.57)
pE 1 L/ uk
— i T — =
min C(l + E) 1+ (5763)
1 2] uk
FA=1, = (5.76b)

e T T S T

For completeness, some of the other parameters which we have already
discussed are also listed here. From Egs.(5.58), (5.61),(5.59) and (5.54) we have

1 I?

The semi-major axis a= = 5.77a
! C-€?) uk(l-€%) ©-772)
The semi-minor axis b=a.(1-€&?) (5.77b)
: . k
Energy in an orbit £ =— B (3.77¢)
a
2, 2 1
Angular momentum in an orbit [ = {%} (5.77d)

Next, let us express the eccentricity, position and velocity of a satellite in terms
of certain parameters at perigee. From Eq. (5.76a)



LZ

€= —1
auk Fmin (57851)
If v, is the velocity of the satellite at fyn, L= MV, Iy
2
ro ¥
€= - k F -1 (5.78b)
Writing
K V2
Uro 0 (5.78¢c)
7
E=——il (5.78d)
Yo

For circular orbits as = 0 we see that vg = vp. For v > v, the eccentricity is
given by Eq. (5.784d). From Eq. (5.78a)
12 v, )
—=r; (l+e)=r,; | —P]
ik \ Vo
Now the equation of the orbit, Eq. (5.56) can be written as
(v, fv0)2 Frnin

rF=
1+ [(v,/¥9)* —1]cos® (3.79)

GMm
e &

Since

k = GMm = mgR*

where R is the radius of the earth and g is the acceleration due to gravity. The
velocity of the satellite can be calculated from the relations
k | lf -k

E=—— and E=—mv"+ —J
2 kr



(1 1
v:JZgRZ'L;—E) (5.80)

which is the velocity of the satellite in terms of r.

5.10 COMMUNICATION SATELLITES

Communication satellites are used for transmitting information from one part of
the earth’s surface to another. They are of two types, the passive system and the
active system. A passive system simply reflects signals from the transmitting
station to the receiving station. In the active system, the signal from the
transmitter is received by the satellite and undergoes amplification in the
satellite, and then it is again transmitted to the ground receiving station. In both
the cases the satellite can be either stationary (synchronous satellite) or in motion
with respect to the earth. Synchronous satellites are put into a circular orbit in
the plane of the equator and the orbital period is selected to be one day, which is
also the time the earth takes to turn once about its axis. Hence, these satellites
move around their orbits in synchronous form with the rotation of the earth. For
earth-based observers the satellite will be in a fixed position in the sky.

It is not difficult to find the height above the earth’s surface at which all
synchronous satellites must be placed in orbit. Since = 0, from Eq. (5.78c)

k
VD =
#rmin
Period of the satellite 7 2R+ H)
Vo

where R is the radius of the earth and H is the altitude of the satellite.
Substituting the value of vy and remembering that rjyjp =R + H



37
T=27(R+ H)”z\j%

"2
)3
R+H=|— %
2r\u

Since M >>m, i = m. Replacing k by GMm
2’)‘
el T
H=(GM)'|—| -R &
(GM) [er) (5.81)
lday=8.64x10*s  G=6.67x107"" Nm?/kg?

M=598x10%kg R=6.38%x10°m

Substituting these values in Eq. (5.81), we get H = 3.59 104 km which is a
constant.

5.11 ORBITAL TRANSFERS

In this section we briefly investigate two types of orbital transfers: (i) transfer of
a satellite in a circular orbit around the earth to an elliptical orbit around the
earth, and (ii) sending space probes from one planet to another.

A satellite in a circular orbit of radius r around the earth can be sent into an

elliptical orbit with a perigee distance r. by a sudden blast of rockets at the

proposed perigee. A rocket blast at perigee increases the velocity perpendicular
to the radius vector only. The increase in velocity increases the energy E and the
angular momentum. Consequently, the eccentricity increases from zero to
positive value and the orbit changes from circular to elliptical (see Fig.5.8). This
technique was followed in the Apollo moon mission.



U Apogee

Fig. 5.8 Orbital transfer from circular to elliptical orbit around the earth.

The most efficient way of achieving the second type is to put the probe in an
orbit, elliptical or circular, that joins the orbit of earth and that of the other
planet. Such an orbit is called a transfer orbit. The situation is illustrated in Fig.
5.9. In figure the transfer orbit is dashed.

Mars’ orbit

Transfer orbit

Fig. 5.9 The transfer orbit from Earth to Mars.

For discussion let us consider a space probe from earth to another planet, say
Mars. For simplicity, let us assume that their orbits about the sun are circles of
radii rg and rp. The transfer orbit is tangential to the earth’s orbit at E and also

tangential to Mars’ orbit at M. The length of the major orbit of the transfer orbit
=rg +rp - Let L and E be the angular momentum and energy of the earth’s

orbit and L and E be that of Mars’ orbit, respectively with E > E and L > L. To
transfer a probe from Earth’s to Mars’ orbit, the probe should be given an
acceleration at E to change the L and E values of earth, and once again an



acceleration is given at M changing the values to L and E so that it can orbit
around Mars.

For the earth to go around the sun (mass M) in an orbit of radius rg and
velocity v.

2
HIV GM _m
0 — 2’ or v,=,GM, /1 (5.82)

The velocity vq is also given by

ZﬁrE
Y= T (5.82a)
E

where Tf is the period of the orbital motion of Earth. At E, the probe is given a
velocity vi to be in the transfer orbit. In the transfer orbit, energy

E- -k __GMm
major axis rg + Iy
Energy at E is also given by
E =lm.v12 L
) '
Equating the two expressions
_ GM m =£mvf‘ _ GMm
gty 2 g
2GM 2
vi= s_ ™M _ 2 M

rg (g +1ny) 0 rg + 1y (5.83)

where Eq. (5.82) is used. The probe is given speed vy at E so that it travels in an

elliptical orbit, the transfer orbit whose apogee is M. Next let us evaluate the
speed of the probe vy when it reaches the apogee. By the law of conservation of

angular momentum for the transfer orbit
‘Vl et !‘E = Vz X J‘M

e
¥2. =Y o (5.84)
M

Taking T as the time period in the transfer orbit and using the result that T 2 is



proportional to the cube of the major axis
2 2
T T

(ZrE)3 B (rg + 1y )3

( & 3/2
I T
T=| u] Te (5.85)

Knowing rg , rps and T, we can calculate v, vq, vp and T from Egs. (5.82a),

(5.83), (5.84) and (5.85).
Generally, vy is less than the orbital speed of Mars, vpj. Hence, when the

probe reaches the Martian orbit, the approaching Mars will overtake the probe.
To avoid this when the probe arrives at M, the speed of the probe is increased
from vy to vp,. If the probe transfer is to one of the inner planets, say Venus or

Mercury, instead of increasing the speed, it has to be decreased from v( to v1 to

put the probe in a smaller transfer orbit. Again the probe has to be slowed down
to the orbital speed of Venus.

5.12 SCATTERING IN A CENTRAL FORCE
FIELD

Scattering is an important phenomenon in physics, since it is used to investigate
different aspects in different areas in physics. The scattering of high energy a
particles by positively charged atomic nuclei is a typical example of the motion
of a particle in a central inverse square repulsive field. Such an experiment was
first carried out by Geiger and Marsden and analyzed by Rutherford.

Consider a uniform beam of particles of same mass and energy and incident
upon a centre of force. It will be assumed that the force falls off to zero for very
large distances. The number of particles crossing a unit area placed normal to the
beam in unit time is the intensity I, also called flux density. When a particle
approaches a centre of force, it will either be attracted or repelled and its orbit
will deviate from the incident straight line path. After passing the centre of force,
the force acting on the particle will diminish, so that the orbit once again
approaches a straight line. In general, the final direction of motion is not the
same as the incident direction and the particle is said to be scattered. Fig 5.10



illustrates the scattering of an incident beam of particles by a scattering centre at
O which is taken as the origin. Angle f is the angle between the incident and
scattered directions and is called the scattering angle. The cross-section for

scattering in a given direction, o(£2). jg defined by

o(Q) dQ = number of particles scattered into solid angle d€) per unit time

—z— : (5:86)
incident intensity /
where dW is an element of solid angle in the direction W. Often 7“2 is referred
to as the differential scattering cross-section which has the dimension of area.
Hence, the name scattering cross section. The total cross-section st is defined

£ a(Q) dLd

as the integral o over the entire solid angle 4p.

Or = _[ o(£2) di2 (5.86a)
4r

N =

- . e
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e T 9 \9— 49
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scattering
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Fig. 5.10 Scattering of particles with impact parameters between b and b + db are scattered through angles
between fand f - df.

The impact parameter b is defined as the perpendicular distance between the
centre of force and the incident velocity direction. Fig. 5.10 shows particles with
impact parameter between b and b + db being scattered through angles between
0 and 9 ~ 49

The number of particles incident in unit time with impact



'y

parameter lying between b and b + db =1 X 27b db (5.87)
The solid angle dQ lying between ¢ and ¢ —d¢ is given by

dQ =

2rrsing X rd ;
f ¢= 2r singd g (5.88)

r
where ris the radius vector of the particle. From the definition of ¢(£2) we have

The number of particles scattered into solid angle d€2 in unit time
= o(¢) d2l
=0(@) 2rsingdp x 1 (5.89)

The number of particles scattered in unit time into the solid angle between ¢ and
¢ — d¢ must be equal to the number of incident particles in unit time with impact
parameter between & and b + db. Hence,

o(¢) 2msing do x I =1 2zh db

b db

o(p)=- T (5.90)

The negative sign is introduced because an increase in impact parameter means
less force is exerted on the particle, resulting in a decrease df in the scattering
angle. Equation (5.90) is a general result valid for both repulsive and attractive
inverse square fields.

To illustrate the procedure, let us consider the scattering of charged particles
by a Coulomb field. Let the scatterer have a charge Ze and the incident particles

a charge < ‘e The force between the charges is repulsive and is given by

f(r)= foz (5.91)
For convenience the factor *"€v is left out from the denominator. The
corresponding potential y7 — 2z’ (5.92)
r
In Section 5.6, while solving the differential equation to get the equation of the
orbit, we used V(r) = — k/r. However, here V is positive. Hence, the results of

Section 5.6 can be taken over here with the change



k=-27"¢" (5.93)
With this value of &, Eq. (5.52) reduces to

1 A 2
L s H [1+ & cos (0 —b,)] (5.94)
r I
o1, 2EC \” -
which is the eccentricity of the conic. As the constant 8 simply determines the
g, =%

orientation of the orbit, we can select which will make the orbit
symmetric about the direction of the periapsis. This reduces Eq. (5.94) to
2
Hzz’e

1
;:T(ECDSH—U (5.96)

Next let us see more about the eccentricity. If v( is the incident speed of the
particle, its angular momentum is given by

When the incident particle is far away from the scattering centre, the influence of
the scatterer is not felt and therefore the total energy E of the particle is the same

as the kinetic energy: FE = % iUvg Or Vg = i (5.98)
i
With  this  value  of \ , Eq. (5.97) takes the form
12 =2uED?

Substituting this value of L? in Eq. (5.95), we have

_[Fl ( 2ED \’ﬂf
kZZ’EZJ _|

(5.99)
It is evident from Eq. (5.99) that the eccentricity =~ L Hence, the path of the
particle will be a hyperbola. Fig. 5.10 shows the orbit parameters and the
scattering angle f. From Fig. 5.11, we have



o |

P=7-20 o €=‘Z

cosﬁzsin% (5.100)

Fig. 5.11 Angle g and scattering angle fin repulsive scattering.

When r is very large, from Eq. (5.96) ccosé—1=0 or cosf=1/<. Hence,

co:m‘.i’::qirlﬂ:l or cosec£=e
€ 2
c0t2g=coseczg-l=62-l (5.101)

Substituting the value of &> —1 from Eq. (5.99), we get

Substituting these values in Eq. (5.90), we have

; 2
(ZZ’EZ;"ZE) CDt;—bCOS'EDCZ ¢d¢

o= e
4sin - cos — dg
% 2
_ifze) 5.102
4\ 2E ) 49 (-102)
2

which is Rutherford’s scattering formula for a-particle scattering. Non-
relativistic quantum mechanics also gives the same result.



The assumption that no incident particle interacts with more than one target
nucleus is valid if the scattering angle is not too small. An interesting feature of

the expression is the appearance of the factor 44 “ as square. This indicates
that the distribution of the scattered particles is the same for an attractive force as
for a repulsive force.

5.13 SCATTERING PROBLEM IN LABORATORY
CO-ORDINATES

The laboratory co-ordinate system is the one where the incident particle moves
in and the scatterer is at rest. The actual measurements are made in this system.
The scattering angle measured in the laboratory, denoted by c, is the angle
between the final and initial directions of the scattered particle. However, in
general the scatterer is not fixed but recoils from its position as a result of
scattering. The scattering angle f, calculated from the equivalent one-body
problem, is the angle between the final and initial directions of the relative
vector between the two particles. The two angles ¢ and f would be the same only
if the scatterer is at rest throughout. In general, the two are different as shown in
Fig. 5.12(a).

(a) (b)

Fig. 5.12 Scattering of two particles: (a) as viewed in the laboratory system; (b) as viewed in the centre of
mass system.

In the centre of mass system, the centre of mass is always at rest and is taken
as the origin. In this system the total linear momentum is zero and therefore the
two particles always move with equal and opposite momenta, as shown in
Fig.5.12 (b). Before scattering the particles are moving directly toward each
other; afterwards they are moving directly away from each other.



Next, we shall derive the relation connecting the two scattering angles
fand c. Let r1 and vq be respectively the position and velocity after scattering of

the incident particle in the laboratory system and " and Vi the respective
position and velocity after scattering of the particle in the centre of mass system.
Let R and V be the respective position and velocity of the centre of mass in the
laboratory system.

At any instant by definition (see Fig.5.1)
n=R+r’
Hence,
vi,=V+vy/ (5.103)

This vector relation is illustrated in Fig. 5.13 at a time after scattering. At that
time the vector v; makes an angle y and v’; makes an angle ¢ with the vector V
which is along the initial direction. From Fig. 5.13

AB  v/sing sing
OB v/’cos¢p+V cosg+(V/v))

tan y = (5.104)

N A

_______________________________ o
O C B

Fig. 5.13 Relation between the velocities in the centre of mass and laboratory
co-ordinates.

From Eq. (5.5) we have



I

n=—-
my + ny
,_ MV pv
W, = om e
1 mm, m (5.105)

where v is the relative velocity after the collision. Since the scatterer is initially at
rest, by the law of conservation of linear momentum

(m +m,)V =myv,

mVe _ HVo

_(ml"‘mz:'_ 1,

(5.106)

Substituting these values of V and¥ in Eq. (5.104), we get

sin ¢
tan y = —— (5.107)
cos@+ p
where,
p=LTo Yo (5.108)

m,v{ M,V

When the collision is elastic the conservation of the total kinetic energy of the
two particles leads to v = v, In that case

D= :;i (elastic scattering) (5.109)
2

If m, >>m;, p— 0 and we get

tany=tang or }y=¢ (5.110)

which is the case for a fixed scattering centre. If the scattering is inelastic, ¥ * ¥©
and we need detailed calculations based on the amount of energy transfer for the
evaluation of v/v().

For the interpretation of the results the relation between s (f) and s(c) is
required; here s(c) is the differential scattering cross-section expressed in terms
of the scattering angle in the laboratory system. This can be obtained by using
the condition that the number of particles scattered into a given element of a
solid angle must be the same, both in the centre of mass and the laboratory co-
ordinate systems. That is,



27l (¢)sinpdg = 2zl o’ (y)sin yd y

singd¢ - d(cos )

o =
‘W)= ((9) T AR T} (5.111)
From Fig. 5.13, we have
vi=v{>+V? +2v{Vcosg (5.112)
and v,cos ¥y =V + v{cos¢ (5.113)

Substituting for v; from Eq. (5.112) , Eq. (5.113) becomes
V + v{cos¢
(V{2 + V2 +2v/Vcos @)

Replacing Vusing Eq. (5.106) and introducing p which is defined by Eq. (5.108),
we get

QoS X= (5.114)

p + cos@

cos ¥ =
“ (l+2,0cc;*.usg@,‘l+1.92)}/2 (pdl)

Differentiating

d(coq;g) l (p+ cos@)p
d(cos®) (1+2pcosg+p )'5 (1+2pcosg+ p* %

1+ pcos¢
(l+2pcos¢+pz j%

(5.116)

Combining Egs. (5.111) and (5.116) we have

(I1+2pcos¢+ pz)%
1+ pcosg

o'(y) = a() (5.117)



There are two interesting cases when the scattering is elastic, or p=m,/m,.
m,>m,: Inthe case of Rutherford o scattering, m, = 4 atomic units and m, is
usually 100 atomic units or larger. Under this condition, p is very small and can
be taken as zero. In that case Eq. (5.117) reduces to

o' (x)=0o(9) (5.118)

in conformity with the result in Eq. (5.110).
m, =m,, p=1: Atypical example of this case is neutron-proton scattering. From

Eq. (5.107)

. f /
sing 2sin f% cos% _ tanV
cos@+1 20 2
¢ 2cos /2

tan y =

=9 (5.119)

Substitution of Eq. (5.119) in Eq. (5.117) leads to

o'(y)=40(2y)cos y ZS%’

Thus, with equal masses, scattering angles greater than 90° is not possible in the
laboratory system. The entire scattering takes place in the forward hemisphere.

WORKED EXAMPLES

Example 5.1 The orbit of a particle of mass m moving in a central force is given

p=1 (5.120)

by r = kq 2, where k is a constant. Find the law of force.
Solution: In the central force problem, the equation of the orbit is given by Eq.

dzflJ 1 m

B Wl (1 i ol :
(5.48) 1P\ - I?rF&) (i)



Itis given that r=k@> or = 2

d (1) df 1 2

3 |
)

6\7)” 46\ k&

d> (1\_ 6 6k )
de*\r) ke* @)

Substituting Eq. (ii) in Eq. (i), we get

%+£:—£r2}7(r)

y 2 r L?.

L ( 6k 1)

Fir)=-—{ > +—
i

(i)
which is the law of force.

Example 5.2 A particle moves in a circular orbit in a force field F(r) = — kir2.
Suddenly k becomes k/2 without change in velocity of the particle. Show that the
orbit becomes parabolic.

Solution: In elliptical orbits, from Eq. (5.59) we have the total energy

E = —k/2a. In the case of = 0 an elliptical orbit reduces to a circle, the semi-

major axis a equals semi-minor axis b and is just the radius of the circle r. For

the circular orbit, the total energy E, potential energy V and kinetic energy

& V=- E and T = &
2r i 2r

When k becomes k/2 there is no change in velocity. Hence, kinetic energy

remains the same, but potential energy changes.

T are givenby FE=—

k
New potential energy =— _2r
k k
Total energy E= Z + [_ E) =0

Then the eccentricity of the orbit is 1 which is a parabola.

Example 5.3 A particle moves in a circular orbit of diameter b in a central force
field. If the centre of attraction is on the circumference itself, find the law of



force.

Solution: In a central field, the differential equation of the orbit, Eq. (5.48), is

. d* (1Y 1 m
givenby — i = |4+-=——* F(r) (i)
do*\r) r I
In Fig. 5.14, O is the centre of force, and A is the position of the particle. The
a A
co-ordinates of the particle are r and g. From the figure O 5 B
Fig. 5.14 The circular orbit of the particle.
r=bcosf (ii)
i[i)zi[sem?) = lse-::aﬁ-ii‘tarnﬁ-?'
dé\r) dé\ b b
d* (1 ) 1 . T
—| — [=—(secftan”" @ +sec” &
o k-" P ( ) (iii)
Substituting Eq. (iii) in Eq. (1), we get
1 2 3 secd m,> 2
—(secftan” @+ sec’ @)+ ——=——=b"cos" @ F(r ;
b( ) b IE (r) (iv)
| 2 3 sec @ m . s 2 i
E[secﬂ(sec f—1)+sec” 8]+ =—Fb cos” @ F(r)
3
2sec o =— ﬁzbiZ cos’ @ F(r)
b L
20[*sec’§  20%* K
£lr)= 3 T 5 5 v)

mb mr r
where K is a constant.

Example 5.4 The eccentricity () of earth’s orbit around sun is 1/60. Show that
the time taken for travel of the arc ABC is about 2 days more than the time it
takes to trace CDA (see Fig. 5.15).



Solution: While travelling the arc CDA the radius vector moves from C to D and
then to A. During this, the area of the triangle (shaded) is left out. This area is
included while travelling the arc ABC. Since areal velocity is constant, this
additional area will certainly take some time. From Egs. (5.57) and (5.58) we

Fig. 5.15 Earth's orbit around the sun.

K= L £I=—1 5
Cl+e) Cl-€v)
SO=a-np= L s -
Cll-€") Cd+e)
€
T
C(l—e°)
Additional area = ZXleX ae=bae
; ; abe
Time required to sweep area abe = years
zab
€
= — years
T
1x365d
=w52days
60 x 7

Example 5.5 A satellite in an elliptical orbit around the earth has the equation
8200 km

r

=1+ 0.2cosd



Find: (i) the values of semi-major and semi-minor axes; (ii) the period of the
satellite; (iii) the altitude of perigee and, apogee and (iv) the velocity of the
satellite at perigee and apogee. Radius of the earth = 6380 km, mass of the earth

=5.97 1024kg, gravitational constant G = 6.67 10 _llez/kgz.

Solution: From Eq. (5.56), we have

1'f£=l+-_r-‘|c:nc-515? (1)
-



1 5
Equation (5.58) gives C =a(l-€")

Combining the two equations we have

a(l— 62)

r

The given equation is 8200 km =14+ 0.2cosf

r

=1+ ecosl

Comparing Eqgs. (ii1) and (1v) we get
a(l-€’)=8200km and &=0.2
8200km

(1) The semi-major axis a = =8541.7km

The semi-minor axis b = ay/1 — € = 8369.1km
7
(i)  Period of the satellite T = 22— =2 hrs 11m 2s
JGM,
(iii) Fmin = @(1 — €) = 8541.7 km x 0.8 = 6833.4 km.
Tmax = @(1 + €) =8541.7 km x 1.2 = 10250.0 km.
Altitude of the perigee = 6833.4 km — R =453.4 km
Altitude of the apogee = 10250.0 km — Rg = 3870.0 km
(iv) Velocity at the perigee and apogee
Vo = r8=— [from Eq. (5.18
9 r [from Eq. (5.18)]

L 2A
m = T [from Eq. (5.23)]

Hence,
2A 3 2rab

- F Tr

Yo

2mab

Velocity at perigee = =30111km/h

min

27%ab _ 50074 km/h

Velocity at apogee =

rnm

(ii)

(iii)

(iv)

(v)



Example 5.6 A satellite of mass 2500 kg is going around the earth in an elliptic
orbit. The altitude at the perigee is 1100 km, while at the apogee it is 3600 km.
Calculate (i) the value of the semi major axis, (ii) the eccentricity of the orbit,
(iii) the energy of the satellite, (iv) the angular momentum of the satellite, and
(v) the satellite’s speed at perigee (Vp) and at apogee (v). Radius of the earth

= 6400 km, gravitational constant = 6.67 10~11 N.mz/kgz, mass of the earth
=5.97 1024 kg.

Solution: We have



(i) r_,, = radius of the earth + altitude at perigee = 7500 km
F oo — Tadius of the earth + altitude at apogee = 10000 km

Bk B 17500

= 5 km = 8750 km
. E_rnlﬂx_ﬁnin_ﬁmx_ﬁni _ 2500 km _l
(“} ) Fmax T Mnin 2a 17500 km 7
(iii) g=—X . UM seosu10]
2a 2a
: o i 2EI?
(1v) ,ukz
2=_ M_ N m(GMm)* (1-€?)

2E 2E
Substituting the values and simplifying

L=1.46x10" kg.m?/s

(v) Conservation of angular momentum gives

L=mv, tyin =MV, Ly
14 2
v, = L 146x10"kg.m ;’s — 7786.7 /s
Mipin - 2500 kg (7500 X 10" m)
14 2
¥ L  1.46x10" kg.m"/s — 5840.0 m/s

My 2500 kg (10000 x 10° m)

Example 5.7 A spacecraft in a circular orbit of radius r. around the earth was

put in an elliptical orbit by firing a rocket. If the speed of the spacecraft
increased by 12.5% by the sudden firing of the rocket, (i) What is the equation of
the new orbit? (ii) What is its eccentricity? (iii) What is the apogee distance?

Solution: Let v, be the speed in the circular orbit. The speed after firing of



rocket vo=v.+0.125v_=1.125v,

(1) From Eq. (5.79) the equation of orbit is given by

. (1.125)%r, _ 12%s
14[(1.125)* —1]cosd 1+0.27 cos &
(V) 5 2
(ii) Eccentricity E:L_ —1=(01.125)° -1=0.27
¥
(ii1) At the apogee, 8= mand r i8S rypgy,
1.27
e = S =1.741,
1-0.27

Example 5.8 A spacecraft launched from earth has to be put into an orbit around
Mars. Calculate (i) the speed of the spacecraft around the earth, (ii) the speed of
the spacecraft at the launch point in the transfer orbit, (iii) the speed of the craft
when it arrives at Mars, and (iv) the time taken by the craft for the Earth — Mars

trip. Radius of the Earth orbit = 1.49 108 km, radius of the Mars orbit
=2.265 108 km.

Solution:



(i) Time period of the orbital motion of the earth 7. = 3.15 x 107s
_ 272(1.49 x 10° km)
315x10's

(i1) The speed of the spacecraft at the perigee of the transfer orbit is given by
Equation (5.83)

=29.7 km/s

Speed around the earth Vo

» 25y 5 (4.53x10° km) (29.7 km/s)?
Vi=———— V=

i + ¥y 3.755x10% km
vy = 32.62 km/s

=1064.15 km?/s?

which is the launch velocity in the co-ordinate frame of the sun.
(i11) From Eq. (5.84)

o te _ (149x10%km) (32.62 kmvs)
2 | S

= =21.46 km/s
'yg 2.265 % 10" km

(iv) From Eq.(5.85), the period in the transfer orbit is

3/2 R 1/2
T=|ZE ™M | T _ 3'755}“03 km (3.15%107s)=4.46 x 107s
2rg 2.98 x 10% km

Time for Earth-Mars trip = %z 2.23x10"s =258.1days

Note: We can calculate the orbital speed of Mars and then by how much the
speed has to be decreased when it reaches Mars.

Period of Mars around the sun =1.88 yrs=5.93x10"s

2y, 2m(2.265 x10° km)
5.93x107s 5.93x107s

Orbital speed of Mars Vy = =24 kmy/s

Thus, when arriving at Mars, the craft’s speed has to be increased by
(24.0 — 21.46) km/s = 2.54 km/s in order for the spacecraft to go into orbit
around Mars.

Example 5.9 Consider scattering of particles by a rigid sphere of radius R and
calculate the differential and total cross-sections.

Solution: Since the sphere is rigid, the potential outside the sphere is zero and



that inside is . Fig. 5.17 illustrates the scattering by a rigid sphere. A particle
with impact parameter b > R will not be scattered. If b < R, due to the law of
conservation of momentum and energy a particle incident at an angle a with the
normal to the surface of the sphere will be scattered off on the other side of the
normal at the same angle a (see Fig. 5.17).

Fig. 5.16 Scattering by a rigid sphere.

From figure

: b
Slnﬂ':E and ¢p=r-20x
T—¢ . . T=¢ ¢
a= Smma=s8in——/———=C0s5
5 or sin sin 5 cos 5
Equating the two expressions for sin
b=R cosﬂ
2
Substituting this value of b in Eq. (5.90)
b db R’
o) =-— ===
sing dg 4

which is independent of f and incident energy.

o = _[ 5(Q)dQ =21 _[g(f;;)siwdcp
4 0

2

=2H%[—costp]g =nR*



Example 5.10 Derive an expression for the velocity of an earth satellite in terms
of its radius vector r, the semi major axis a of its elliptical orbit, the mass of the
earth M and the gravitational constant G. Hence, obtain its velocity at perigee
and apogee if a = 27411.8 km and eccentricity € = 0.758. The value of

GM =39.82 x 1013 m3/s2,
Solution: ~ Total energy E of the satellite is given by
E:inw2+(:$] k=GMm
2 kr

where m is the mass of the satellite and v its velocity. Energy £ is also given by
e
2a

Equating the two expressions for energy and substituting for &

GMm 1 , GMm
== = —mv- —

E

2a 2 r
=cm(2- 1)
r oa
At perigee, r = a(1 — £). Hence, velocity at perigee (v,) is,
2 1] GM [ 1+
o2 1).0M [1+e)

ka(l—e) N Ejz a LI—EJ
At apogee, r = a(l — ) and velocity at apogee v, 1s given by
2o oM EJ
“ all+e
Substituting the values of GM, g and € and simplifying
v, =10.15 km/s and v, = 1.43 km/s

Example 5.11 Find the law of force if a particle under central force moves along
the curve r = a(l + cos ).

Solution: The differential equation of the orbit is



d* (1 1 mr?
0 e WO . - s
16 LJ"‘ p 12 (r) (1)
ifi)_i( 1 _)__ sind )
do\r)  do | a(1+ cosh) - a(l +c056‘]2 (i1)
d? f’l) d sin @ cosé 2sin’ @
) el e -l 7 T 3
d6*\r) de a(1+ cos6) a(l+cosf)” a(l+cos®)
acosé 2&2(1—60829)_r_a+2a2_2(r_a)2
a’ (1 + cnsﬁ)z a (1+ cos€)3 3 r
_r=a —2r2+4ar_l_i_g 4_(.1
2 3 r £ 3
__1 3a
g (1i1)

Substituting Eq. (iii) in Eq.(1)

1 3a 1 mr
et
3al?
F(r]—— 1
mr
which is the law of force.
REVIEW QUESTIONS

1. What is a central force? Are all central forces conservative?

2. In central force motion, the conservation of angular momentum implies the

constancy of the areal velocity. Prove.
3. Outline the general properties of central force motion.

4. What is the first integral of the central force motion? Explain with an

example.

In central force motion, obtain the energy equation in the form



+V(r) L = angular momentum

6. In the case of inverse square law force field, if the orbit is circular prove that
the potential energy is twice the total energy.

7. How does the value of eccentricity and energy determine the shape of the orbit
in a central force problem?

8. Consider a particle of mass m moving in a plane in a central force field. Write
its Lagrangian in plane polar co-ordinates. Write the equations of motion and
obtain the differential equation of the orbit.

9. Explain precessional motion.

10. Explain how a satellite in a circular orbit of radius a around the earth is send
into an elliptical orbit around the earth with a distance of closest approach a.
11. What are transfer orbits? Explain briefly the steps involved in sending a

space probe from earth to an outer planet.

12. Explain the working of communication satellites.

13. How did Kepler’s laws pave the way for Newton to develop his law of
gravitation?

PROBLEMS

1. A particle of mass m is observed to move in an orbit given by r = kq, where k
is a constant. Determine the form of the force.

2. A particle describes the path r = ke®, where k and a are constants, in a

3

central force field. If the mass of the particle is m, find the law of force.

3. For a satellite in an elliptical orbit, the value of perigee and apogee distances
from the centre of force are denoted by rpjn and rpgx, respectively. Show
that the eccentricity € = (Viux — 7inin )/ (Finax + 7imin )-

4. For a satellite in an elliptical orbit, the velocities at perigee and apogee points
are  up and ug, respectively. Show that the eccentricity
€=(u, —u,)[(u, +u,).

5. A satellite in an elliptical orbit around the earth has the equation
9500

¥
Find the values of (i) the eccentricity (ii) the semi-major axis (iii) the semi-minor

km=1+0.1cos@

axis, and (iv) the period. Mass of the earth = 5.97 1024 kg, gravitational



constant G = 6.67 1011 Nmz/kgz.
6. A planet of mass m is moving around the sun in an elliptical orbit. If M is the
mass of the sun, show that (i) energy E = — GMm/(rmin + 'max); (i) period

T = 2pGM/(—2E/m)/2.

7. The energy E, and radius of the orbit r, of hydrogen atom, according to

quantum theory, are given by
kz 4 2 ﬁ}:’

En:“ Teza Fy = . 99 and k=

2h°n kme

the transition » — n—1 for large quantum numbers and show that the results

. Evaluate the frequency for

dre,

of quantum theory is consistent with Kepler’s third law.
8. Show that the product of the maximum and minimum velocities of a particle

moving in an elliptical orbit is (2;;,;1/1“)2 ., where a is the value of the
semi-major axis and T is the time period.

9. A particle of mass M moves in a central repulsive force field towards the
centre of force with a velocity ug and impact parameter b. If the force is

F(r) = k/r3, find the closest distance of approach to the centre of force.
10. A particle of mass m moves in an elliptical orbit about the centre of attractive

force at one of its focus given by k/r2, where k is a constant. If a is the semi-
major axis, show that the speed u of the particle at any point of the orbit is

k {2 1)’-"2
U=, —|———1 .
H\F ol

11. A particle of mass m moves in an elliptical orbit under the action of an
inverse square central force. If a is the ratio of the velocity at perigee to that at

apogee, show that the eccentricity € =(a —1)/(d +1).

12. A particle moves in a circular orbit about the origin under the action of a

central force F(r)= —%. If the potential energy is zero at infinity, find the
F

total energy of the particle.
13. A particle of mass m describes the conic r +r € cos@ =/, where | and are

constants. Find the force law.
14. A particle of mass m at the origin, acted upon by a central force, describe the

curve r = ¢ 4, where ,? are the plane polar co-ordinates. Show that the



magnitude of the force is inversely proportional to .

15. The orbital plane of an earth satellite coincides with that of the earth’s
equator. If it is at an altitude of 1000 km above the earth surface at perigee and
2000 km at the apogee, find (i) the eccentricity of the orbit, (ii) the semi-major
and semi-minor axes, and (iii) the period of the satellite. The radius of the

earth is 6380 km, the mass of the earth = 5.97 x 1024 kg, and the gravitational

constant G = 6.67 10711 Nmz/kgz.

16. Show that at least three geostationary satellites are needed to cover all points
on the equator of the earth.

17. A satellite is launched from the earth. At perigee, it is 636 km above the
earth’s surface and has a velocity of 9144 m/s. Calculate (i) the eccentricity,
(ii) the apogee distance, and (iii) the velocity at the apogee. The radius of the

earth = 6380 km, G = 6.67 10_11 Nmz/kgz, and the mass of the earth
=597 1024 kg.



6

Hamiltonian Mechanics

In Lagrangian formalism, generalized coordinates (g;’s) and generalized
velocities (¢;’s) are used as independent coordinates to formulate dynamical

problems which result in second order linear differential equations. In
Hamilton’s formalism, generalized coordinates and generalized momenta (p;’s)

are used as basic variables to formulate problems. The formulation is mainly
based on the Hamiltonian function of the system which is a function of g;’s and

p;’s of the system. The resulting first order linear differential equations are easier

to handle mathematically. Hamilton’s formalism also serves as the basis for
further developments such as Hamilton — Jacobi theory and quantum mechanics.
Throughout this chapter, we shall assume that the systems are holonomic and the
forces are derivable from a position-dependent potential.

6.1 THE HAMILTONIAN OF ASYSTEM

The Hamiltonian H of a system, defined by Eq. (3.69), is

H =ZP;‘?£ ~L(g.41) (6.1)
where, as before, g stands for g, g....,4,. Using the relation
o (6.2)
94;

it 1s possible to express ¢; in terms of p;. When this is done, we can write

H=H(p.q,t)  q=qy: 4y 4, P= Pps Pysens Py (6.3)

That is, H is expressed as a function of the generalized coordinates, generalized



momenta and time. In Lagrangian formalism, the configuration space is spanned
by the n generalized coordinates. Here, the g’s and p’s are treated in the same
way and the involved space is called the phase space. It is a space of 2n
variables q1, q2,....qn, P1, P2,---» Pn- Every point in the space represents both the

position and momenta of all particles in the system.

As already pointed out, in general, H need not represent the total energy of the
system. However, if the transformation equations connecting the cartesian and
generalized coordinates do not depend on time explicitly, H is equal to the total
energy of the system.

6.2 HAMILTON’S EQUATIONS OF MOTION

Hamilton’s equations of motion can be derived in the following different ways:
(i) From the Hamiltonian of the system (ii) From the variational principle.

In this section we shall derive them from the Hamiltonian of a system given by
Eq. (6.1). Differentiating Eq. (6.1), we have



oL oL 1 oL |
cm=§ da. + ¢ dp; —— dg;, — —dé: |- — d 6.4
; [n q; + q; dp; i qi 2% qﬂ » t (6.4)

(oL
Since Pi = Lg » the first and fourth terms on the right side of Eq. (6.4) together

vanish. Hence,

~(., oL, ) oL
dH —qu;dp,‘ _a—q}dqu_gdr (6.5)

Taking the differential of H in Eq. (6.3)

(OH oH =\ OH
A= 2 a8 A p SO
i Lafi'i q,+ap£ pFJ+ ot I o)

Comparing Eqgs. (6.5) and (6.6) and using Eq. (3.53), we get

. dH .

Q: = g . L= ]_, 2,..., n (6.7)

. JdH .

B el (6.8)
oH oL .
Fam " 52

Equations (6.7) and (6.8) are Hamilton’s equations of motion. They are also
called the canonical equations of motion. They constitute a set of 2n first order
differential equations replacing the n second order differential equations of
Lagrange.

Hamilton’s equations are applicable to holonomic conservative systems. If part
of the forces acting on the system is not conservative, Lagrange’s equations take
the form



d AL L _

Ea—%—a—%—ﬁ (6.10)

where Q); represents the forces not arising from a potential and L contains the

conservative forces. Replacing (d1/0g;) by p;in Eq. (6.10), we have

, _dL
= —4 i
pi 3 Q; (6.11)
In such cases, Hamilton’s equations are
. _3H
4 . (6.12)
; oH
pi==7 -0 (6.13)
6.3 HAMILTON’S EQUATIONS FROM VARIATIONAL
PRINCIPLE
Hamilton’s variational principle stated  in Eq. (4.2) is
ol = 5_[ L(g.q.1)dt =0 (6.14)
h
Here ¢;(t) and hence g,(t) is to be varied such that
oq; (t,)=0q;(t,)=0 (6.15)

which refers to paths in configuration space. In Hamilton’s formalism, the
integral I has to be evaluated over the trajectory of the system point in phase
space, and the varied paths must be in the neighbourhood of this phase space
trajectory. Therefore, to make the principle applicable to phase space trajectories,
we have to express the integrand of the integral I as a function of the
independent coordinates p and g and their time derivatives. This can be achieved
only by replacing L in Eq. (6.14) using Eq. (6.1). We then get



rzr ‘|
61=5j!Zp;c;?,-—H(p,qsf)Jng (6.16)

where q(t) is varied subject to 6q;(n)=04;(1,)=0 and pj(t) is varied without

any end-point restriction. Since the original variational principle is modified to
suit phase space, it is known as modified Hamilton’s principle. Carrying out

the variations in Eq. (6.16) we have
oH JH

_[Z Piog; + ;0p; — =94, c?pi]dr—o (6.17)
\ dg; ' Ip;

We now integrate the first term in Eq. (6.17) by parts

The integrated term vanishes at the end-points #; and f, and therefore

2 2
jp;&}'; dt =— j p;0g; dt (6.18)

i h

Substituting Eq. (6.18) in Eq. (6.17), we have

:
jz KP’ ]c'fqp { %]injdr—ﬂ (6.19)

Since the modlfled Hamilton’s principle is a variational principle in phase space,
the dq’s and dp’s are arbitrary and therefore the coefficients of dg; and dp; in

Eq. (6.19) must vanish separately. Hence,

pi=——  i=12,...,n (6.20)



Thus, Hamilton’s principle gives an independent method for obtaining
Hamilton’s equations of motion without a prior Lagrangian formulation.

6.4 INTEGRALS OF HAMILTON'S
EQUATIONS

Energy Integral

Hamiltonian H is a function of the generalized coordinates q;, the generalized
momenta p; and time: H = H (q, p, t) Differentiating with respect to time

ﬁzz(aﬂ, OH . | 9oH

| — A —— fo b ——
If H does not depend on time explicitly, (9fjdt) = 0. Replacing 4 and #
using Hamilton’s equations,
ﬁ_z(aH OH _OH 0H)_
dt 4\ dq; dp; Ip; q; ) (6-22)
Hence,
H (g, p) = constant = h (6.23) That is, H is conserved and the

quantity h is called Jacobi’s integral of motion. If the holonomic
constraints are time-independent and the potential is velocity-independent
as shown in Eq. (3. 71), the Hamiltonian H is the total energy of the
system.

H=E=h (6.24) Integrals Associated with Cyclic Coordinates In
Section 3.8, we defined a cyclic or ignorable coordinate as one that does not appear explicitly in the

(dL/dg, ) =0

Lagrangian of a system. If the coordinate g; is not appearing in the Lagrangian, and

oH 2 [ ) |

dg;  dg; KZ,' ) i
Hence, it will not be appearing in the Hamiltonian also. Combining the above
equation  with  Hamilton’s  equation, Eq. (6.8), we  have



L _OH
Pi 9. (6.26)

p; = constant = b (6.27)

That is, the momentum conjugate to a generalized coordinate which is cyclic is
conserved.
Now, if we have a system in which the coordinates q1, go,..., q; are cyclic,

then  the  Lagrangian of the system is of the form

L:L(qli.'..]%"':qn?q;:qz:-"'! anr) (6‘2‘8)
However, the Hamiltonian will be of the form
H=H (qi15--s@ns b, by by, Py ovns Py 1) (6.29)

When i cyclic coordinates are present in a system, in Lagrangian formalism the
problem is still one of n degrees of freedom, whereas in Hamilton’s formalism it
is one of (n — i) degrees of freedom. This is because even if qj is absent in the

Lagrangian, we have the equation
d oL 0
dt a & (6.30)

6.5 CANONICAL TRANSFORMATIONS

The transformation of one set of coordinates q; to another set Q; by
transformation equations of the type Q; = Q; (91, 92,---» qn, 1) (6.31) is

called point transformation or contact transformation. What we have been doing in earlier chapters are
transformations of this type. In Hamilton’s formalism, the momenta are also independent variables on the
same level as the generalized coordinates. Therefore, it is appropriate to have a more general type of
transformation that involves both generalized coordinates and momenta. Considerable advantages will be
there if the equations of motion are simpler in the new set of variables (Q, P) than in the original set (g, p).
If all the coordinates are made cyclic by a transformation, the solutions will be much simpler. When there is
a transformation from the original set (g, p) to the new set (Q, P), a corresponding change in the
Hamiltonian H (g, p, t) to a new Hamiltonian K (Q, P, t) is expected. The transformation equations for the

(¢, p) to (Q, P) setare Qj = Qj (q, p, t) and P; = P; (q, p, t) (6.32) The (q, p) set obeys
Hamilton’s canonical equations



o o |

We are interested only in those transformations that are governed by Hamilton's
canonical equations

. 0K : oK
= — and P=——
O, P ; 30, (6.34)
Such transformations are called canonical transformations.

The original set of variables satisfy the modified Hamilton’s principle, given
in Eq. (6.16):

iy |- ‘|
5_[[ > pidi—H(a.p. :)J dt=0 (6.35)
4 I- i
The new set of variables (Q, P) should also hold the modified Hamilton’s principle:
Iy |_ ) —|
P [LZ PO, —K(Q, P, f)J dr=0 (6.36)
4 i

The simultaneous validity of Egs. (6.35) and (6.36) means that their integrands
must be either equal or connected by a relation of the type

[ ;
ZP;Q‘;—H(Q, prr]za{ZEQiK(Q:«Pa'r)}'l'% (6.37)

Here a is a constant independent of coordinates, momenta and time. This a is
related to a simple type of scale transformation and therefore it is always
possible to set a = 1. F is a function of the coordinates, momenta and time. The
total time derivative of F in Eq. (6.37) will not contribute to the modified
Hamilton’s principle since



5J—dr—5_[dF S[ F(ty)— F(t))]=0F(ty) - F(t,) =0

In the above, we have used the condition that the variation at the end-points is
zero. This leads to

‘ . dF
2. pdi—Hg pn =Y RO~ K@ P.oy+— (6.38)

The left hand side of Eq. (6.38) is a function of original coordinates and
momenta, and the first two terms on the right hand side depends only on the (Q,
P) set. Hence, in general, F must be a function of the original and new variables
in order for a transformation to be effected. They are 4n in all. Of these 4n, only
2n are independent as the 4n variables are connected by the 2n equations of
constraints given by Eq. (6.32). Hence, the function F can be written in 4 forms:
F1(q, Q, 1), Fy (q, P, t), F3 (p, Q, t) and F4 (p, P, t). The problem in question

will dictate which form is to be selected. Next we consider these 4 types in
detail.
Type 1 — F1 (q, Q, t): When the function F is of this form, Eq. (6.38) can be

written as

: : oF, . O0F oF
> i~ D RO +(K~H)= Z(‘ aQiQ} 5 639)

Multiplying by dt and rearranging

Ek aq.] ka—a—JdQ K- H—a—‘}dr—o (6.40)

Since the original and new coordinates are separately independent, Eq. (6.40) is
valid only if the coefficients of dq; and dQ; separately vanish. Therefore, from

oF

—(¢.0.1) (6.41)

Eq. (6.40) we have P; = 3;



OF,

P=——21(q,0,1
=% (4.0.1) (6.42)
oF,
K=H+Z1
T Y (6.43)
From Eq. (6.41) we can compute Q in terms of g and p if the arbitrary function
F1isknown: Q =Q (q, p, t) (6.44) Using this value of Q in Eq. (6.42) we
can compute P in terms of g and p: P = P (q, p, t) (6.45) Egs. (6.44) and

(6.45) are the desired transformations from the original (g, p) to the new (Q, P)
set. Eq. (6.43) gives the relation connecting the original and new Hamiltonians.
Thus, we can express (Q, P) in terms of (g, p) only if the arbitrary function F1 is

known. Hence, F{ is called the generating function of the transformation. If the
generating function F{ does not contain time explicitly, then K = H.

d~o
= .50

Type 2 — F» (q, P, t): Addition of the term i to the right hand side of
Eq. (6.38) will not affect the wvalue since Fp is arbitrary and



It follows immediately from Eq. (6.38).
BFQ BFz ;
H= ) P K+ P.
E Pid; = Z 0 E 2 2 ;

d : :
N % - Z PO, - 2 0P (6.46)

As two terms on the right hand side together vanish, multiplying by dr and
rearranging
JF,

BFQ fi _OR)
ZL % | dg. +2L PJdPWK H af)dr—0(6.4?)

I !

Since g;’s and P;’s are independent

F,
AW ol |
Pi=3, (¢, P.1) (6.48)
aF,
) i P’ I
0=~ P (q.P.1) (6.49)
dF,
K=H+—2%
+ 3% (6.50)
From Eq. (6.48)
P;=P;(q,p.1) (6.51)

Using this result in Eq. (6.49)
Q;=0Qi(g.p,1) (6.52)

Egs. (6.51) and (6.52) are the required transformation equations.



Type3-F;(p,0,f): Proceedingon similar lines and adding the term —- 2 Pig;

to the right hand side of Eq. (6.38) and simplifying

JoF;

Pi=— t
: aQ!(pQJ
dF;

o T . ’f
q; ap,(PQ:'
oF,

K=H
+Br

Typed - F,(p, P,f): Adding

d d
—EZP;'Q' +EZP#&';

to the right hand side of Eq. (6.38) and simplifying

JdF;
==——=p P, t
oF,
) P
Q; = aP(p 1)
K=H+a£
at

(6.54)

(6.55)

(6.56)

(6.57)

(6.58)

In all these transformations, t is unchanged and therefore it may be regarded as
an independent parameter. However, in relativistic formalism this cannot be so
as space and time are treated on an equal footing. Sometimes a suitable
generating function does not conform to one of the 4 types discussed above.
Different combinations of the 4 types may be needed in such cases. If the
generating function does not contain time explicitlyy, K = H and Eq. (6.38)

reduces to Z(P,-a’q,- - RdQ,)=

Then

the condition for a transformation to be

z ( f )j dlﬁf i ‘F: '::'fgl_)." )

5

must be a perfect differential.

6.6 POISSON BRACKETS

canonical is

that



Hamilton’s equations of motion for ¢ and ” give the time evolution of the
coordinates and momenta of a system in phase space. Using these equations, we
can find the equation of motion for any function F (g, p) in terms of what is
known as Poisson brackets. They are similar to commutator brackets in quantum
mechanics and provide a bridge between classical mechanics and quantum
mechanics (see Section 6.12).

The Poisson bracket of any two functions F (q, p, t) and G (q, p, t) with
respect to the canonical variables (g, p), written as [F, G] q, p 18 defined by

(9F 3G 9F G )
[F.6l,,= zkaqi v, p; 0q; ) (660

Fundamental Poisson Brackets
1. [Q_j’ql']q,pz{-} (661)

(9g; dg, aqf aq“'\
=0
[‘?}ﬂ fj'k] Zkaq} api aP; afi'r )

since (aqk /aPI ) = (aq_} /ap! ) =0

2. [Pj, Pelg.p =0 (6.62)
(dp; dp, 9p; op
[Pj. Pely Zkaqj apf: j aqf =0
B 47 Pe)y. =91 (6.63)

94; 0 Bq 9
[qj’pk]qp_zl( j 9Pr _ 1 OPg

)
B i ka‘%‘ ap; a‘?:J

—

The second term inside the bracket is zero and aqu’aqf)= G, (Op/dp;) = 0.

Hence,
[Qj’ Px ]q, p = 5}.&'

The above three brackets are called the fundamental Poisson brackets.

Fundamental Properties of Poisson Brackets Let F, G, S be functions



of canonical variables (g, p) and time. The following fundamental identities can
be obtained from the definition given in Eq. (6.60).

1. [F,F]=0 (6.64)
(9F aF oF BFJ
F,Fl= 0
[F. 7] zkaq; I dp; g,
2. [F.C]=0, where C is a constant (6.63)
3. [F,G]=-|G,F] (6.66)
(OF G OF BG] (9G OF 3G oF | _
F.G|= - —[G, F]
261 Z‘Ka@‘. ap,  p; 9, Zkaqi op, op; 9g,)
4. [F,G+S]=[F,G]+[F,S5] (6.67)
(9F 3(G+S) aF 3(G+5))
[F.G+5S
I= z‘k dg op; I O )
Z(aF G OF BG] (OF 3S OF as}
= | _— +Z| oot
: kaqa' dp; dp; 9g; ; ka‘?s dp;  Ip; 9g;
=[F,G]+[F, S]
5. [F,GS]=[F,G]S +GJ[F,S] (6.68)

(9F 3(GS) oF 3(GS))
[F.6s)= zkaqi ap;  Op; 9,

z(aﬁ 9G o - OF 35 _OF 3G oF asJ

o R el
\ 9¢; 3p, 3@; dp; 9p; 9q; dp; 9g;

z(aF G JF 3G ZG(aF 39S 9F oS
\9g; ap; ap; g, \dq; Ip;  3p; Iq;

=[F,G]S + G[F, §]

6. Another important property of the Poisson bracket is the Jacobi identity for
any three functions:



[7.[6. S]]+ [G.[s. FIJ+[5.[F.G]]=0 o
7. Lir.c)- [‘i G] [F %] (6.70)
g )
_Z[dr[dq,]gg g;%[gg]

d(aF oG aFd"aG}
"4\ op; ) og, op, dr\dg, )

_y[2 (dfr)ac_ J rdFJaG
& ag; \dt )ap; 9\ dt ) g,

LOF D ;’dG] OF 2 {dGJ
'a‘fi' 'apr k dt 'api BQI k dt

e

dt dt

A pair of functions for which the Poisson bracket [F, G] = 0 are said to commute
with each other.

Equations of Motion in Poisson Bracket Form Consider a
function F which is a function of g’s, p’s and time t: F = F (g, p, t)



Replacing ¢, and p, using Hamilton’s equations

_Fzz(aFaH OF oH | 9F
\dg; dp; Ip; BgF} ot

JaF
=|F,H
=[F.H]+ = 6.71)
which is the equation of motion of F in terms of Poisson bracket. In Eq.

(6.71),
H is the Hamiltonian of the system. If F is replaced by qj and pj » Eq.

(6.71) gives, when qj and pj do not depend explicitly on t
4;=Igq;,H] and p;=[p;, H] (6.72)

These two equations constitute the canonical equations of motion in Poisson
bracket form.

6.7 POISSON BRACKET AND INTEGRALS
OF MOTION

One of the important uses of Poisson brackets is finding the integrals of motion.
Let us consider Eq. (6.71) again. For F to be an integral of motion

dF F

= =0 or [F,H]+ L =0 (6.73)

dt o
If the integral of motion F does not contain t explicitly, Eq. (6.73) reduces to [F,
H] =0 (6.74) That is, when the integral of motion does not contain t

explicitly, its Poisson bracket with the Hamiltonian of the system vanishes.
Conversely, the Poisson brackets of constants of motion with the Hamiltonian H
must be zero.

Another important property of Poisson brackets is Poisson’s theorem which



states that if F(q, p, t) and G (q, p, t) are two integrals of motion, then [F, G] is

also an integral of motion. That is, [F, G] = constant (6.75) Since F and G
are integrals of motion
dF BF JF
+|F,H|=0 —=—[F,H
R +[F.H]=0 or =, = [F. H] (6.76)
dG BG G
+|G,H|=0 —==[G,H :
dr ot [ ] o dt [ ] (8:47)

Next, let us consider the time derivative of the Poisson bracket [F, G]. From
Eq. (6.71), we have

JdIF, G]

d
= [F.G]=[IF.Gl.H]+

Using Eq. (6.70)

%[F,G]:[[F,G],H]+[%F G] [F a_c]

dt
Replacing (dF/dt) by Eq. (6.76) and (dG/dt) by Eq. (6.77)

%[F,G]:[[F, G H]+([[H.F), G]+[[G. H], F]

Using Jacobi’s identity given by Eq. (6.69)

d
£ [F.G]=0
o [FG]

[F, G] = constant (6.78)

6.8 THE CANONICAL INVARIANCE OF
POISSON BRACKET

Probably the most important property of Poisson bracket is that it is invariant
under canonical transformation. This means that if (g, p) and (Q, P) are two
canonically conjugate sets, then [F, G] qp- =[F,Glg, p (6.79) where F and
G are any pair of functions of (g, p) or (Q, P). The (g, p) and (Q, P) sets are related by a canonical
transformation of the type given in Eq. (6.32): Qi = Qi (q, p, t) and Pi = Pi (C[, D, t) The



Poisson bracket of the functions F and G with respect to the (g, p) set is given by
_ z( OF 3G OF 9G ]
ka‘-}'k Iy apk gy

(6.80)

Consider the function
G=G (0. P)

z(ac 90, , G 9P, )
|90, ap, * 9P op; ) (6.81)

aPk

2( 9G 90; oG ap] i

af-j‘k kaQ: a4, BP dqy
Substituting Eqgs. (6.81) and (6.82) in Eq. (6.80)

7.],, - z[

aF z (9G 90; , 9G 9P, ﬂ
\ 90; 9, NETETY |

zz(aa (OF 30, 9F 90;)
| 90; ka‘?k opy apk gy )

aG(aF OP.  OF OP ﬂ
T3P \og, apc  opy g, ))

LG
-Z{ o Fsﬁ]q,p} (6.34)

z(ac 99, , 3G 9P, P
kaQ opy aP aP

\-.__

g

(6.83)




Replacing F by O, and G by F

oF
[ Z{BQ & 2], , + 2P — (G Pf]q,p} (6.85)

Since (O, O;]1 =0 and [Or Pl = 0,

JdF oF

[ch* F]q, yi = ﬁ or [F, Qi]q, p =_a—f§ (6.86)

In the same way from Eq. (6.84) we have

oF JoF
[Pk,F]q,p=—E or [F,F}]q,p=a—Q_ (6.87)

Substituting Eqs. (6.86) and (6.87) in Eq. (6.84)

zz(aF 3G JF 3G)

\0Q; oP, P, aQ;J
= [F,Glg,p

Thus, Poisson brackets are invariant under canonical transformation.

Poisson bracket description of mechanics is invariant under a canonical
transformation. Therefore, a canonical transformation can be defined as one that
preserves the Poisson bracket description of mechanics. Hence, we can make the
following important statement: The fundamental Poisson brackets Eqs. (6.61) to
(6.63) provide the most convenient way to decide whether a given
transformation is canonical.

6.9 LAGRANGE BRACKETS

In addition to Poisson bracket, other canonical invariants exist. One such
invariant is the Lagrange bracket. As its applications are limited, we will not
elaborate it except for the definition and certain properties.

The Lagrange bracket of any two functions F(q, p) and G(q, p) with respect to
(@ p) variables, written as {F, G}g p, is defined as

(34; 3, op: %4
{F’G}sz‘lk 4 50 ) (6.88)

oF dG OdF dG



The Lagrange brackets are invariant under canonical transformations. That is,

{F, G}q, p= {F,G}lq, p (6.89) Hence, the subscripts (g, p) or (Q, P) may
be dropped. From Eq. (6.88)
- r/a'%' dp; 9p; a‘i’i)
{F’G}__z‘.:kac JF 3G JF
(F,G}=—{G., F) (6.90)

If we take F' = g; and G = q;, from Eq. (6.88)

_ (94 i Ipi 9g; )
{% E}_Zka% dq, afi'k a‘i‘x}

{9 q1} =0 (6.91)

{P:pi} =0 (6.92)

In the same way

Taking F = q; and G = p;

[ 9g; Ip; aq,] dq; Ip;
{Qk’pi}_Zka‘?k p; z

an ap; a‘?;c ap.z

{qk , p!} =0, 0y =0y (6.93)

Equations (6.91) to (6.93) are called the fundamental Lagrange brackets.
The definitions of Poisson and Lagrange brackets clearly indicate some kind
of inverse relationship between the two. The relation between the two is given

2n
-
by D {F.F}|[F F;|=5; (6.94)
=1
Lagrange brackets do not obey Jacobi’s identity.

6.10 D-VARIATION



The &-variation that we considered in Section 4.1 refers to the variation in a
quantity at the same instant of time. The varied path in configuration space always
terminates at the end-points fy and #, such that dg; (Il) = 0q,; (Iz] =0. The
A-variation, a more general type of variation of the path of the system, is one in
which time as well as position co-ordinates vary in the configuration space. At
the end-points of the path, the position co-ordinates are all kept fixed while the
time co-ordinate may change. Fig. 6.1 illustrates the A-variation of a co-ordinate
g; in the configuration space.

Let ABC be the actual path and A" B” C the varied path. The end-points of
the path A and C take the positions A" and C” after time At, such that there is no
change in position co-ordinates, i.e., Ag; (1) = Ag; (2) = 0. The point B on the
actual path now goes over to the point B” on the varied path such that

qi=q;+A4q =q; +0q; +q; At (6.95)
A C L
() e m e e m e ———————
al }: Actual, !
i ath
i AW ) | Varied
: fi: path
1 I ,‘
i Pl I
[ ! | J'I
| [ Iy
1 i l -‘|
;: / : f; 1
T BN i D
i / “y ¢t
JI ! |\\ ! :
q :- ------------ ;_____:__4_,3; I
H ’ d 1
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i ! . I
gy 2 o l
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d | I | ;
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Fig. 6.1 Illustration of D-variation in configuration space.



The A-variation of any function f = fig, g, t) is given by

(o o .. ).

Rearranging

P .
47 =2 5 %+ 35 %) 2

:5f+4t% (6.96)
Thus, the & and A operations are connected by the relation
A=0+ Ari (6.97)
dt

6.11 THE PRINCIPLE OF LEAST ACTION

The principle of least action is another variational principle associated with the
Hamiltonian formulation. It involves the type of D-variation discussed in Section
6.10. To prove the principle of least action, consider the action integral



Iy
r:JLdr

h

The A-variation of [ is written using Eq. (6.97):

5 5 B d
Al=4A|Ldi= 6Lt +Arjd— (Ldr)
I

] ] n

5 I3
= jJL dt + At jdL

s JZ(a—L 54 + g—L c?qi-] dt + [LAr]?
: ; q; :

According to Lagrange’s equation

AL _dfdL
aqi dfkaqi

An interchange in the order of differentiation gives

d

84, = — 84,
4, 7 4qi

(6.98)

(6.99)

(6.100)

(6.101)

Using Eqgs. (6.100) and (6.101), the part in the parenthesis of the first term in

Eq. (6.99)

is



oL JL oL d d|( dL
— %G +—dg.=———1(dg. —| — | 9¢;
d4; & dg; o 94; df( ) dr[B@J !
d [ oL d
-2 [g c?q,-] =—(p; 63;) (6.102)

Applying Eq. (6.97) for the co-ordinate g;
d
A = (5" i + At — i
q q d q

0q; = Ag; — Atg;
Multiplying by p;
Pidq; = piAq; — p;At g, (6.103)

Substituting this value of p; g; in Eq. (6.102), we have

dL dL d d
—9aq. +— .= — Ag. |l —— . Ata. ;
% 8q; + ” 6q;=—(Pidg;) - (p; 4t4;) (6.104)
Combining Egs. (6.99) and (6.104)
t — d
Afzaderzj | —(p:Ag;) — — (p; Atg;) | dt + [ L At)?

= [P 44,)? - [pigiar)? +[LAt] (6.105)



As Ag; =0 at the end-points, the first term on the right of Eq. (6.105) is zero.
Hence,

t ( b
A j Ldt = [lk B Z pid: | At (6.106)
f ; t

Since H = Zpi-q,- — L, Eq. (6.106) reduces to

5]
A Ldr=—[H ar]? (6.107)
h
v : ( ; OH
Restricting to systems for which H = E Lconservatwe andﬁ =0| or AH =0,

we have

5] ] ] 5]
AJH dti= _[AH dt + _[HA (df) = JHd(A:)

n f f n
=[H 4]} (6.108)

Combining Eqgs. (6.107) and (6.108)

th th i
Af Lat=-A[Har or Af(L+H)di=0

U i ]

f‘—\_[ Zéﬂ-ps dr=0 (6.109)

n '
which is the principle of least action.

Different Forms of Least Action Principle The principle of least
action can be expressed in different forms. If the transformation
equations do not depend on time explicitly, then the kinetic energy
is a quadratic function of the generalized velocities. In such a case
from

Eq. (3.47) we have



; aT .
Zp;q; = A oe—gp=aT (6.110)
i el

Equation (6.109) now reduces to

b
Adesz (6.111)

n

This is another form of the principle of least action. Further, if there is no external
force on the system, T and H are conserved and the principle of least action takes
the form

!

Aldi=0 or At-1)=0

h

(6.112a)

f> — f; = an extremum (6.112b)

That is, of all paths possible between two points that are consistent with the
conservation of energy, the system moves along the path for which the time of
transit is the least. In this form, the principle is similar to Fermat’s principle in
geometrical optics, which states that a light ray travels between two points along
such a path that the time taken is the least.

Again, when the transformation equations do not involve time, the kinetic
energy is given by Eq. (3.45):



T=Z zk:ﬂjkt’:?j@k (6.113)
j

A configuration space for which the a;; coefficients form the metric tensor can be
constructed. The element of path length dp in this space is defined by

2 —
)= Z ;“ﬁf 9944, (6.114)
J
(dp\ . =
\ar ) =2 2 G d; (6.115)
J ok
From Egs. (6.113) and (6.115)
dp’ dp
T:[E] or dIZ—F (6.116)

Equation (6.116) helps us to change the variable in Eq. (6.111) and the principle
of least action takes the form

Equation (6.116) helps us to change the variable in Eq. (6.111) and the principle

of least action takes the form
f t
AJTdr:A_[Jde:O o
h t

For conservative systems, H = T+ V. Consequently, Eq. (6.117) becomes

A_[JH—V(Q) dp=0 (6.118)

Eq. (6.118) is often referred to as Jacobi’s form of least action principle. It
now refers to the path of the system in a curvilinear configuration space
characterized by the metric tensor with elements aj.

6.12 POISSON BRACKETS AND
QUANTUM MECHANICS



In classical physics, the state of a system at a given time t is specified by
equations of motion. The dynamical variables occurring in these equations are
the position coordinate r, linear momentum p, angular momentum L, and so on.
In quantum mechanics, commutators replace the Poisson brackets. The
commutator of dynamical variables A and B, written as [A, B], is defined as [A,
B] = AB — BA (6.119) The properties of commutators are
similar to those of Poisson brackets.

In quantum mechanics, dynamical variables of classical physics are replaced
by operators. The operators in quantum mechanics are derived from the Poisson
bracket of the corresponding pair of classical variables according to the rule

[é’, F] =ih {q, I‘} (6.120) where ¢ and 7 are the operators selected for the dynamical

variables q and r, and {q, r} is the Poisson bracket of q and r. As an example, consider the dynamical

variables x and p,,. The Poisson bracket of x with p, {x, px} =1
The operators selected for x and py are # and p, respectively. Then, by the
above rule, the commutator of & with p, is given by [, p,|=ik{x, p,}=ih

(6.121) Operators associated with dynamical variables and
their commutators play a crucial role in quantum mechanics.

WORKED EXAMPLES

Example 6.1 Obtain Hamilton’s equations for a simple pendulum. Hence, obtain
an expression for its period.

Solution: Figure 6.2 illustrates the pendulum.
LI A

Fig. 6.2 Simple pendulum We use q as the generalized coordinate. For evaluating potential energy, the



energy corresponding to the mean position is taken as zero. The velocity of the bob y = IQ

Kinetic energy i 2 m 126
2

Potential energy V =mgl (1-cos@)

L:T——V:%m!zéz—mg! (1-cos8) (i)

T, . .
d ml*@ or Bzﬁ

pﬂ_a_é'_ mil?

Hamiltonian H(6, py)=8p,— L
1
= + mgl (1-cosé
il Pe i ( ) (ii)

Hamilton’s equations are

. dH H .
gzg?:% pgz—z—ez—mgdsmﬁ (1ii)
g m
b= pgz __ gsin@
ml !

Since @is small, sin € = @ and the above equation reduces to

@ seypd)
b==" (iv)

The motion is simple harmonic and the period T'is given by

T=2?I E (V)

Example 6.2 Obtain Hamilton’s equations for a particle of mass m moving in a
plane about a fixed point by an inverse square force —k/ #2 . Hence, (i) obtain
the radial equation of motion; (ii) show that the angular momentum is constant.

Solution: In plane polar coordinates, the kinetic energy T and potential energy V
are given by



T:%m(i‘2+r292) V=—kir (i)

. 1 o gy K .
Lagrangian L= Em(r +r@ )+ . (ii)
dL ; : P
p,= B_r =mr or r= ; (111)
dL : .
Pg=—= mr?@ or Ez_sz (iv)
mr
Hamiltonian sz‘p; gi—L=p,i+py6—L

Substituting j and ¢ and simplifying

1 > 1 2k
Hi= + -— (v)
"m Pr 2.’?’.‘?‘2 Po =
Hamilton’s equations are
. 0H p, + oH p;  k
yfr=—=— ji_f;”'_:——:—"%——2 (Vl)
dp, m ar  mr’ r
- dH  pg . JoH
dpg  mr? g dJ6 A
(1) From the two equations in Eq. (vi), we have
i
+ ._ Pg Kk
=mf=——-—
Pr mr3 rg (vii1)

which is the radial equation of motion.

which is the radial equation of motion.
(ii) The second equation of Eq. (vii) gives pg = constant (ix) which is the law of

conservation of angular momentum, since p, = mr6 , the angular momentum.

Example 6.3 A mass m is suspended by a massless spring of spring constant k.
The suspension point is pulled upwards with constant acceleration aq. Find the

Hamiltonian of the system, Hamilton’s equations of motion and the equation of
motion.



Solution: Let the vertical be the z-axis. As the acceleration due to gravity is
downwards, taking the net acceleration as (g — ag).

Potential energy Vv = ékzz +m(g —ay)z

Kinetic energy T= L mz*

2
T O ..
5 5 §—dy (1)
P; =3—‘?=m2 or ;';:ﬁ
<
p; 1
H=p, ;—L="+—k* + m(g —ap)z (ii)
2m 2
Hamilton’s equations are
. dH p
z=a;=j- (iii)
. JH
p,=———=—kz—m(g—ay) (iv)
9z

The equation of motion is

L1 1
i=—p,=—[-kx—m(g—ay)l
m m

mi=—kz—m(g - a,) (v)

Example 6.4 A bead of mass m slides on a frictionless wire under the influence
of gravity (see Fig. 6.3). The shape of the wire is parabolic and it rotates about

the z-axis with constant angular velocity w. Taking 722 = ar as the equation of the
parabola, obtain the Hamiltonian of the system. Is H = E ?

Solution: Figure 6.3 illustrates the motion of the bead.



mg

X

Fig. 6.3 Bead sliding down on a wire.

The wire rotates with constant angular velocity w and therefore we may write



x=pcoswt and y=pPsin Wt
22 =ap

Sl L2
2zz=ap or p=-—:zZ

X = pcos wt — pwsin wt

= P sinwt + pwcoswt

2.2 4 .2
FHy=pT4p 0" =5+ T
a a
Kinetic energy T = lm (& + 3 +2%)
> )
1 (422 .2 24502 .2\
=—m —22 5 e 3 .z
2 a a

lm

2 2[,z (a +4z)+w ]
i ) 2 2 4

L:F[Z (@ +4z°)+w 7" | —mgz
a

2
oL _" @ +at) z=—L

Pe = g a’ m(cz2+4zz)

H=ZP;¢;—L=2P3 —-L

Substituting the value of 7 and simplifying

ma)2

a p 4
H = = - 7" +mgz
Zm(a2 + 422) 2a* 8
Total energy E=T+V
B g moz*

= + + mez
2m (a®+47%) 2a? 8

It is evident from Eqs. (v) and (vi) that E# H.

(1)
(ii)

(iii)

(iv)

v)

(vi)



Example 6.5 A particle of mass m moves in three dimensions under the action of
a central conservative force with potential energy V(r).Then (i) Find the
Hamiltonian function in spherical polar coordinates; (ii) Show that f is an
ignorable coordinate; (iii) Obtain Hamilton’s equations of motion; and (iv)

ol ;8
p,.=—=mF& or F= il

Express the quantity oF " in terms of generalized
momenta.

Solution: (i) Kinetic energy T = lm(fz +726% + 12 sjnzf?.;i‘az)
2

L= %m(ﬁ‘z + r26% + r* sin? 6’.;552)— Vi(r)

_oL_ . . _ Pr
p,=—=mF or Fr=-=

Jdr m
pQ:a—L—mrzﬂ or ézp—ﬂz

d0 mr

JL D o g Py

= —=myr" sin or =t
Py d¢ ¥ ¢ mr? sin” @

H=) pigi—L=pi+pf+pyp-L

Substituting the values of F, 6 and ;:5,", we have

1 b 2]
P,
LS JEO . W S
2-"-'1 Lpr 1"2 r2 sin’ HJ

(ii) The coordinate f is not appearing in the Hamiltonian. Hence, it is an
ignorable coordinate.
(iii) Hamilton’s canonical equations will be six in number as there are three

generalized coordinates. They are
. 9H L(p%, pi | _av() . _oH _p,
P mrBL ® " sin?0 dr op, m



JH 1 pgcosé‘ 0 aH_ Po

.f’faz

"8 m® wn’0 WPy mr’
o=-35=0 s
@) P=m’rt(67 +sin 097 )= mzr{mf“ N ms’;:j z:fﬂ
=p+ siigfi'

Example 6.6 Obtain the Hamiltonian of a charged particle in an electromagnetic
field.

Solution: The Lagrangian of a charged particle in an electromagnetic field is
given by Eq. (3.82)



Lzémvz——b’ U=qgp—q(A.v)

Lzém(f +37+20) - qp+ qAk+ Ay + A 2)

- gA
g, el
ox m
(o .,_p.}_qu
py =my +qA, y=—
x *_pz_q‘d‘z
p, =mi+qA, = e

Hamiltonian

|
H= 3 pidi~L=pi+ 3+ pi=-mv’ +qp—g@A-v)

=m@* + 3 + 20+ q(A i+ Ay + AZE:J—%mVZ +gd—q(A-v)

2

=imv2 +q¢‘)=m—

.2 3 .2
+y + 7+
2 2im(']E y &) +qd

1 5
=—(p-qA)" +q¢
2m

Example 6.7 Find the canonical transformation generated by the generating
function F1 = q; Q;.

Solution: When the generating function is a function of g; and Q;, Eq. (6.41)

_9h_ 9 _
gives Using Eq. (6.42)
JF d
P _——_—— = —_— — . )= - -
i ag{ aQF (QI Ql ) QI

In effect, the transformation interchanges the coordinates and momenta, except
for the negative sign in the second one. The new coordinates are the old



momenta and the new momenta are the old coordinates. In other words, the
distinction between them is one of nomenclature. Thus, Hamilton’s formalism
treats coordinates and momenta on an equal footing.

Example 6.8 Solve the problem of simple harmonic oscillator in one dimension
by effecting a canonical transformation.

2 2
Solution: The Hamiltonian of the oscillator g :p_+ki (i) is obtained in
2m

terms of the coordinate g and the momentum p. To make the solution simpler, let

us have a transformation in which the new coordinate Q is cyclic; then P will be

a constant of motion. Consider the  generating  function
F= qucot (). where C is a constant. (1)

Eqgs. (6.41) and (6.42) give

oF,
p= a_; =2Cq cot Q (iii)
P=— 3—3 = Cq* cosec’Q (iv)

o
q:\/;st (V)

Substituting this value of ¢ in Eq. (iii)

p=2~/CP cosQ (vi)

Substituting the values of g and p in Eq. (1), we have

' 2
K=H =§—P|(sin2Q+£cosz Q) (vii)

C\ mk )

Writing the constant C =+/mk /2



K:g;p\/g (viii)
it

As the new Hamiltonian does not contain the new co-ordinate (, the new conjugate
momentum P is a constant of motion:

P = o (constant) (ix)

Hamilton’s equation for Q gives

. 0K [k
Q = a— =, |—
5 m
Integrating
0= ’£r+ﬁ J = constant (x)
m

Substituting Eq. (ix) in Eq. (v1) and Eq. (x) in Eq. (v), we have

( [k .
p = constant X cos L —t+p (x1)
m

g = constant X sin {JE i ﬁ] (xii)
m

It is true that the use of canonical transformation has not simplified the harmonic
oscillator problem. It is given here to illustrate the procedure.

Example 6.9 Show that the following transformation is canonical.

O=./2g e®cosp P=.2qe%sinp a is a constant



(
Solution: The differential dQ = ¢ L—JE sin p dp + i dq

N

PdQ — pdqg = @ e % sin p % I(—JE sin p dp + il dq] — pdq
\ V2q

= —2gsin® pdp +sin p cos pdg — pdg

(L =
= —2gsin® pdp + L'@lnjp = p) dq

d (sin2p in®
d O e WO A 0N
J [ X p) p p
d[smjp_ J:_Zsin2 pdp
Consequently,

sin 2 sin 2
PdQ—de;:qd( Zp—p)+{ EP—P)dq

N fsian_ )_|
-alo(*52-)

Since, the right hand side is a perfect differential, the transformation is
canonical.

Example 6.10 Show that the transformation
mwg>

2sin? 0

is canonical, and obtain the generator of the transformation.

p=mwgcot) and P=



Solution: From the given data, cot(Q = P

nmaq
_CuseczQ dQ - L I(d_p e @]
mwkq q
sinzgllpdq dp\
dQ: I—Z__
mo | g q
> S
e sin QI/ dg d
PdQ - pdg = 1 PP pdg
2sin°Q mw | g q

dq qdp 1 (pq)
W L SRR WD I Y, W SN | 8 o
5 5 Pad ztpq qdp) 5

Hence, the transformation is canonical. The generator of the transformation can
easily be written using Eq. (6.59):

/5 =%pq =%qmmq cotQ =%mmq2 cotQ

Example 6.11 Using the Poisson bracket, show that the transformation
g=+2P sin( p=~2P cos(
is canonical.

Solution: From the definition of Poisson bracket, it is obvious that
[Q, Q] =0 and [P, P] =0.

From the given data, we have



tanQ:i and 2P=qg" +p
p
i3 aQ 1 = dQ _cos”Q
dq p dq p
sec? f——% or Z—f —%ms2
aF opP _
Bq_q Bp_p
BQBP dQ JP
.
[o.P]= dq dp dp dq
=CDS Qp+q2 cos Q—cos Ql q—z\\
r " )
= cos?Q (1 + taan) =

Hence, the transformation is canonical.

Example 6.12 Find the Poisson bracket of [Ly, Ly], where L, and Ly are angular

momentum components.



Solution:  Angular momentum L=rXp
Lo=yp,~wy, Ly=zp,—axp, L =xp,—)p,
[an Ly]z [}pz — Py Px— xpz]
= Dp,s 1 - D, xp 1 -2y 2.1+ 2Py, 2P, ]
Consider the bracket [yp,, xp,].
[Pz xpe] = [y, x] pop: + ¥Ipe, xIp; + [y, p:l p; + xylp, p1 =0
since all the fundamental brackets involved are zero. In the same way
[2py. 2px] =0
Next we shall consider the Poisson bracket [yp,, zp,].
bp,. . 1=l 2lp.p. + ylp, 2l p, + 2y .l o+ Dlp,. s ]
=0+y-1)p, +0+0=-yp,

In the same way

[zpy, xp, 1= x(+1) p, = xp,

Substituting all the brackets
[Ly. Ly]=2py — ypx =L,
Proceeding on the same lines, we can show that
[L,.L,]=L, and |[L,,L,]=L,
Note: In general, [L;, L;] = L. where i, j and k are taken in cyclic order. Let us
introduce a symbol € with the following meaning:
(i) €% = 0if two indices are equal.
€iii= ik =€y =0
(i) € ik = 1,if i, j, k are distinct and in cyclic order.
ER=€Ej=€pj=1
(iii) € jk = —1,1if i, j, k are distinct and not in cyclic order.

Eikj = Ejik = Epji = —1

The implication of the above result is that no two components of angular
momentum can simultaneously act as conjugate momenta, since conjugate



momenta must obey the relation [pj, pj] = 0. Only one angular momentum

component can be chosen as a generalized coordinate in any particular system of
reference.

Example 6.13 For what values of aand b Q= ¢% cos Bp P=q¢%sinfBp

represent a canonical transformation. Also find the generator of the
transformation.

Solution: a—Q=a’qa_l cos fBp B_P:aqa_l sin B p
dq dq
a0 v 5 JaP a
= =-PBq"sinfip  ——=fq" cosfip
ap op
00 dP dQ dP
[0, Pl= 2228 S29°
dg dp  dp dgq
= afq* ' cos® Bp + afig’® " sin® Bp=ofg* !

For the transformation to be canonical, this must be equal to 1. Hence,

g =1

The right hand side is dimensionless. Hence, qza- I is dimensionless. Therefore,

2-1=0 or ale

offi=1 or f=2
1
With g=- and f=2
Q:q”zcosZp or g= Qz“
cos” 2p

Since g is a function of p and Q, the generating function must be of the type

JF.
F=F(p,Q) and qz—a—; or F3=—Jqdp

2
=[S —dp=-10%un2y
cos“2p 2



l
Example 6.14 Show that the transformation Q = In [—sin pJ and P=gcot p is
q

canonical. Also obtain the generating function for the transformation.
Solution: From the given data
I' "
0 = q smpdq_'_cosp

_sian qz q

]
dp]z—ﬁ+cotpdp
] q

PdQ — pdq = qccntp{—ﬂ +cotpdp] — pdg
q

=—[(p+cot p)dg— qc@t2 pdp]

=—d[q(p + cot p)]
since

d [g(p+cot p)|=dq(p+ cot p) + q(dp — cosaczpdp)
= (p +cot p) dg— qcot? dp
Hence, the transformation is canonical. From the given data

P _lr’P]
cobp=— or p=cot |—
q \ g

PdQ - pdg=-d |:q'[cot_l £+£H
9 4

Hence, the generator of the transformation is given by
F(g,P)= {q‘«:c:ul:"1 £+ P]
q

Example 6.15 Obtain Hamilton’s equations for the projectile motion of a particle
of mass m in the gravitational field. Hence, show that the cyclic coordinate in it
is proportional to the time of flight if the point of projection is the origin.

Solution: The motion of the projectile is in the two-dimensional xy-plane.
Coordinates x and y can be taken as the generalized coordinates. Potential
energy V = mgy, where y is the height above the earth.



Lagrangian L= %m(;‘c2 + }'12) —mgy

=5 =

mx B —g—

Px my

. . A P
H= zpiqi -L=pk+p,y- Eml[x2 + yz) + mgy

) 2
x ,U l

=P DY (p2 4 p?)+mgy
m m 2m

|

=—(p; + p3) +mgy
2nmi :

Hamilton’s equations are

. dH p, . o
Fom U == T y:—:—
dp, m dp, m
A - Y S - . M-
b == Py==7%, g

From the expressions for L and H, it is obvious that x is the cyclic co-ordinate.
From the first and the third equations

- . constant
mx=p,=constant or X=——

m
Integrating

x=Ar+ B A and B are constants

Since the point of projection is the origin, B = 0. Hence, the required result.

REVIEW QUESTIONS

1. Define the Hamiltonian of a system. Under what conditions, is it the total
energy of the system?

2. A coordinate which is cyclic in Lagrangian formalism is also cyclic in
Hamilton’s formalism. Substantiate.

3. State and explain Hamilton’s modified principle.

4. Distinguish between configuration space and phase space.

5. Explain the salient features of Hamilton’s formalism of mechanics.

6. What is a canonical transformation?

7. Distinguish between point transformation and canonical transformation.



8. Define Poisson bracket and state its important properties.

9. Obtain the equation of motion of a dynamical variable F (q, p, t) in terms of
the Poisson bracket.

10. State and explain Jacobi identity.

11.If F (g, p, t) and G (q, p, t) are two integrals of motion, show that the Poisson
bracket [F, G] is also an integral of motion.

12. If gj and pj do not depend on time explicitly, show that ¢; =[g;. H] and

13. F, G and S are functions of (q, p, t), prove that [FG, S] = F [G, S] + [F, S] G
d dF dG

14. Show that — [F, G]= Ir—, G|+ [FF, —
dt | dt | dt

15. Show that the Poisson brackets of constants of motion with the Hamiltonian
is zero.

16. The fundamental Poisson brackets provide the most convenient way to
decide whether a given transformation is canonical. Discuss.

17. Explain the principle of least action, bringing out clearly the type of variation
involved.

18. How does the principle of least action lead to Fermat’s principle in
geometrical optics?

19. Express the principle of least action in Jacobi’s form.

20. Poisson brackets provide a bridge between classical and quantum mechanics.
Substantiate.

PROBLEMS

1. A mass m is suspended by a massless spring of spring constant k. If the mass
executes simple harmonic motion, write its Hamiltonian. Hence, obtain its
equation of motion.

2. A mass m is suspended by a massless spring of spring constant k. If the mass
executes simple harmonic motion, determine its phase-space trajectories.

3. A particle of mass m is constrained to move on the surface of a cylinder of
radius a. It is subjected to an attractive force towards the origin which is
proportional to the distance of the particle from the origin. Obtain its
Hamiltonian and Hamilton’s equations of motion.

4. A particle of mass m and charge g moves in a plane in a central field potential
V(r). A constant magnetic field B is applied perpendicular to the plane of



rotation. Find the Hamiltonian in a fixed frame of the observer.
5. Find the canonical transformation generated by the following generating

functions: (1) F (g, P):Z'Dﬁ?i and (ii) F(q, P)=- ZPiqi.‘
i=1 i

2

1
6. Is the transformation O=— and P = gp“ canonical? If canonical, find the
p

generator of the transformation.
7. Prove that the transformation defined by the equations p=2(1 + q}”ﬁ cos p)

g2 sinp,Q=1In(l+ q}’é cos p) is canonical. Also find the generating function.
8. The transformation equations between two sets of coordinates are

Q = (q2 + p2)/2 and P=—tan"' (¢/p). Show that the transformation is

canonical.

9. Given the canonical transformations Q = (q2 + p2)/2, P = —tan_l(q/p).

Evaluate [Q, P] and show [H, [Q, P]] = 0.

2
10. If the Hamiltonian of a system is H = %— 2% show that F = %— Ht is
q
a constant of motion.

11. Obtain the Poisson bracket of (i) [Ly, py] and (ii) [x, Ly], where L, and Ly are
the x and y components of angular momentum.

12. Show that the Poisson bracket [L2, Li]=0 wherei=yx,y, z.

13. Using Poisson bracket, show that the following transformation is canonical:

O=+e 2 —p*  P=cos”! (pe?).Also  find the generator of the

transformation.

14. Consider the motion of a free particle of mass m. A constant of its motion is
F = x — pt/m. Show that (dF/dt)=[H. F].

15. Find the condition to be satisfied by a, b, ¢ and d so that the transformation Q
=aq + bp, P = cq + dp is canonical.

16. A mass m is suspended by a massless spring having spring constant k and
unstretched length rq. Find Hamilton’s equations and the equations of motion

of the mass m if the mass is allowed to swing as a simple pendulum.
17. Use Hamilton’s method to obtain the equation of motion for a spherical
pendulum and show that the angular momentum about a vertical axis through



the point of support is a constant of motion.
18. If all the coordinates of a dynamical system of n degrees of freedom are
ignorable, prove that the problem is completely integrable.



7

Hamilton-Jacobi Theory

The canonical transformation which we discussed in the previous chapter leads
us to the Hamilton-Jacobi theory which is an equivalent formulation of classical
mechanics. Two slightly different approaches are available. In one, the procedure
is to find a canonical transformation from the original set (g, p) to a new set of
variables (Q, P) which makes all coordinates cyclic. Then the new momenta will
be constants in time. The second approach is to effect a canonical transformation

such that the new Hamiltonian K (Q, P, t) is zero, then each 9 and h is zero. It
means that all Q’s and P’s will be constants of motion. The second approach is a
more general one and we shall discuss such a transformation in this chapter.

7.1 HAMILTON-JACOBI EQUATION

Consider a dynamical system with Hamiltonian H (g, p, t). If a canonical
transformation is made from the (q, p, t) set to (Q, P, t) set with the transformed

Hamiltonian K = 0, Hamilton’s equations will be
. dK
=—=0 7.1
E= ok, 0 1.2
dQ;

As seen in Section 6.5, the original Hamiltonian H and the new Hamiltonian K
are related by the equation

k=H+% (7.3)
Jt

For K to be zero
oF B

H+—=0 (7.4)
dt



where F is the generating function of the transformation.
It is convenient to take F as a function of the original coordinates g; and the

new constant momenta P; and time ¢, which corresponds to Fy (q, P, t) of
Section 6.5. From Eq. (6.48)

oF,

P = 7.5
&, (7.5)

With this value of p;, Eq. (7.4) becomes

JF, oF, OF, :]+an—0 (1.6)

H seenalfy . LEEEL] L] EES
[q‘ I 3q, g, 0, ot

Equation (7.6) is known as the Hamilton Jacobi (H-J) equation. It is the
practice to denote the solution of Eq. (7.6) by S. The function S is called
Hamilton’s principal function. Replacing F» by S

- oS 95 05 ) 0S_
Mt g 00, 0g, ) A

a first order differential equation in the (n + 1) variables
q1, g2,---» qn and t. Hence, the solution will have (n + 1) independent

0 (7.6a) Equation (7.6a) is

constants of integration. In the H-J equation, only partial derivatives of the

type (?%'%) and (95/9) appear. S as such does not appear in the
equation. Therefore, if S is a solution, S + a , where a is a constant, is also
a solution. From the (n + 1) constants ¢, &;,...,,,;, we may choose

1

“ as an additive constant. Hence, a complete solution of Eq. (7.6)
can be written as S=S(q;, ¢3,.... Gy, O, Oy s, &,y F) (7.7) Comparison of
Sin Eq. (7.7) with F5 in Eq. (6.48) suggests that the constants of integration are the new momenta
P; = a; (7.8) The n transformation equations denoted by Eq. (6.48)
dS(q, £, 1)

now take the form p; =
dg;

(7.9) The other n transformation equations

dS
given by Eq. (6.49) gives the new constant coordinates Qi = }3; =—(q,0,1)

de;
(7.10) By calculating the right side of Eq. (7.10) at t = ¢ the constant b ’s
can be obtained in terms of the initial values qj, qp,..., . From Eq. (7.10)

we can get



qj in terms of (a, b, t): ¢; = g;(a. B.1) (7.11)
After the differentiation in Eq. (7.9), substitution of Eq. (7.11) for g gives the

momenta Di in terms of (a, b, t):

pi:pf(u!.gvr) (7]2}

Hamilton’s principal function is thus a generator of a canonical transformation to
constant coordinates and momenta.

From Eq. (7.7)
From Eq. (7.7)

$S_§9S ., 0SS
dt g T a0 T

Since the a’s are constants, ¢; = 0. Using Eq. (7.9)
ds . dS
S iy = e
= Zp G+, (7.13)

Using Eq. (7.6a) to replace (9S/dt)

dS
== z g —-H=1L
i~ - Pid; (7.14)
Integrating
S =[ Ldt + constant (7.15)

That is, Hamilton’s principal function differs at most from the indefinite time
integral of the Lagrangian only by a constant.

7.2 HAMILTON’S CHARACTERISTIC FUNCTION

In systems where the time-dependent part of Hamilton’s principal function S
could be separated out, the integration of the H-J equation is straightforward.
Such a separation of variables is always possible whenever the original
Hamiltonian does not depend on time explicitly. In such cases, Eq. (7.6a)



0 (7.16)

reduces to H {qw T oS oS )_,_ 93 _

dq, " "dq,) o

The first term involves only the g’s whereas the second term depends on time.
Hence, the time variation can be separated by assuming a solution for S of

the type
S(q,a,8)=W(g, a)— oyt (7.17)
Since
as JIW A
—_—=— and —=—04
dq;  dg; ot

substituting the trial solution Eq. (7.17) in Eq. (7.16), we get
HI(q a_w =0
k » aq 1 (118)

This equation does not involve time. By virtue of Eq. (7.18), the constant of
integration aq appearing in S is equal to the constant value of H, which is the

total energy E if H does not depend on time explicitly. The function W(q, a) is
called Hamilton’s characteristic function. Since W does not involve time, the
original and new Hamiltonians are equal and hence K = a. Replacing aj by

W
Ein Eq.(7.18) H '(q, oW =F (7.19)
" 9g
Equation (7.19) is the Hamilton-Jacobi equation for Hamilton’s characteristic
function. From Egs. (7.10) and (7.17)
(OW
38 3— if i #1
or-
=y = = ; (T-ZD)
%i=h da. | dW o
! ——t ifi=1
_3&;-
aWw .
Q=pi+t=—rn if i=1 (7.21a)
do;
aWw .
v fome ——s JE fek ]
Qi=F= (7.21b)

!
Thus, Q1 is the only coordinate which is not a constant of motion.

The physical significance of Hamilton’s characteristic function can easily be



obtained. We have

W=W(,a)
dW
—_ DAL —ﬂf —
ar i Q‘} 2 ;' g Cj’a
: as JW
Since pi=—=—"—
dg;  9q;

% = 2 Pi 4;
W= JZ p; g;dt = _[Z pidq; (7.22)

The integral in Eq. (7.22) can be considered an abbreviated action integral.

Integrating

7.3 HARMONIC OSCILLATOR IN THE H-J
METHOD

What we discussed in the H-J theory can be applied for solving the motion of a
one-dimensional harmonic oscillator. The Hamiltonian of the system is



H=Lp2+lkq2=E mzzi (1:23)
2m 2 m

Since p=dS/dq, the H-J equation, Eq. (7.6a), is

0 (7.24)

2
1 (as] JrlkqgﬂLa_s=
2 dt

2m\dq) "2

The function S has explicit dependence on  only in the last term and therefore
a solution of § can be written as

S(q. o) =W(q,a)— at (7.25)

where ¢ is the integration constant. From Eq. (7.25)

S aw s

— = and —=—0 (7.26)
dqg dq ot
Substituting these values in Eq. (7.24), we get
2
Lfaw), L (7.27)
2m\ 9q 2

Since the left side of this equation is Hamiltonian, the constant a is simply the
total energy E of the system. Equation (7.27) can be written as



a - \/2”@& mkq* (7.28)

2
aw = 2ma J1- X 4,
20

k 2
W = [2ma _[ J1- zi dg (7.29)
(94

Substituting this value of W in Eq. (7.25)

2
S=J2maj 1fl—% dq — ot (7.30)

Use of Eq. (7.10) gives

el N [

The above integral is a standard one, and integration gives

af [k
r+ﬁ=\/%sm ‘Lq\{; (7.31)

Since k = mw?, Eq. (7.31) reduces to

q=| 26:‘2 sinw(t + ff) (7.32)
me

The momentum p can be obtained using Eq. (7.9) or simply by identifying p =mgq

p=~2ma cosm(t + f) (7.33)

The constants a and b can be related to the initial values of qp and pq. If the
particle is at rest at t = 0, p = pg and the particle is displaced from the
equilibrium position by qp. Squaring Egs. (7.33) and (7.32) and adding



Substituting the initial conditions

o M Gy ma

e I ——— 7.34
2o 7 ( )
Also, from Eq. (7.32) we have
qo = qp Sin @f or sin@f =1
i V4

op =— or =—

=S e (7.35)

Using Eq. (7.27) the constant & can easily be identified as the total energy

E. From Eq. (7.6a)
t—"]—S+ H=0
ot

Since the system is conservative, using Eq. (7.27)

g=H=E (7.35a)

Thus, Hamilton’s principal function S is the generator of a canonical
transformation to a new coordinate that measures the phase angle of the
oscillation and to a new canonical momentum a identified as the total energy.

7.4 SEPARATION OF VARIABLES IN THE H-J EQUATION

The solution of differential equations in the H-J formalism is somewhat
complicated. However, if the variables in the H-J equation are separable, the
procedure becomes much simpler. In fact, it becomes a useful tool to solve
problems only when such a separation is possible.

A variable gj is said to be separable in H-J equation if Hamilton’s principal

function can be split into two additive parts, one of which depends only on the
coordinate gj and the constant momenta, and the other is completely independent

of gj. If q is the separable coordinate, then the Hamiltonian must be such that
Sy e T OB S o O S s s s B ). L 00)

Then the H-J equation splits into two equations, one for 5 and the other for S. If



all the coordinates in a problem are separable, then the H-J equation is said to be
completely separable. In such a case

S= S, (g Fpen O ) (7.37)

and the H-J equation splits into n equations of the type

as,
H,; {QEﬁa—q.ﬁaiﬂ“* an]:ai (7.38)

The constants a; are referred to as the separation constants. It may be noted that
each equation in Eq. (7.38) involves only one of the coordinates g; and the

corresponding partial derivative (95; /9g;). Therefore, one has to solve the

equation only for the partial derivative and then integrate over the variable q;.

In conservative mechanical systems, t is a separable variable in the H-J
equation and a solution for S can be written in the form

Slg.a.t)=S,(a, 1)+ W(g, o) (7.39)

Since H is not an explicit function of time, the H-J equation with this solution
takes the form

Hl/ B_W}*_aﬁ_o

Lq’ dq o
[ oW oS
H'Lq,g =—a—f (7.40)

In Eq. (7.40) the left hand side is a function of g alone and the right hand side is
a function of t alone. This is possible only when each side is a constant. Then,

( aw]
H| ¢.2 |=a (7.41)
\ " og )
9 __,
== (7.41a)

The solution of the second equation is



Equation (7.41) is the H-J equation for W. This equation implies that the
separation constant aq is the energy of the system.

If the coordinate qq is cyclic, then the conjugate momentum pq is a constant,

say g. The H-J equation for w is then
H'(q q yaw aw]_a 7.42
Faeena s Fo T aeees T | — U :
k BQQ BQH ( )

Let the separated solution be of the form

Wi(g, o) =W, (q, @)+ W'(q,...q,.a) (7.43)

The H-J equation with this trial solution leads to two equations, one for W1 and

the other for W. The equation for W is of the same form as Eq. (7.42); the other
one is

g aﬂ (7.44)
dq,

The solution of Eq. (7.44), except for an integration constant, gives
W, =yq, (7.44a)
The function W can now be written as
W=W’+yq (7.45)

If all the co-ordinates except one (say ¢,) are cyclic, then the H-J equation can
be completely separated by repeated application of the above procedure. The
separated form for W is then

W=W(q.0)+ Y ag; (7.46)
=2

where W is the solution of the reduced H-J equation.

H[ql;aﬂ,az,as,m,an]—al (7.47)
dq,
Solution of Eq. (7.47) can easily be obtained by solving for the partial derivative

(AW, 79491) 204 then integrating over q1.



7.5 CENTRAL FORCE PROBLEM IN PLANE POLAR
COORDINATES

For an example of the ideas about separability developed in the previous section,
we consider the H-J equation for a particle moving in a central force field in
plane polar coordinates. The motion involves only two degrees of freedom. In

plane polar coordinates, the Hamiltonian is
1 ( 2 Pg
H =£Lpr +r—2 +Vi(r) (7.48)

The Hamiltonian does not involve time and hence it is a constant of motion and
equals E. The variable g is cyclic. Hence, the conjugate momentum pg is a

constant of motion. Hamilton’s characteristic function is separable and is given
by

Eq. (7.46)
W=W((r)+a,0 (7.49)
where @y is the constant angular momentum py. Now
BLLI L 1.1
e dr  dr (£214)

The H-J equation Eq. (7.18) can now be written as

2 2
l [EJWIJ + &g + V(=
2m\ dr 2mr®
oW, o,
?:\/2!?1(&']—1")—"—2
a_,?
Wi = [\ [2mien =)= ZL ar (7.51)
r
The function W is
a?.
W= \[2m(en = V)= 2L dr+ a0 (7.52)
r

With this form of the characteristic function, the transformation equations,
Egs. (7.21a) and (7.21b) become



b | mdr (7.53)
aaj \/2?‘?1(&'1 _V)—fx;,’:rz

and,

ﬁfa—W:—_[ Pydr g (7.54)
0 42 Jamay - Vy-al/r?

Equation (7.53) gives t as a function of r, which agrees with the corresponding
expression, Eq. (5.39), in central force motion with the energy aj written as E
and the angular momentum ag as L. Changing the variable of integration r by

u = 1/r, Eq. (7.54) reduces to
dut

I \/2;31( (7.54a)

0=p, -

3 {II—V)—LJE
Xy

This gives the orbit equation which agrees with the one in Eq. (5.50) with the
constant by as qp.

7.6 ACTION-ANGLE VARIABLES

Periodic systems are very common in physics. Consider a conservative periodic
system with one degree of freedom. The Hamiltonian is then H(q, p) = a1

(7.55) Here aq is the energy E. Solving for the momentum p, we have p = p (q, 611) (7.56)
For periodic motion, we now introduce a new variable J to replace aq as the

transformed constant momentum. It is called the action variable or phase
integral, defined as



J=Cﬁpdq (7.57)

where the integration is over a complete period. The variable J has the dimensions
of angular momentum. It follows from Eqgs. (7.56) and (7.57) that J is a function
of 0. Hence, we can write

oy=H=H(J) (7.58)
Hamilton’s characteristic function W can be written as
W=W(g,J) (7.59)

The generalized co-ordinate conjugate to J is called the angle variable w. It is
defined by the transformation equation

w=Wa ) (7.60)
aJ
In terms of w and J, Hamilton’s equations are
. OH(J) . dH
szzv(J’) and J=—a (7.61)
where v(J) is a constant function of J only. Integration of the first of Eq. (7.61)
gives w=vt + f3 (7.62)

By solving Eq. (7.60), one can get q as a function of w and J. This results in
combination with Eq. (7.62) gives the solution connecting g and time.

To get a physical interpretation for the constant n, consider a change in the
angle variable w as g goes through a complete cycle of the periodic motion:



Aw = (f) —dq (7.63)

Replacing w by Eq. (7.60)

Aw= (ﬁ) '
BqE}J (7.64)
Since .Jis a constant, the derivative with respect to ./ can be taken out. Therefore,
JW d
A= L h B g @ 95 d
a7 W T paq (7.65)
Since #} pdg=1J
dJ
Aw=—=1
T (7.66)

That is, the angle variable w changes by unity as g goes through a complete
cycle. If 7is the period for a complete cycle, from Eq. (7.62)

Aw=vAt=vt (7.67)
Combining Eqgs. (7.66) and (7.67)
1 |
vr =1 or v=? (7.68)

which means n is the frequency associated with the periodic motion of g. If the
Hamiltonian is determined as a function of J, the frequency of the motion can be
determined using Eq. (7.61).

Thus, one can get the frequency of periodic motion without solving the
problem completely. This is done by finding the Hamiltonian as a function of J
and then taking the derivative of H with respect to J. The variable J has the
dimension of angular momentum and the coordinate conjugate to angular
momentum is an angle; hence the name angle variable.

The application of the action-angle procedure to systems of more than one
degree of freedom requires the concept of multiply-periodic system. In this
case, the motion of the system is said to be periodic if the projection of the
system point on each (qj, p;) plane is simply periodic.



7.7 HARMONIC OSCILLATOR IN
ACTION-ANGLE VARIABLES

For an example of action-angle variables to find frequencies, let us consider the
linear harmonic oscillator problem. The H-J equation of the harmonic oscillator
is given by Eq. (7.27).

2
(WY Lo 4
2m | ogq 2

p:at_;]—j:’.,‘z;na—mqu k = me® (7.69)

The action variable

2
=Vame i~ “;ia i (7.70)

200 5 ,26!
—2= or <x+,—
X q q & (i)

The extreme values of g are — \[2a/k and +2a/k. Let

qu%sinH dqz,fi—acosﬂd&

Since p is real

When q=—+2alk, sinf=-1 O=—-ml2
When g=~2alk, sinf =1 O=r/2

That is, when g changes from gmpip t0 gmax, g changes from —p/2 to p/2. On the
return, q changes from p/2 to —p/2. Hence, during one period, g changes from



J =\2ma \/7 jcaqzﬂdﬁ'

0 to 2p. Now — 21 \/% - (7.72a)
-{}f=1‘ae'=L & J (7.72b)
2 \'m
Frequency of oscillation
oH 1 |k
= g = E E (7.73)

which is the usual expression for the frequency of a simple harmonic oscillator.
From Eq. (7.62), the angle variable

w=vr+ﬁ=2£r+ﬁ
Fid

2aw=w(+ ) (7.74)

That is, if B”is suitably defined, the factor @ (¢ + ) in Egs. (7.32) and (7.33) is
the same as 27w. Hence, the solutions for g, Eq. (7.32), and p, Eq. (7.33), in
action angle variables take the form

J .
=y o sin2mw (7.75a)

mJw
p= = cos2mw (7.75b)

Equations (7.75a) and (7.75b) relate the canonical variables (w, J) to the
canonical variables (g, p).

7.8 KEPLER PROBLEM IN ACTION-
ANGLE VARIABLES

Kepler’s problem is a very general one, unlike the linear harmonic oscillator
considered in the previous section. In the Kepler problem a planet of mass m



moves around the sun in space. In spherical polar coordinates the Hamiltonian is

H =2L(r‘*2 +7°60* +r’sin® 8 ¢°) + V()
m

Since V = — k/r, in terms of canonical momenta

L, Ph. P | k
=1 po=tf = 7.76
2m LP r risin®@) r #10)
The co-ordinate ¢ is cyclic and therefore
ps = constant (7.77)

The H-J equation for the system is given by
oWV 1 aw Y .
L[l B_W) i 1 B_WJ at 1 [/BW —EzE (7.78)
2mLL dr rzkaﬁ e SiIle?L a;?,'? r
Since the variables are separable
W(r,8,9)=W(r)+W,(0) + W;(9) (7.79)

On substituting Eq. (7.79) in Eq. (7.78) and simplifying, Eq. (7.78) splits into
the following three equations:

——= | =0y = constant Oy = Py (7.80)
\ d¢
(%]2 ag — a2 = constant 7.81
a6 sin’g ¢ 78D
aw, Y | ( ff)
+ =2m| E+—
[ i J % : (7.82)

Integration of Egs. (7.80), (7.81) and (7.82) gives the generating functions W3,
Wy and W1. The sum of them will give the generating function W.

We shall restrict our discussion to bound orbits, that is, those for which energy
E is negative. In such a case, the motion will be periodic in (r,q, f) coordinates.
Next we shall find the action-angle variables of the system.

We have



aw, _aw, _aw,
Pr="4 Po="4o Po="ay

Substituting the value of p, from Eq. (7.80)
Iy = py dp=a,dg=270, = 21p,

Substituting the value of pg, using Eqs. (7.83) and (7.81)

2
J =<_:'E>p d9=951’a1— % _ a6
o ¢ o sin” @

Jr—ﬁ)prdr—fﬁ\jsznﬂ— i;‘ dr

r r

Evaluation of the integral in Eq. (7.85) is done in a simple way. We have

H=) pigi—L

2T= pigi = poi+ pyf+ pyd

(7.83)

(7.84)

(7.85)

(7.86)

(7.87)

Taking the plane in which the planet is moving as the plane for a plane polar

coordinate system



2T = p, i+ py, ¥
Equating the two expressions for 27
Po 0= Py W — psd

ped@=p,dy— p,d¢
Consequently,

o= Psd0=P p,dy— P pydg
As 0 goes through a complete cycle, ¢ and y vary by 2x. Hence,

JB ZQJIPW _Mpgj

The Hamiltonian of the system in (r, ) co-ordinates is

L (2 1 2)
H=— e
2m[pr rzp!,v'

Comparing the two expressions for the Hamiltonians, Eq. (7.76) and Eq.

The left hand side of Eq. (7.92) is a:g and therefore
2
Py = 0.’3
Substituting this value of py, in Eq. (7.90)
J’g =27 (ﬂ‘:g — af¢)

J
2 2 2m

With this value of a,, Eq. (7.86) takes the form

r 4722

oo

(7.88)

(7.89)

(7.90)

(7.91)
(7.91)

(7.92)

(7.93)

(7.94)

(7.95)

(7.96)

This integral can be evaluated by complex integration. Its value is given by

I, =— g+ dy)+ mk ,2_:

2712k m

Solving for E

H=E=-— 3
(J. +Jy+ J¢,)

(7.97)



As expected, with an inverse square law force, energy is negative for bound

orbits. Using Eq. (7.61), we have
P L ) P Az mk” (7.98)
5T J, +Jg+J4)° '

As all frequencies are equal, the motion is completely degenerate. From
B (7.9

y
(27mk? )?
J. +dg+J,=| | (7.99)
T -E )
With this value of J, +Jy+ J,
1 +de+d) (m 2
=== = xk | 7.100
v Artmk* (26 (7.100)
From Eq. (5.59), the semi-major axis
—k
a= ﬁ (7.101)
Combining Eqgs. (7.100) and (7.101)
Am?
2= ’Zm @ (7.102)

which is Kepler’s third law. Thus, the action-angle variables method gives
frequencies of periodic motion without solving the complete equations of
motion.

With a closed orbit, the motion is periodic and therefore completely
degenerate. The degenerate frequencies can be eliminated by a canonical
transformation to a new set of action-angle variables. With the new variables,
two of the frequencies will be zero and the third one will be finite. In terms of
the new variables, the Hamiltonian is

2.2

H=2ﬁj—;k Js=J,+Jo+J, (7.103)
which is the one corresponding to the finite frequency.

The action-angle variables are of use in fixing the location of planetary orbits
and to determine the size and shape of orbits in space. They are also used to



study the effects of perturbing forces in addition to the force between the two
bodies.

7.9 ROAD TO QUANTIZATION

The action-angle variables of H-J theory played a very crucial role in the
transition from classical to quantum theory. According to classical mechanics,
these variables possess a continuous range of values.

Towards the end of the 19th century, experimental observations like blackbody
radiation curves, photoelectric effect, etc. and discoveries such as electron, X-
rays and radioactivity were carried out. These were very different things from
anything that had appeared before. To explain blackbody radiation curves,
Planck quantized energy and Bohr quantized angular momentum in his theory of
the hydrogen atom. In 1915, Wilson and Sommerfeld proposed a general
quantization rule which was applicable to all periodic systems. According to
them, stationary states are those for which the proper action integral of any
periodic motion equals an integer times h, the Planck’s constant:

J= 95 pdg. =nh  n=1,2,3,.. (7.104)

where q1, g2,..., qn and p1, p2,..., pp are the generalized coordinates and

generalized momenta of the system. Proper action variables mean J ’s whose
frequencies are non-degenerate and different from zero.

In circular orbits, the momentum conjugate to the generalised coordinate
f is the angular momentum. Hence, for circular orbits, Eq. (7.104) becomes

Cﬁmv rd@ = nh or mvr@d@‘v:nh

:P:n"w‘=ﬂ n=l1,23.. (7.105)

2
which is Bohr’s frequency condition. The general quantization rule, Eq. (7.104),
worked very well with all periodic systems in old quantum theory.
In the words of Sommerfeld, the method of action-angle variables is the bridge
between classical physics and quantum theory. Thus, the Hamilton-Jacobi theory
in action-angle variables provided a royal road to quantization.

WORKED EXAMPLES
Example 7.1 Apply the Hamilton-Jacobi method to study the motion of a freely



falling body.

Solution: Let the vertical direction be the z-axis and the zero of the potential
energy be the ground level. The system has only one degree of freedom and the

coordinate is the value of Z. The Hamiltonian
2
p dS .
H="—+moz=F =
Py 8 P oz (1)
2m\ 9z Bt Jat (i1)

Let the solution of the equation is of the form

Siz,o,)=W(z,)— at (111)



Since B_S = il and BB_SZ —a, Eq. (ii) takes the form
t

9z 9z
2
ZL{%_W) +mgz—o=0 (iv)
m\ 9z
z_Wsz or W= [Ema—mgrdz+C )
z

where C is the integration constant. Consequently,

S =j,ﬂ2m(£x—mgz) dz—ot+C (vi)

oS _MI dz _t=8
dax 2 .,fa—mgz

frpe V2m 2\J(a — mgz) =_\/z o — mgz
2 —mg m g

Squaring and rearranging
=2 _(B+D’g B
e 5 (vii)

Whent =0, z=zpand p = 0. From Eq. (v) we have
oW

O=p= % =\/2m(a-mgz0) or o= mgz, (viii)
Substituting this value of ¢ and the initial conditions in Eq. (vii)
2
Lom By 5y
mg 2

Consequently from Eq. (vii), the equation of the freely falling body is

ZIZO——gI“ (IK)

Example 7.2 Use action-angle variables to obtain the energy levels of the
hydrogen atom.

Solution: In the hydrogen atom the electron revolves around the nucleus in



2 2
s k
circular orbits. The potential energy ~ V(r)= . k=—F
dmeyr r 4me
In spherical polar coordinates
1 ( 2 2 P2 32 :
H=—|pt+280, ¢ _|_ (i)
2m| r° rosin“ @) 4meyr

which is the same as the Hamiltonian of the Kepler problem, Eq. (7.76), with
k=é? /4;@5‘0 where &) is the permittivity of vacuum. The energy of the system,
given in Eq. (7.103), is

B —27%k*m

E= (ii)
Vg,

By Wilson-Sommertfeld quantization rule, (Eq. [7.104])
J3=nh =l 2 3

Substituting the values of J;and k in Eq. (i1)

me4 me4

C8&nth? Rateni? )

where 7= h/2x is the modified Planck’s constant.

Example 7.3 Consider the motion of a particle of mass m and charge q circling
around a uniform magnetic field B, along the z-axis, generated by a static vector
potential A = (B xr)/2 . Show that the magnetic moment m of the particle is an

invariant quantity.
Solution: Since the magnetic field is along the z-axis, By = 0, By =0, B, =B. The
static vector potential



Let us consider the motion of the particle in cylindrical co-ordinates. Potential

Ve—dav=—L @y, + Ay, +Av,)
C C

Since Az =0

Byv. Bxv
In cylindrical co-ordinates
X= pcos@ X=— psingg
y=psing  y=pcosgp

Substituting the values of x, y, xand y



V=- (;—B(pz cosz¢;§+ pzsinzt;@)é))
c

_ 4B o
2CP¢'

Lagrangian L= %m (,f)z +p2¢}2 +:H+ g—szg?'ﬁ
c

Since ¢ is a cyclic co-ordinate, pyis a constant of motion

JL 2: 4B »
=—=mM + —
Py Y p o 261‘9
The circulating frequency is the same as the cyclotron frequency (@,):
. gB
m{: — ¢ e q—
mc

Substituting this value of ¢ in the expression for p,

3gB ,
Py :ETP
3 gB 3 qBp*
Jy=§pydp==1= p? x 20 = L
¢ Py d¢ 2 o P C
Magnetic moment 4 = Qi L where the angular momentum L = mv  p. Since
m
. B
Y1 =P¢=P%
B *p’B
= g gt p:‘? P
2m  mc 2me
_4'B Jy¢ 4y

= = = constant
2mc 3gBr  67mm

Example 7.4 Consider a particle of mass m moving in a potential V(r). Write the
Hamilton-Jacobi equation in spherical polar coordinates and show that



is a constant, where Pq and pf are the conjugate momenta corresponding to the

coordinates g and f.
Solution: From Egs. (7.80) and (7.81), we have

dW,
—— =@, = constant
d¢
2 2
dW. 124
[ 2) +—2— = @} = constant
de sin® @
dW, dW;
i —== and —==
Since 10 Pe d¢ Py
2
pg + pg = &73 = constant.
sin” @

Example 7.5 In the inverse square force field, elliptic orbits are described by

1 mk 2EI?
—:m—2(1+6c056‘) 62=l+ 5
A mik

where (r, @) are the polar co-ordinates of the object of mass m, L is the orbital

angular momentum and k is a constant. Obtain an expression for energy in terms
of phase integrals. Given that

¢ & sin0do (
(P(l+ecosﬂ)2 L Y

Solution: The phase integrals of the system are



Jr=c:"5p, dr  and Jf;:(ﬁpgde

where, p, =mr and Pg=L= mr*@ = constant

The second integral gives

I

Ie @ade:z;r of py=-2

7= Pa Pe Pe o7

prdrzmﬂdr=m££dr=m£9£d9

dt dé dt de dé

2. (1drY 1 drY
=mr’@| — | dO=p,| -—| d@

" [rdﬂ Po G a8

We have

lzm—zk(l+ecosfi‘) L=mr’8
r L



Differentiating with respect to 6

1 dr _m;k esinf
r? dﬁ' i
l dr mk esinf
=r—esinf=——
r df—? I2 1+ &ecosf
(1 dr\ e’ sin 0deo
J _55 : dr_gf; d6= c_;'[)
£ Z L dﬁ' Fa (1+ cos )’
i [ ]
1 1
—pﬁ.zJ 2—1I=Jf,[ 2—1]
L 1-€ J |_ 1—-€ _|
J3 _J,
I
J J
I, +dy=—==L or T +dy= g
i —2EI* | mk
Jz
(J, +Jg) = —f—
P 2EI2 | mk?
Since Po=Jpo/27 and po=L
I5=4x 1
Hence,
2wt mk?
o Fo )=
( r B) E
g 2mmk’
(], +J,)*
REVIEW QUESTIONS

1. Outline the Hamilton-Jacobi theory.

2. State and explain the Hamilton-Jacobi equation for Hamilton’s principal
function.

3. Show that Hamilton’s principal function is a generator of a canonical
transformation to constant coordinates and momenta.



4. Explain the physical significance of Hamilton’s principal function.

5. Explain the Hamilton-Jacobi equation for Hamilton’s characteristic function.

6. What are action and angle variables?

7. Outline how action-angle variables can be used to obtain the frequencies of a
periodic system.

8. Explain how the method of action-angle variables provides a procedure for
quantization of systems.

9. State and explain the Wilson-Sommerfeld quantization rule.

PROBLEMS

1. For a harmonic oscillator, show that Hamilton’s principal function is equal to
the time integral of the Lagrangian.

2. Consider a particle of mass m moving in a potential V(r). Write the Hamilton-
Jacobi equation in spherical polar coordinates and reduce them to quadratures.

3. Solve the problem of projectile of mass m in a vertical plane by using the
Hamilton-Jacobi method. Find the equation of the trajectory and the
dependence of coordinates on time. Assume that the projectile is fired off at
time t = O from the origin with a velocity vg, making an angle with the

horizontal.

4. Deduce the Hamilton-Jacobi equation of a spinning top. Separate the variables
in it and reduce it to quadratures.

5. Show that Bohr’s quantization rule is a consequence of the quantization rule
of Wilson and Sommerfeld.
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The Motion of
Rigid Bodies

We have been considering the motion of particles in the earlier chapters. In this
chapter we consider motion of rigid bodies, which require six generalized co-
ordinates for the specification of their configurations. A general displacement of
a rigid body can be considered to be a combination of translations and rotations.
Its motion can be described in two co-ordinate systems, one an inertial system
which is fixed in space and the other a body system fixed to the rigid body. Of
the six independent co-ordinates, three are used to specify the rotational motion.
We now discuss the characteristics and the dynamical equations of motion of
some important systems of rigid body motion.

8.1 INTRODUCTION

A body is said to be rigid if the relative position of parts of the body remains
unchanged during motion or under the action of external forces. During motion
the body as a whole moves. It can also be considered a system consisting of a
large number of particles such that the distances between pairs of particles
remain constant. That is,7; =¢;, where rjj is the distance between the ith and jth
particles, and ¢;j’s are constants.

Next, we try to find the number of independent co-ordinates needed to
describe the position of a rigid body in space. A rigid body in space is defined by
three points which do not lie on the same straight line. Each point is specified by
three co-ordinates and therefore 9 co-ordinates are needed to specify a rigid
body. But these 9 co-ordinates are connected by the 3 equations of constraints

ri2 =cq2ri13=c13and rp3 = cp3



Hence we require 6 co-ordinates to specify the position of a rigid body. Apart
from the constraints of rigidity, there may be additional constraints on the rigid
body; for example, the body may be constrained to move on a surface, or it may
be allowed to move with one point fixed. These additional constraints will
further reduce the number of independent co-ordinates. There are several ways
of selecting the independent co-ordinates.

The two important types of motion of a rigid body are translational motion
and rotational motion. The translation of a rigid body will be given by the
translation of any point in it, say the centre of mass, which behaves like a single
particle in motion. The remaining three co-ordinates are used to specify the
rotational motion.

8.2 ANGULAR MOMENTUM

Consider a rigid body consisting of n particles of mass mj, i = 1, 2, 3,..., n. Let

the body rotate with an instantaneous angular velocity W about an axis passing
through the centre of mass, say O, and the co-ordinate system Oxyz is fixed in
the body with its origin at O (see Fig. 8.1). Let the radius vector of the particle of
mass m; be rj. Then its instantaneous translational velocity v; is given by

V,=WX15 (8.1)

where W is the angular velocity of the body whose components are wy, Wy and

wy.
Az
&)'zir‘"-.___
1
e
o1
i
]
' @
1
&) oK — — )y
N

Fig. 8.1 Rigid body rotating with angular velocity w about an axis passing through the fixed point O.

The angular momentum about the origin O is



inl}' XP;':ZF"H?X"; (8.2)
i=1 i

=D mn X (@) (8.2a)
Using the vector triple product identity
AX(BxC)=B(A-C)-C(A-B) (8.3)

L= Zmi[rfm —r;(r;- )] (8.4)



- Z‘mi[l{,‘;i2 + 32+ ) (o, + jo, +ka,)

- (fxi- + }y,- + EZ;) (@, + Y@y, + Z;&JZ)]

) 2
= Zm:" (Vi @y + 2; O — X, 5,0, — %,2,0;)

i
e 2 2 . ,
+ zmij(xf @y + 7, @y = V5,0, = Vi 3;0;)
i
P 2
+Y mk(Fo, + ylo, - 150, - 7,,0,) (8.5)

In Eq. (8.5)

TR ST TR N
Zmi(xi'z 2 J”;’z)zzm;(ﬁz — Z,-z)

Let us now define the following 9 quantities:

.2
la= 2mGi=xt)  Iy=l, == mxy, (8.6a)
2 _ .2 ,
Iyy=zms("i =) Iyzzfayz_zm"hz" (8.6b)
I, = st(rs2 o ziz) Iy=1 =_szzfxf (8.6c)

In terms of these quantities, Eq. (8.5) can be written as
L= f(mx‘{xx + myfl}’ + mz IIZ)

+jod, +o,l, +o.l,)

+k(od, +o,l, +o.1) (8.7)

where the coefficients Iy, Iy and I, involve the sums of the squares of the co-

ordinates and are referred to as moments of inertia of the body about the co-
ordinate axes: Iyy—moment of inertia about the x-axis, I, —moment of inertia

about the y-axis and I;;—moment of interia about the z-axis. The coefficients Iy,
Iyg,... involve the sums of the products of the co-ordinates and are called the



products of inertia. The components of L. may be written in a compact form as

Ly=Ywslyy a=xyz f=xyz (8.8)
B

In the above, the body rotates about a general direction. If the body is rotating
about the z-axis, w =0, 0, w) from Eq.(8.7). We now have

L. =wl, L,=wl, L =wl, (8.9)

That is, the angular momentum vector has components in all the three directions,
indicating that L. and w are not in the same direction. This leads us to the
important result that L. is not necessarily always in the same direction as the
instantaneous axis of rotation.

8.3 KINETIC ENERGY

We now derive a general expression for the rotational kinetic energy of a rigid
body. Consider a rigid body rotating about an axis passing through a fixed point
in it with an angular velocity w. A particle of mass m; at a distance r; has a

velocity v; given by Eq. (8.1). The kinetic energy of the whole body is given by



n l l
T= ;Emﬁf=52(mxr‘s)'fﬂli"5) (8.10)

Using the result
(AxB)-C=A-(BxC) (8.11)

1
T = EZ‘m.(r,- X m:v;) (8.12)

Since ® is the same for all particles, using Eq. (8.2)

=L (8.13)

Using Eq. (8.7) to replace L
_1. 2 2 2
T —E(mxln +toyl +oll )+o0, 1 +o0l, +00l, (8.14)

£ 3% y oo ¥

In a more compact form

1
It may be noted from Eqgs. (8.7) and (8.14) that
aT aT oT
L = = e— L =
= o L, S0, = 30, (8.16)
Defining a new vector r by
s m
—ﬁ (8.17)

Equation (8.14) reduces to

2 2 2 —
Lo +L,p,+1,p,+21 _pp, +21 pp +2I . pp =1 (8.18)
The ellipsoid described by Eq. (8.18) is called the Poinsots ellipsoid of inertia.



8.4 INERTIA TENSOR

We considered a rigid body as one consisting of discrete, separate particles. In
reality, the situation is different and the rigid body is continuous. Again, the
density r may not be constant over the entire body. Hence, it is more appropriate
to replace summation by integration in the above equations. In that case the
moments of inertia and products of inertia take the form

Io=[p? =av  I,=I1,=—[pxyav
v V

I, =|p* = yHav I,=1,=-|pyzdV (8.19)
v v

I.=[pt? =2Hav  I,=I_=-[pzxav
v %

With a slight change in notation, all the 9 coefficients in Eq. (8.19) can be
combined into a single one. As the co-ordinate axes can be denoted by x;, j = 1,

2, 3 the coefficient Ijk (k = 1, 2, 3) can be written as
I = _[ p(r) (0 — xjx)dV (8.20)

where dji is the Kronecker d -symbol. It is obvious from the expression for

angular momentum, Eq (8 7), that the components of L are linear functions of w
which we write in matrix notation as

|(L]w |(111 Iy IBW
I Lz 1=| le 122 Jlr23 |

L J Un Iy Ian llj’%J

The 9 elements l , fy ) eeees of the 3 3 matrix may be considered the
components of a single entity I, called a tensor. As the products of inertia satisfy
the symmetry relation I1p = Ip1, Ip3 = I3p, I13 = I31, the tensor I is a

(8.21)

symmetric tensor. Now the relations connecting the components of L. and w,
Eq. (8.7), can be written as



L=1-o (8.22)

where the quantity I is a second rank tensor and is usually called the moment
of inertia tensor or briefly the inertia tensor. From Eq. (8.22), we may conclude
that the product of a tensor and a vector is a vector. In dyadic notation, it is
written as

I=m(;’1-rx;) (8.23)
where 1 in the first term 1s a unit dyadic. Then
I-o=m[Fo-rrno)]=L (8.24)

in agreement with Eq. (8.4). In terms of inertia tensor, the kinetic energy can be
written as

| g
ngm'l-m (8.25)

where @ is the transpose of the column matrix ®. In the expanded form,
Eq. (8.25) is
| |(111 Ly I (&-’IW
T=E(a’1 Wy @) Iy Iy Iz | @y | (8.26)
Iy Iy fzaJ L%J

T = %Imz (8.27)

where [ is a scalar, the moment of inertia about the axis of rotation. From
Eq. (8.25) we conclude that the product of two vectors and a tensor is a scalar.
The value of moment of inertia depends upon the direction of the axis of
rotation. If w changes its direction with respect to time, the moment of inertia
must also be considered a function of time. The moment of inertia also depends
upon the choice of origin of the body set of axes. Another important result,
which can be easily proved, is Steiner’s theorem: The moment of inertia about a
given axis is equal to the moment of inertia about a parallel axis through the
centre of mass plus the moment of inertia of the body, as if concentrated at the
centre of mass, with respect to the original axis.

8.5 PRINCIPAL AXES



The inertia tensor we defined is with respect to a co-ordinate system which is
fixed to a point in the body. We can simplify the mathematical calculations
considerably if we choose the co-ordinate axes in such a way that the off-
diagonal elements vanish. As the inertia tensor is symmetric, it is always
possible to orient the axes so that the products of inertia terms vanish. The axes
of this co-ordinate system are known as the principal axes of the body. The
origin of the principal axes system is called the principal point. The three co-
ordinate planes, each of which passes through two principal axes, are called
principal planes at the origin. In this system, the inertia tensor is diagonal and
the three elements of the inertia tensor are called principal moments of inertia.
It is the practice to use a single subscript for the principal moments to distinguish
them from moments of inertia about arbitrary axes. The principal moments of
inertia are thus denoted by I, I and I3. Since the principal axes are attached to

the rigid body, I1, Iy and I3 do not change with time. Therefore, they may be

treated as constants. It is for this reason that moving axes attached to the body
are employed. In the principal axes system

L:Il(alél +I2m2§2 +I3&)3§3 (828)

where ¢, e, and ¢, are unit vectors along the three principal axes. The kinetic
energy T takes the form

Lo 50 3 2 1 2
T==lLof+—-Lao, +—1 8.20
S i 200, > 3003 (8.29)
Poinsot’s ellipsoid reduces to

Lot +L,p5 + Loy =1 (8.30)
If the body is rotating about one of its principal axes, say the z-axis, in the principal
axes system @, =@, =0 and @, = w. Then,
L] :f_/z :OﬂﬂdL3 :1’311)

Consequently, the vector L has the same direction as @. The same result is obtained
for rotation of a body about other principal axes. In all the cases, we get

L=/® (8.31)

where I is the corresponding principal moment of inertia.
Next, we shall see how to find the principal axes. Sometimes we may be able



to fix up the principal axes by examining the symmetry of the body. In the
general case, suppose we have the moments and products of inertia of a body
with respect to an arbitrary set of x, y and z-axes. Then its angular momentum is
given by Eq. (8.21). In addition, we require Eq. (8.31) to be true. This leads to

Loy + 1,0, + 1305 = [,
Lo, + 1,0, + 1,0, = lo, (8.32)

I3y@, + 13,0, + I1304 = [y

Rearranging,

L0+ 1,0,+ (1, -Da,=0
For a solution to exist, the determinant of the coefficients must be zero. That is,

hy=1 Iy I3
I, Iy =1 1y |=0 (8.34)
I3 I3 I —1

The expansion of the determinant leads to a cubic equation in I, whose 3 roots
we shall denote by I, Iy and I3. These are the principal moments of inertia. The

direction of the principal axis is found by substituting the corresponding I back
into Eq. (8.33) and solving for wq: wp : w3. This ratio is just the ratio of the

direction cosines relative to the original axes which specifies the direction of that
principal axis.

Though, there are differences between a second rank tensor and a 3 3 matrix,
we can make use of the properties of matrices in tensors. The elements of an
inertia tensor I in a fixed co-ordinate system can be transformed into the
elements of a tensor I in a rotating co-ordinate system by a similarity

transformation | ~ 11 (8.35) where A is the transpose of the orthogonal

matrix A. This procedure is also equally good for obtaining the principal
moments of inertia (see Example 8.3).

Rigid bodies are classified into three categories, depending on their principal
moments of inertia: Spherical top: I; = Ip = I3. Any three mutually

perpendicular axes can be selected as the principal axes.



Symmetric top: 11 = Ip < I3 or I] <Ip = I3. Two principal moments of inertia
are equal. Bodies belonging to the first type are called oblate symmetric top and
those of the second type are called prolate symmetric top.

Asymmetric top: Sy

8.6 EULER’S ANGLES

The angular momentum L and angular velocity w need not be parallel vectors as
I is a tensor. The value of I with respect to a fixed frame, called the space fixed
frame or laboratory frame, does not remain constant but changes as the body
rotates. To have a constant value, it must be expressed in a frame, called the
body frame, that is attached to the body.

To specify the position of a rigid body, 6 co-ordinates must be specified.
Invariably, 3 of these are taken to be the co-ordinates of the centre of mass of the
body. The other three co-ordinates are taken to be the angles that describe the
orientation of the body axes with respect to the space-fixed axes. Though several
choices are available, Euler’s angles are the most commonly used ones.

Let the co-ordinate system that is fixed to the rigid body be Oxyz and the one

fixed to the space be © * *" 7 . Euler’s angles are the three successive angles of

rotations involved when we go from the primed to the unprimed system. These
are illustrated in Fig. 8.2. The transformation may be represented by the matrix

) x=Rx’
equation

angle f about the

A i T

(8.35a) Step 1: Rotate * ' © axes anticlockwise through an

i M i
. . X T S .
z-axes. Let the resulting co-ordinate system be ~ - * 7 will be the same as

= (see Fig. 8.2a). The X ¥ plane will be the same as the plane. The

angle f is called the precession angle. The transformation matrix for this rotation
is given by

ok



(cos¢ sing O
Ry, =) —sing cos¢ 0 (8.36)
0 0 1

Step 2: Rotate x” y” z” -system anticlockwise through an angle & about the

x” axis. We get the system x” y” 7" (see Fig. 8.2b). The angle &is called the

nutation angle. The transformation matrix for this rotation is

(1 0 0
R = ) 0 cosf sin@ (8.37)
LD —sinf cos@

Step 3: Rotate the x™ y z”” axes again anticlockwise through an angle ¥

about the 7" -axis which takes us to the desired Oxyz axes. (see Fig. 8.2¢.) The
angle ¥ is called the body angle and the transformation matrix for this rotation is

(cosy siny 0
sz}—sinyf cosy 0 (8.38)
L 0 0 1

Combining all the three rotations, the transformation from x"y’z” axes to the body-

fixed xyz axes can be written as

X=R,x" =R, Ryx" = R, RgRyx" = RX’ (8.39)
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Fig. 8.2 Euler’s angles (a) rotation through f (b) rotation through g (c) rotation through y and directions of
angular velocities ¢, 0 and v,
where,
k=R, Ry Ry

(8.40) A point to be kept in mind is that the angles f, g and y
are measured in different planes. Substituting the values of Ry, Rq and Rf

in Eq. (8.40), we get the matrix
R as



(cosycosg—cos@sinysing  cosysing+sinycosfcosd  sin ysinf
|[ —siny cosg —cos cos@sing —sinysing + cosfcos@cosy cosysinf
k sin @sin ¢ —sin @cos ¢ cos @

(8.41)

The inverse transformation from the xyz axes to the x y z axes is x = R1x (8.42)

Rl s given by the transposed matrix j. The line ON formed by the
intersection of xy and x y planes is called the line of nodes (see Fig. 8.2c). In
Fig. 8.2c q is the angle between the axes z and z
y is the angle between ON and Ox measured in the xy plane f is the angle
between Oxand ON measured in the xy plane.
The range of Euler’s angles is 0<¢<2mw 0<@<nm O<w<2rm
(8.43) Angular velocity w is a vector pointing along the axis of
rotation. The general infinitesimal rotation associated with vector w
can be thought of as consisting of three successive infinitesimal

rotations with angular velocities @, = ¢ wp =6 =y (8.44)

All infinitesimal rotations can be represented by vectors (see Section

8.7). This helps us to represent the three time derivatives “* =% as

detailed below:
@y = @ is directed along the z'-axis

Wy = @ is directed along the line of nodes ON (8.45)

Wy, = y is directed along the z-axis.



Asrigid body rotations are described in terms of body-fixed co-ordinate systems,
we must get the angular velocity vector ® or its components @y,@, and @k in the

body co-ordinate system. For this, we have to resolve gﬁ,‘;, g and v along the

body axes. To simplify the analysis draw a line OM, located in the xy-plane and
perpendicular to ON. Since ON is perpendicular to the zoz'-plane also, all lines
perpendicular to ON will lie on the zoz” plane. Therefore, OM lies in the xy-plane
as well as in the zoZ’-plane. Hence, £zOM =90° and ZMOy = . The resolved

components of ¢, g and y are listed below.

The component of ¢ along the x-axis = @sin @ sin
¢ along the y-axis = @sin @ cos yr (8.46)
¢ along the z-axis = ¢ cos @

The component of ¢ along the x-axis = @ cos

@ along the y-axis =— @sin W (8.47)
g along the z-axis =0

The component of yr along the x-axis =0
i along the y-axis =0 (8.48)
i along the z-axis = ¥
Using these results, we can get the components of @ along x-, y- and z-axes :
W =, = ¢sin@ sin  + O cos
@, = @, = ¢sin@ cosy — O siny (8.49)
;= o, = gcos@+

These are called Euler’s geometrical equations, which express the components
of angular velocity with respect to the body axes in terms of Euler’s angles and
their time derivatives.

8.7 INFINITESIMAL ROTATIONS

While discussing Euler’s angles, we associated vectors with infinitesimal



rotations. We will now justify it by considering how vectors behave under
rotation. Consider the change in the radius vector r of the point M produced by
an infinitesimal anticlockwise rotation through an angle df about the axis of
rotation. This is illustrated in Fig. 8.3.

Adg=dQ
f

....

g
b

Fig. 8.3 An infinitesimal anticlockwise rotation of a vector.
The distance ML represents the magnitude of the change in the wvector

ML =|dr|=rsin6d¢ (8.50)

The direction of the vector dr is along ML which is perpendicular to both r and

i where 9W is the unit vector along the axis of rotation. The direction of the
vector dr is the direction in which a right hand screw advances as vector

= b4 . .
dr =dWxr is turned into vector Y. Hence,



dr=dQ xr (8.51)

From Eq. (8.51) we can state that the infinitesimal displacement dr is equivalent
to an infinitesimal rotation d¢ which can be represented by a vector dQ = fid¢

pointing along the instantaneous axis of rotation. Dividing Eq. (8.51) by df

dr_ B r=axr (8.52)
dt dt
Generalizing, for a vector A
dA
—=m0XA
dr (8.53)

8.8 RATE OF CHANGE OF A VECTOR

Rotational motion of rigid bodies is generally formulated in a body-fixed

co-ordinate system. To convert results from a body-fixed system to a space
fixed-system and vice versa, we should know how the time derivative of a vector
in one system changes to the time derivative in the other system. Let Oxyz be the
co-ordinate system fixed to the rotating body and x"y’z’ be the space-fixed one

with common origin. Let the unit vectors of the body fixed system be i, j and k.

The radius vector of a mass point at P of the body with respect to the body-fixed
system is



r=ic+jy+kg (8.54)

As unit vectors i, j, k are constants with respect to the body-fixed system,
specified by the subscript »

(dr) .dx ~dy -dz
L5 Sl—F = Fk— (8.55)

When we consider the time derivative of r with respect to the space-fixed system,
the unit vectors also possess time derivatives as they change directions. Hence,

-~

[@) Jp sy e i 4y dk

dt ), dt dt dt dt dr dt
—(EJ +d—ix+ijx+;z 8.56
L dr ), dt dt~ dt (8.56)
Using Eq. (8.52), we can write
A Uy-axh —z=wxkz
dt I
Using Eq. (8.52), we can write
( dr

= ﬁJ +(@Xr) (8.57)
dt ),

Generalizing to a general vector A

(@) (dA) +mx A
Lar ) ar (8.58)

From this, we get the important operator equation

(£) (2) +on
Ldr kdr (8.59)

where w is the angular velocity vector of the rotating body. Eq. (8.59) is a
statement of the transformation of the time derivative between the body-fixed



and space-fixed co-ordinate systems.
In Eq. (8.57), (dr/dt) is the velocity vg with respect to the space-fixed

co-ordinate system and (dr/dt), is the velocity v, with respect to the rotating
co-ordinate  system. Eq. (8.57) can now be  written as
V.=V, +0OXr (8.60)

Equation (8.59) is the basic law on which the dynamical equation of motion of a
rigid body is based.

8.9 CORIOLIS FORCE

Equation (8.59) can be used to obtain the relation connecting the inertial
acceleration of the particle of mass m at P and its acceleration relative to the
rotating frame. Using Eq. (8.59) to get the time rate of change of vg
(v, _(av,) |
= v
Uar ). Uar ), ; (8.61)

Replacing v, on the right side of Eq. (8.61) using Eq. (8.60), we get

(dvs) {’dvr\ (d(®xr))
| - H | +OX Vv, +®X(®Xr)

Vdr ). L) U e

r

(dv,) (do

='L i) +LE><1-J +OX V, + O XV, +® X (0 Xr) (8.62)

r




When angular velocity is constant, (dw/dt)=0. The factor (dv,/dt), is the

inertial acceleration a, of the particle relative to the inertial system, and (dv, /dt)

is the acceleration a, of the particle relative to the rotating co-ordinate system.
Then

a,=a, +2(@MXVv,)+0X(®Xr) (8.63)
The equation of motion in the inertial system is
F=ma, (8.64)
Multiplying Eq. (8.63) by m and replacing m a; by F

F-2m®xv,)—mox (0 XxXr)=ma, (8.65)

To an observer in the rotating system, it appears as if the particle is moving under
the influence of an effective force

Fpp =F = 2m(® X v,) — mm X (® X 1) (8.66)

The third term on the right, —m® x (® X r), is called the centrifugal force. Its
magnitude

| m x (@ X r) | =mro® sing

where g is the angle between vectors W and r. This reduces to —mrw? when w is
normal to the radius vector (circular motion). The negative sign indicates that the
centrifugal force is directed away from the centre of rotation. It is not a real
force, but a fictitious one. It is present only if we refer to moving co-ordinates in
space.

The second term 2m(wx v,), called the Coriolis force, is present when a

particle is moving in the rotating co-ordinate system. This is also not a real force,
but a fictitious one. It is directly proportional to v and will disappear when there

is no motion. Another feature of this force is that it does no work, since it acts in
a direction perpendicular to velocity.

The centrifugal and coriolis forces are not due to any physical interaction, and
hence they are non-inertial or fictitious forces. The rotating earth can be
considered a rotating frame. Though its angular velocity is small, it has
considerable effect on some of the quantities. Some of them are: (i) The Coriolis
force has to be taken into account to compute accurately the trajectories of long
range projectiles and missiles.

(ii) It is the Coriolis force on moving masses that produces a counterclockwise



circulation in the northern hemisphere which affects the course of winds.
(iii) The spinning motion of the earth is that which causes the equatorial bulge.

8.10 EULER’S EQUATIONS OF MOTION

The inertia tensor I with respect to a body-fixed co-ordinate system is a constant.
In a principal axes system also it is diagonal. Consider the rotation of a rigid
body with one point fixed, which is taken as the origin of a body-fixed co-
ordinate system. The rotational analogue of Newton’s second law gives the rate
of change of angular momentum with respect to a space-fixed co-ordinate. The
torque

N acting on the body



(dL
(%)

Equation (8.59) can be used to get the time derivative of L with respect to axes
fixed in the body:

\dr ), \dr) (8.68)
Combining Eqs. (8.67) and (8.68)
dL
N :(El +m x L (8.69)

As the components of inertia tensor with respect to body axes are constants,
N=Iw+oxL (8.70)
If we select the principal axes of the body as body axes, from Eq. (8.70) we have
Ny = Loy + o, L5 — osL,
But Ly = Lw;,, L, = I,w, and therefore
N, =1, + o,0,(1; - 1,)
Similar relations can be obtained for the other components also. Rearranging
Loy =w,0,(1,— 1)+ N,
L, =w,w,(l;- 1))+ N, (8.71)
Loy = oo, (I, - 1) + N,

Equations (8.71) are known as Euler’s equations of motion for a rigid body with
one point fixed . In the absence of external torques, Euler’s equations reduce to
simpler forms

L, = 0,051, — 13)
Lo, = oo, (15 - 1)) (8.72)
Ly = 0w, (1, — I,)
The external torques acting on the earth are so weak that the rotational motion
can be considered as torque-free in the first approximation.

The angular velocity and angular momentum are not parallel vectors. Though
angular momentum is a conserved quantity, angular velocity is not. In general,



the angular velocity will precess around the angular momentum vector and the
angle between them varies in time. This is known as nutation.

8.11 FORCE-FREE MOTION OF A
SYMMETRICAL TOP

As an example of Euler’s equations of motion, we consider the special case in
which the torque N = 0 and the body is a symmetrical top. A symmetrical top
possesses an axis of symmetry and therefore two of the principal moments of
inertia are equal. If the axis of symmetry is taken as the z-axis, I} =1, = # I5.

For force-or torque-free motion, the centre of mass is either at rest or in uniform
motion relative to the space-fixed inertial system. Therefore, we can take the
centre of mass as the origin of the body-fixed co-ordinate system. In such a case
the angular momentum arises only from rotation about the centre of mass. For

such a symmetric body, Eq. (8.72) reduces to



!&"’l - %ms(l = 13)
ld, = w,,(I, - I) (8.73)
Li,=0

The last equation of Eq. (8.73) gives

@4 = constant in time (8.74)
Defining a constant k by
k= =1y (8.75)
1
The first two equations of Eq. (8.73) become
@y =—ko, and @,=ko, (8.76)
Differentiating the first one with respect to time and replacing @, by ko,
@y =— ki =— Kk’ (8.77)
which is the equation for simple harmonic motion. Its solution is
@, = Acos (kt +6,) (8.78)
where A and &, are constants. From Egs. (8.76) and (8.78)
W, =— . @,
k
@, = Asin(kt + f,) (8.79)
Squaring Eqs. (8.78) and (8.79) and adding
Squaring Egs. (8.78) and (8.79) and adding
(012 + a)% — A% = constant (8.80)

Since @, 1s a constant,

m=|m|=(m12+m§+&J§)%=(Az+m§)}£=constant (8.81)



Equations (8.78), (8.79) and (8.80) together suggest that the components @, and
@, of @ trace out a circle of radius 4 with time in the xy-plane. Since the total
angular velocity |®| is also a constant, this implies that the angular velocity
vector M precesses in a cone about the z-axis (the body symmetry axis) with the
angular frequency k. The frequency f, and period 7}, of this precession are given

by
1k _U3-Day
g = o L B 8.82
s T, 2n 2nl e

The cone described by the angular velocity vector ® is known as the body cone.
In the body reference frame, its half angle ais given by

@ +@})" A
o o

This precession is relative to the body-fixed axes which are themselves rotating
in space with a larger frequency . Fig. 8.4 shows the precession of the angular
velocity vector @ about the body symmetry axis.

tane = (8.82a)

This precession is relative to the body-fixed axes which are themselves rotating
in space with a larger frequency w. Fig. 8.4 shows the precession of the angular
velocity vector W about the body symmetry axis.

z &z
F 3
Qp,_fx -
i L e
@y
i 2
o i
oL—+ 3> >y oL »y
@y AT
IJ
* (a) (b)

Fig. 8.4 (a) The precession of the angular velocity vector w about the body-fixed
z-axis; (b) The angular velocity vector w precesses about the space-fixed
z-axis.

The constants A and w3 can be evaluated in term of the familiar constants, the



kinetic energy T and angular momentum L.

I 1
T:l(fmf + 102 + Lw?) = —IA* + — L,o? (8.83)
2 - 2
="+, + Lo, =1"A> + I} o; (8.84)
From Eqgs. (8.83) and (8.84)
e L-ar o = r-2ar g5
I(I- 1) T L -1 (8.59)

What we have been discussing so far is the precessional motion of w about an
axis fixed in the body. As viewed from the space-fixed (inertial) system, there
should be two constants of motion, the angular momentum L and kinetic energy
T. In the body-fixed sytem, L acts in the direction of z as shown in Fig. 8.4(b) : L
= constant (8.86) Since the centre of mass is fixed , the kinetic energy is

completely rotational and is given by

1

L= 5 L - @ = constant (8.87)

As L.w is constant, during motion W must move in such a way that its projection
on the stationary L (the z-axis) is constant. That is, w must precess around and
make a constant angle g with the angular momentum vector L (see Fig. 8.4b).
From Eg. (8.87) the angle g between the vectors L. and w is given by
L'm _ ZTmr
Lo Lo

This precession of w about the angular momentum vector L traces out a cone
around L. This cone is known as the space cone. Thus, when viewed from the
body co-ordinate system, the vector W precesses around the z-axis (symmetry
axis) whereas it precesses around the z-axis when viewed in the space-fixed
system. The situation may be described as shown in Fig. 8.5 (a), with the body
cone rolling around the space cone with the line of contact along the direction of
angular velocity w which precesses around the z-axis when viewed from the
body-fixed frame and around the z-axis when viewed from the space-fixed
frame. Depending on the value of I and I3, the body cone may roll outside (I3 <

cos 8= = constant (8.88)

I) or inside (I3 > I) the space cone as shown in Fig. 8.5.

An interesting example of the force-free motion of a symmetric body is
provided by the rotation of the earth. The earth rotates freely about its polar axis.
Its axis of rotation departs slightly from its symmetry axis. From astronomical



measurements (I3 — I)/I is found to be 0.00329. From Eq. (8.82)
2 2zl lday
Pk wyy-1) 0.00329

Recent measurements give T, = 433 days. The discrepancy is probably due to
p

= 304 days

the fact that the earth is not a perfectly rigid body. Thus, the earth’s rotation axis
precesses about the north pole in a circle of radius about 10 m with a period of
about 433 days.

L& z

space cone body cone space cone body cone
8
o
0 0
(a) (b)

Fig. 8.5 (a) Space and body cones for I3 < I; (b) Space and body cones for I3 > I.

8.12 HEAVY SYMMETRIC TOP WITH ONE POINT FIXED

As a second example of rigid body dynamics, we consider the motion of a heavy
symmetrical top spinning freely about its symmetry axis under the influence of a
torque produced by its own weight. The symmetry axis of the body is one of its
principal axes and we choose it as the z-axis of the co-ordinate system fixed in
the body. The body is fixed at the point O which is on the symmetry axis but
does not coincide with the centre of gravity. Point O is taken as the origin of the
space-fixed (x’y’z") and body-fixed (xyz) co-ordinate systems. Fig. 8.6 shows
the spinning top along with the axes of the co-ordinate systems. We shall use the
Euler’s angles to describe the motion of the top. The line ON is the line of nodes;
q gives the inclination of the z-axis from the Oz axis, f measures the azimuth of
the symmetric top about the vertical, and y is the rotation angle of the top about
its own z-axis. Let the distance of the centre of gravity G from O be I. As the



symmetry axis is selected as the z- axis of the body-fixed system
L=L=I=#I

As the translational kinetic energy is zero, the kinetic energy T is given by
1
T:E[J(mhmi)ﬂjmﬂ (8.89)

According to Euler’s geometrical equations, Eq. (8.49)

) :écosyf+ (ﬁsinﬂ sin i

W, =— @sin iy + gsin Bcos (8.90)
@, =W+ pcosf

i
i
I
i |r
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Line of nodes

Fig. 8.6 Heavy symmetric top with one point fixed.



Substituting Eq. (8.90) in Eq. (8.89) we get
T:%I(f—f’2+¢32 sin29)+%fs(;if+gﬁcosﬁ)2 (8.91)

The height of the centre of gravity from the point of support is / cos #and therefore
the potential energy

V=Mglcos@ (8.92)
where M s the mass of the top. Taking €, ¢ and yas the generalized co-ordinates,
the Lagrangian L = T— J takes the form

L= % 1(6* + ¢* sin* @) + % L;(yr + ¢pcos@)* —Mglcos®  (8.93)

The generalized co-ordinates ¢ and ¥ do not appear explicitly in the Lagrangian
and hence they are cyclic co-ordinates. Therefore, the corresponding generalized
momenta are constants of motion. That is,

Py = g—gz I.;iﬁsinz @+ I;( + ¢ cos @) cos @ = constant (8.94)
L .
p#,=$=I3(W+¢cosﬁ)=c0nstant (8.95)

Here, pfis the angular momentum due to the angular rotation of f about the
z-axis and py is that due to the angular rotation of y about the z-axis. These are
the two first integrals of motion. Another first integral is the total energy E:



E=T+V=%I(6’2 + ¢* sin? a)+% L,(y + @ cos@)* + Mgl cos@ (8.96)

Equations (8.94) and (8.95) can now be solved for ¢ and ¥ interms of €. Using
Equation (8.95) to replace [, (i + qbcosﬂ) in Eq. (8.94), we get

I gsin® 6 + Py cos8= p,

. Py Py cos @
= (8.97)
P Tein%o
Substituting this value of .;35 in Eq. (8.95)
- p,, cosB)cos b
= Py  Py—py ) (8.98)

Iy Isin?8@
Substituting Eq. (8.97) to replace ¢ and Eq. (8.95) to replace (i + ¢ cos @) in
Eq. (8.96), we get

2 2
. - p,, cos@
Py 1, e . :
2l 2 2Isin” @
Thus, the problem is reduced to motion with one degree of freedom. Replacing
the constant on the left side of Eq. (8.99) by E, we have

+ Mgl cos@ (8.99)



: (py — ccnsﬁ’)2
peliip P Py 4+ Mglcos @ (8.100)
2 2[sin“ @
’ 1 . ’
E =5192+V (6) (8.101)
where,
s py cos @ )*
Vi(g)= + Mglcos @ 8.102
el 21sin* @ § e
2
p
E=E-—+ 8.103
o, (8.103)
From Eq. (8.101), we have
. 20E -V’
o= 2E V) (8.104)
|
Integrating
de
1o =
-[\/(2,.---',r ) (E" V") (8.105)

Integration of Eq. (8.105) involves elliptic integrals and the procedure is very
complicated. The general feature of the motion can be understood without
performing the integration.

The plot of the effective potential V"’(8) versus g for the physically acceptable

range of 0<6 <x is given in Fig. 8.7. From Eq. (8.105), it is obvious that the
motion will be limited to the case E’>F’. For any energy value E’ = E{ the
motion is limited between two extreme values q1 and qp. This implies that the

angle that the symmetry axis Oz can make with the vertical is limited to
6, <6 <6,. In other words, the symmetry axis Oz of the top will be bobbing

back and forth between two right circular cones of half angles g1 and gy while
precessing with the angular velocity ¢, Eq. (8.97), about Oz. Such a bobbing
back and forth motion is called nutation. If ¢ given by Eq. (8.97) does not
change sign as q varies between g1 and gy, the path described by the projection

of the symmetry axis on a unit sphere with the centre at the origin is shown in
Fig. 8.8(a). If ¢ does change sign between the limiting values of g, the
precessional angular velocity must have opposite signs at g = q1 and g = g. In



this situation the nutational-precessional symmetry axis describes loops as
shown in Fig. 8.8(b). If vanishes at one of the limiting values of g, say q1, the

resulting motion is cusplike as shown in Fig. 8.8 (c).
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Fig. 8.7 Plot of effective potential V'(B) versus q for a heavy symmetrical top.
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Fig. 8.8 The motion of symmetry axis between 8, < § < 8, projected on aunit sphere
in a fixed system: (a) ¢ never changes sign; (b) ¢ changessignat 8> g, (c) )

vanishes at 8= 4,.

Next, we shall consider the case of precession without nutation. If the energy
is such that E” = Ej =V;,, the value of g is limited to a single value of 6,,. The

min *
resulting motion is a steady or pure precession without nutation about Oz’. The
steady precession at the fixed angle of inclination of @,, is possible only if the

angular velocity of the spinning top
2

0} EI—JMgICGSHm (8.106)
3

This result can be obtained after obtaining the value of 8, by setting

v,
] " (8.107)

For the given value of gy, the precessional angular velocity ¢ has two possible

values, one giving rise to a fast precession and the other a slow precession. Slow
precession is the one usually observed.

If a top starts spinning sufficiently fast and with its axis vertical, it will remain
steady in the upright position for a while. This condition is called sleeping and
the top is said to be a sleeping top. This corresponds to the constant value g = 0.
The criterion for stability of the sleeping top is given by

2

3
Friction gradually slows down the top, and it starts undergoing a nutation and
topples over eventually.

WORKED EXAMPLES

Example 8.1 Find the moments and products of inertia of a homogeneous cube
of side a for an origin at one corner, with axes directed along the edges.



Solution: Jp("’ +2%)dV = dexj{j Y okig )d‘;-’} dz
oLo

2. g
!ny:‘rzznga
a a a —|
IW——JvadV=—dezj Jxvded“;f
v 0 o0lo
a o 5
a l 2
=—pa|—yvdy=—p—=——Ma
P _[ 5 79 P 1
0
! p
EM’a2 —iMﬁ2 —lMa2
3 4 4
il SipE Ll
4 3 4
1. 2 | 2
——Ma~ ——Ma —Ma
\ 4 4 3 y

Example 8.2 Find the principal axes and the principal moments of inertia for a
cube of mass M and sides a for an origin at one corner.
Solution: From Example 8.1
2 1
111:1(22:133:?”"2 Iu:IB:IB:*EMaZ

Obviously the specified axes are not principal axes. To find the principal axes we
have to solve the determinant



EMGZ—I —1Ma2 —lMaz
3 4 4
A2 SR =0
4 3 4
—iMaz —1Ma2 EMal =i
4 4
Subtracting the first row from the second
2Ma2 =] —1Ma2 —lMaZ
3 4 4
11 11
——Ma’+I —Ma*-1 0 =0
12 12
—Lwa2 —iMaz gMaz s
4 4 3

1
Factoring (EMaz —1) from the second row and then expanding the

determinant, we have

2
(EMaZ—IJ '(%Maz—f) — 1(Ma2)2—1Ma2"{3Ma2—1J =0
\12 \ 3 8 4 3

Solving, we get the principal moments of inertia:

1
L=I,= EMaz 5 =gMa2

The degeneracy /; = I, suggests that the 3rd axis corresponds to an axis of symmetry.

To find that axis, substitute /= /5 in Eq. (8.33) and solve for the ratio @, :@, :@;

\5 6)M 1% 47
. +fE_lJm Lo
4T\ 376) 4™
—lm -— @, + = 1 @, =0
4" “\8 6, "



-+ 20, —w; =0
Further simplification gives
(f)l -— &)2 - f()3
That is, when the cube is rotating about this principal axis, the projections of w

on the three co-ordinate axes are equal. Hence, the principal axis associated with
I3 coincides with the main diagonal of the cube. The orientation of the principal

axes associated with I{ and Ip are arbitrary: they have to lie in a plane
perpendicular to the diagonal of the cube.
Example 8.3 Obtain the principal moments of inertia of a cube of side a and

mass M by rotating the cube about the co-ordinate axes of a co-ordinate system
with one corner as the origin and the axes directed along the sides of the cube.

Solution: The inertia tensor of a cube of side a and mass M with one corner as
the origin and the axes directed along the sides is given by Example 8.1.

(2 _1 _1)
3 4 4
Fallfs = L
4 3 4
r 1 2
4 4 3

-x:u I;

F 3
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X,

Fig. 8.9 A cube of side a with one corner as the origin and the axes along the sides of the cube.



The diagonal of the cube is a principal axis. We have to rotate the cube in such
a way that the xq axis in Fig. 8.9 coincides with the diagonal of the cube. The

length of the face diagonal of a cube =./24 and that of the body diagonal is
J3a The above can be achieved by two successive rotations: (i) rotation through
an angle of 8, = 45° about the x3 axis; and (ii) rotation about x; through an angle

gy= cos 142 /3. The rotation matrix corresponding to the first rotation is



= = —

]_

0
The rotation matrix corresponding to the second rotation is

1

sin &
0

0

( cos@,
A1=|[ —sing, cosg O

\

The total rotation is given by matrix A:

\.
_ _
_ _
_ _
- _
-,
lﬁ o | en




Example 8.4 Consider a dumb-bell formed by two point masses m at the ends of
a massless rod of length 2a. It is constrained to rotate with constant angular
velocity W about an axis that makes an angle a with the rod. Calculate the
angular momentum and the torque that is applied to the system.

Solution: Fig. 8.10 shows the dumb-bell rotating with angular velocity w about
an axis AOA in the inertial co-ordinate system.

A!
Fig. 8.10 Dumb-bell rotating about an axis that makes an angle a with the rod.

Resolving w into components perpendicular and parallel to the dumb-bell axis
Wy = @Ccosa @, =@sin

The component @y produces no angular momentum as the masses are point
particles. The moment of inertia about the direction of @, = 2ma*. The magnitude
of the angular momentum vector L 1s

| L | =Ilw, =2ma*wsina

The angular momentum L points in the direction of @, . As the dumb-bell rotates,
L swings round the rod and the tip traces a circle. By definition, torque

N=L
dt
Using Eq. (8.53)
N= CL) =wxL



|N|=wLsin(90 — &)= wLcos &
Substituting the value of | L |
|N| =2ma’®” sina cosa = ma’w”® sin 2a

Example 8.5 Consider a particle falling freely from a height h at latitude 1. Find
its deflection from the vertical due to Coriolis force.

Solution: Let P be a point on the surface of earth at latitude I. A particle falls
vertically from a height h above P. The velocity of the body is almost vertical,
say along the z-axis. The angular velocity w of the earth is in the north-south
vertical plane or yz plane. The Coriolis force —2mw v will be in the east-west

direction, which will be the deflecting force. Thus, in the northern hemisphere a
freely falling body will be deflected to the east, which is taken as the x-axis. The

equation of motion in the x-direction is
AQ

C“x

Fig. 8.11 A particle falling freely from a height h at latitude.



2
md—; ==2m(®m X v,),
dt

@, = wcos@=wcos(90— A) = wsin 4

myzmsinﬂzmcnsfl @, =0
The components of w are (0, w cos I, w sin [). The components of g are (0, 0, —
g). Since the Coriolis force is very weak compared to g, the x and y components

of the velocity are approximately zero. Hence, the components of the velocity
are

(O, 0, — gb). Then
i k
wxv, =0 @wcosd wsind
0 0 —gt

(WX v,), =wcos A(—gt)=—gwicos A

2
x
The equation of motion now reduces to ? =2gwtcos A

Integrating twice with the initial conditions = 0, x=0 and x = 0, we get

1
x= Emg cos At

1 2h
Since, =g o B=g—
g
3/
1 (2&}”
x=—wg|— | cosAd
3 7\ g

That is, there is an eastward deflection given by x when the particle falls freely
from a height 4 at latitude A.

That is, there is an eastward deflection given by x when the particle falls freely
from a height h at latitude 1.

Example 8.6 A body can rotate freely about the principal axis corresponding to
the principal moment of inertia I3. If it is given a small displacement, show that

the rotation will be oscillatory if I3 is either the largest or the smallest of the



three principal moments of inertia.

Solution: Since the displacement is small, we may take w1 and wp as small and
the product wiwp may be neglected. From the third equation of Eq. (8.72) we
get

@;=0 or @5 = constant
From the first equation of Eq. (8.72), we have
1
Substituting the value of @, from the second equation of Eq. (8.72)

" L=1,)( =1
@_[(3 2;);(1 3)(032}@]
142

@, = ko, k* = constant

As m32 and /, I, are positive constants, the nature of the solution is decided by the
product (5, —1,) (I; —1;). If > 1 and I; > I, or I; <, and I; < [,, the equation
reduces to

aw

iy =— ko

and the solution for w1 will be oscillatory. On the other hand, if I1 > I3 > Iy or I
< I3 < I, the equation becomes @, =k’

the solution will be exponentially increasing with time. Similar arguments hold
good for wy also. Hence, the rotation will be oscillatory if I3 is either the largest
or the smallest of the three principal moments of inertia.

Example 8.7 A body moves about a point O under no force. The principal

moments of inertia at O being 3A, 5A and 6A. Initially the angular velocity has
components w1 = w, wp = 0 and w3 = w about the corresponding principal axes.

Show that at time t



i) —S_wtanw_f .
2 ﬁ ‘Jg if

Solution: In the torque-free case, the Euler’s equations are

d 1
_I. 2 - 2 = —tanh™ '/i}
pi-xr p \p

Ny = w05 (I, — I3) (1)
L, =wa, (I, - 1)) (i)
13&}3 - mlmz (Il - Iz) (111)

Replacing the principal moments of inertia /;, /5, I3 by 34, 54 and 6.4, respectively

3, =— 0, (iv)
5&’2 = 3&-’3 a (V}
6w, =20, 0, (vi)

Multiplying Eq. (1v) by 3@, and (v) by @» and adding the two
Qw, w, + S5@,@, =0

Integrating and applying the initial conditions

9(012 + 5&}% = constant

90} + 505 = 9* (vii)
Similarly from Egs. (iv) and (v1)
g)lz = m:% (viii)
Using Egs. (viii), (v) and (vii), we have
2 2 2
-3
56, = 307 = 30® - —5“3’2 g =l o = ©

Integrating



dw, da,
r=15—5—2 - =3[ 02
00" - 503 (9/5)@” — w3

e mm,,]
| 3w

3w ()
tanh| — |

W, =
o5
Example 8.8 If w3 is the angular velocity of a freely rotating symmetric top
about its symmetry axis, show that the symmetry axis rotates about the space-
(26 — L)@,
[, cos@

fixed z-axis with angular frequency ¢ = , where g and f are Euler’s

angles.
Solution: From the third equation of Eq.(8.49), we have @, = ¢cos6 + yr

(i) In the force-free motion of a symmetric top we have seen that the angular velocity vector w of the top

precesses in a cone about the body sysmmetry axis with an angular frequency k given by

I I _
k= (3‘(& (ii) This angular frequency is the same as ¥ which is also
1
directed along the symmetry axis. Substituting this value of Y in the expression
for w3 and simplifying,
. (2L -1
we get ¢:( 1~ 13) @3
I, cos@

Example 8.9 In the absence of external torque on a body, prove that (i) the
kinetic energy is constant; (ii) the magnitude of the square of the angular

momentum (L2) is constant.
Solution: (i) Multiplying the first of Eq. (8.72) by w1, the second by wy and the

third by w3, and adding, we get



flﬂild.?l + Izﬂ.’z(bz + 13&}3&)3 = 0

— —[Lat + Lah + Lwi]=0
2 dt

The quantity inside the square bracket is kinetic energy 27, that is

d :
d—(T) =f) or T is a constant.
!

(ii) IF = (hoy + Lo, + Loy (Lo + Lo, + Loy)

=I{o + o) + o3
Multiplying the first of Eq. (8.72) by [, @, the second by /; @ and the third by/;a
and adding, we get

2. 3. 7.
Ifoyw, + [o,0, + 0,0, =0

% % [lof + Bws + RBoi]=0
d .o
—I*=0
dt

L? = constant of motion.

REVIEW QUESTIONS

1. In general, the angular momentum vector L is not necessarily always in the
same direction as the instantaneous axis of rotation. Substantiate.

2. What are moments of inertia and products of inertia?

3. What is Poinsot’s ellipsoid of inertia?

4. Express the rotational kinetic energy of a body in terms of inertia tensor and
angular velocity.

5. What are principal axes and principal moments of inertia?

6. When do you say a body is a symmetric top? Give an example. Distinguish
between prolate and oblate symmetric tops.

7. If the rotation axis of a body is in the direction of a principal axis, show that
the angular velocity vector and angular momentum will be in the same
direction.

8. If the moments of inertia and products of inertia of a body with respect to an



arbitrary co-ordinate system are known, how do you find out the principal
moments of inertia in a principal axes system?

9. What are Euler’s angles?

10. State and explain Euler’s geometrical equations.

11. An infinitesimal rotation can be represented by a vector along the
instantaneous axis of rotation. Substantiate.

12. Express the inertial acceleration of a particle of mass m in terms of its
acceleration relative to a rotating frame.

13. What are centrifugal and Coriolis forces?

14. What do you understand by nutation?

15. In the force-free motion of a rigid body, distinguish between body cone and
space cone.

16. Explain the precessional motion with and without nutation in the case of a
spinning heavy symmetric top.

PROBLEMS

1. A rigid body of mass M is suspended and allowed to swing freely under its
own weight about a fixed horizontal axis of rotation. Obtain an expression for
the frequency of oscillation and find the length of an equivalent (in frequency)
simple pendulum.

2. Find the moment of inertia tensor for the configuration. in which point masses
of 1, 2, 3 and 4 units are located at (1, 0, 0), (1, 1, 0), (1, 1, 1) and (1, 1, —1).

3. Find the moments and products of inertia for a homogeneous rectangular
parallelopiped of mass M with edges a, b, ¢ with co-ordinate axes along the
edges and the origin located at one corner.

4. A rigid body is rotating about the x-axis. Find: (i) the angular momentum
vector L; (ii) the condition for L. and W to be parallel; (iii) the kinetic energy
of the body under that condition.

5. Find the moments and products of inertia for a rectangular parallelopiped of
mass M with edges a, b, ¢ with its origin at the centre of mass and axes
parallel to the three edges.

6. In the principal axes system, express the rotational kinetic energy of a rigid
symmetric body (I1 = I =) in terms of Euler’s angles.

7. A rigid body is rotating under the influence of an external torque N acting on
it. If w is the angular velocity and T is its kinetic energy, show that in the
principal axes system.

8. If a rectangular parallellopiped with its edges a, a, b rotates about its centre of



gravity under no forces, prove that its angular velocity about one principal axis
is constant. Also prove that the motion is periodic about the other two axes.

[Hint: the values of the principal moment’s of inertia are I{ = Ip = m(a2 + b2)/ 12
I3 = m(a? + a?)/12.]
9. A body is dropped from rest at a height of 300 m above the surface of the

earth at a latitude of 45 . Find the magnitude of deflection due to Coriolis
force when the body touches the earth.
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Theory of Small Oscillations

The theory of small oscillations about the equilibrium position is of importance
in molecular spectra, acoustics, vibrations of atoms in solids, vibrations of
coupled mechanical systems and coupled electrical circuits. If the displacement
from the stable equilibrium conditions are small, the motion can be described as
that of a system of coupled linear harmonic oscillators with each generalized
coordinate expressed as a function of the different frequencies of vibrations of
the system. The problem can be simplified further by a transformation of the
generalized coordinates to another set of coordinates, each of which undergoes
periodic changes with a well-defined single frequency. In this chapter we
develop a theory of small oscillations based on Lagrangian formulation.

9.1 EQUILIBRIUM AND POTENTIAL
ENERGY

To understand the motion of a system in the neighbourhood of stable
equilibrium, it is essential that we should know the relation between potential
energy and equilibrium. Let us consider a conservative system having n degrees
of freedom with generalized coordinates qi, gp..., qn. Since the system is

conservative, the potential energy V is a function of the generalized coordinates
V=V(q.9:4,) (9.1)

The system is said to be in equilibrium if the generalized forces acting on the

(ov)

system vanish:  Q.=—1 —| =0 9.2
Laffr' J(} e

An equilibrium position of the system is said to be stable if, after a small



disturbance, the system does return to its original configuration. If the system
does not return to its original configuration it is in an unstable equilibrium. On
the other hand, if the system is displaced and it has no tendency to move toward
or away from the equilibrium configuration, the system is said to be in neutral
equilibrium.

Figure 9.1 gives the form of a potential function V versus g curve. At points A

and B, (7" 794)=0" and therefore they are equilibrium positions. Let the
potential and kinetic energies
Vig)4 Vig)4
1 I I
A — ¢
| |
(a) Stable (b) Unstable

Fig. 9.1 Form of the potential energy curve at equilibrium.

of a system in the equilibrium position be Vy and T, respectively. Suppose the

system is given a small displacement and the potential and kinetic energies at
any subsequent time be V and T. By the law of conservation of energy T + V(y =

T+V
T-Tp=- (V- Vpy (9.3) Assume that the system is in equilibrium
corresponding to the configuration at A, where the potential energy V is

minimum. Any displacement from this equilibrium position will lead to a
potential energy V > V(. Then V — V{j is a positive quantity and from Eq.

(9.3), T — T is negative or T < Ty. Since T decreases with displacement,

the velocity decreases and finally comes to zero; then it will start coming
back to the equilibrium configuration. Thus, the system will be in stable
equilibrium. However, if V decreases as a result of a small displacement
from an equilibrium position, T — Ty will be positive and velocity



increases indefinitely, corresponding to an unstable motion. This situation
corresponds to position
Bin Fig. 9.1.

Thus, for small displacements, the condition for stable equilibrium is that the
potential energy V(y is minimum at the equilibrium configuration.

9.2 THEORY OF SMALL OSCILLATIONS

Consider a conservative system having n degrees of freedom, described by a set
of n generalized coordinates q1, qp,..., qp- The system has a stable equilibrium

corresponding to the minimum of potential energy V(j. Let us assume that the

generalized coordinates are measured with respect to this stable equilibrium
position. Expanding the potential V(q1, q,..., qn) of the system about the

equilibrium point in a Taylor series, we have

(
¥ ("?Is G2seees Gy ) VD+ ZL\B ] " ZZ a d q'. d; Hisa (9.4)
qi 0

\ 99:9q

The first term is the potential energy at the equﬂlbrlum position which is a
constant and may be taken as zero. The second term vanishes, since at the

(V[ dg; )y = 0.

equilibrium position Neglecting higher terms

V=%ZZV@- q; 9, (9.5)
i

l( PR \
\ 94:99; Ju

It is obvious that Vjj’s are symmetric, since the second derivatives are evaluated

where,

Vi (9.6)

at the equilibrium position and the order of differentiation is immaterial. The
diagonal elements represent the force constant of the restoring force acting on
the particle. Since V is measured from its minimum value and this minimum is
taken as zero, V > 0.

If the transformation equations defining the generalized coordinates do not
depend explicitly on time, the kinetic energy is a quadratic function of the



generalized velocities. That is,

1 3. :
T=Ezzmg di 4, (9.7)

i ¥

where the mjj’s are in general functions of the generalized coordinates and
contain the masses. Expanding mjj into a Taylor series about the equilibrium
values of g;’s and neglecting terms beyond the constant values of mjj at the
equilibrium position mjj = (Mjj)Q (9.8) Designating the constant
values of (mjj)o by the constant Gijj’s

1 .
= EZ ZG@- 4:9; (9.9)
i

Again it is obvious that the constants G;; must be symmetric, since the individual

terms are unaffected by an interchange of indices. For the case i = 1, 2 and j = 1,
2

1 2 1 .2 i 32
T=EGH‘E? +EG22§"; + G2 4142
Thus, G, is the coefficient of [%Jqﬁ G,, is the coefficient of [%) ¢> and G, is

the coefficient of ¢, ¢>-
Now we are in a position to write the Lagrangian of the system:

L= ZZ(G 4:4; =V 4:q;) (9.10)

a _Z i 4 (9.11)
Lagrange’s equation
i[%]_a_fuzo
dt\ dq; ) 9dq;
takes the form
Y (Gyg; —Vyg))=0, i=12,...n (9.12)
j

Equation (9.12) is a system of n second order homogeneous differential



equations with constant coefficients. Each of the equations involves all the n
coordinates.
The form of the equations suggests an oscillatory solution of the type

q;=Ca;e™™ (9.13)
where the amplitude Caj is to be determined from initial conditions, while the

natural frequency w is determined from the system’s constant. The factor C is a
scale factor, which is the same for all coordinates. Substituting Eq. (9.13) into
Eq. (9.12), we get

) y
Z(l‘:} — GU)GJ =0, Izls 2:«***:«” (9.14)

J

Expanding the equation
(Vl] o QZG“) ay + (1”12 = szu) dr +..+ (Vln - GJZGIH ) a, = 0

(Vzl - m2621 )ai + (V22 e &JEGZE )ffz + ..+ (Vln - szZHJ a, = 0 (9'15)

ccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc

(Vni - sznl) a + (an il mzcnl) a +...+ (Vnn - ngm) ady = 0

This set of n linear homogeneous equations for the a’s will have a solution only

if the determinant of the coefficients vanishes:
2 7 7
Vii—@o°Gy Vp —o°Gpy......... V), —@0°Gy,
2 2 2
Vzl - fi) Gzl sz —fﬂ Gzza+“..a++.a Vz - fn‘.? G:Z
n nl— ) (916)
V. —@*G,, V.,—-0°G V. —0’G
nl nl n2 R2rmananns R nn

This equation is of nth degree in w2, and the roots give the frequencies for which
Eq. (9.13) represents a correct solution of Eq. (9.12). That is, the equations of
motion will be satisfied by an oscillatory solution of the type given in Eq. (9.13),
not merely for one frequency but in general for a set of n frequencies wp. These

frequencies are often called the frequencies of free vibration or the resonant
frequencies of the system. A complete solution of the equations of motion
therefore involves a superposition of oscillations with all the allowed



“i-ﬁJPI

frequencies: ;= ZCP“JP ® (9.17)
P

Each of the coordinates is dependent on all the frequencies and none is a
periodic function involving only one resonant frequency.
To determine the amplitudes (aj’s), each value of wp is substituted separately

in Eq. (9.15). By this it is possible to determine (n — 1) coefficients in terms of
the nth one. The value of the nth coefficient must be determined arbitrarily.

9.3 NORMAL MODES

As discussed in the previous section, the expression in Eq. (9.17) for the
coordinates gj contains n terms, and each term corresponds to one frequency. It

is possible to effect a linear transformation to new generalized coordinates
Q1, Qp, Q3... so that one coordinate contains only one frequency. Let the

transformation be of the form ¢; = Zﬂ jr r (9.18)

r
Next we shall express the potential energy V and the kinetic energy T in terms of
the new coordinates, the Q’s. In terms of column vectors g and Q, Eq. (9.18) can
be written as q-= AQ (9.19) where A is a matrix, called the matrix of eigenvectors, formed

by the eigenvectors (a’s). Eq. (9.14) can also be written as the matrix equation

Va = @*Ga (9.20)
The matrix of the eigenvectors A diagonalizes both G and V, G to a unit matrix

and V to a matrix whose diagonal elements are the eigenvalues w2

AGA=1 and AVA = @? (9.21)

The potential energy V, given in Eq. (9.5), in matrix form is



15
Virgale (9.22)
From Eq. (9.19)
g= Qﬁ (9.23)

|

V= 5 QAV AQ (9.24)

Using Eq. (9.21)

1 -

V=-0&
2Q 0

1 P
= 52% 0y (9.25)
p

Since the velocities transform in the same way as the co-ordinates, Eq. (9.9)
transforms to

1. %5 i 1% %

T=§QA GAQ=§QQ (9.26)
I o

T‘EZPZQP (9.27)

It is evident from Egs. (9.25) and (9.27) that both potential and kinetic energies
are homogeneous quadratic functions without any cross terms.
In terms of the new coordinates the Lagrangian

L:T-V:%;(Qﬁ—a@gﬁ) (9.28)
Lagrange’s equations are
0,+w,0,=0  p=123...n (9.29)
Its solutions are given by
Q,=Cpe 3

Thus, each of the new coordinates is a periodic function involving only one of
the resonant frequencies. The coordinates Qq, Qp,..., Qn are called normal

p=12,..,n (9.30)

coordinates and wq, wy,..., wp are the corresponding normal frequencies. Each



normal coordinate corresponds to a vibration with only one frequency. These
component vibrations are called normal modes of vibration. In each mode, all
the particles vibrate with the same frequency and with the same phase. Particles
may be exactly out of phase if the a's have opposite sign.

9.4 TWO COUPLED PENDULA

Consider two identical simple pendula of mass m and length | connected by a
massless spring of spring constant k. The displacement of the bobs to the right
are x1 and x (see Fig. 9.2), and the corresponding angular displacements are q1

and gp. The potential energy when the bob is at the mean position is taken as
zero. Angles g1 and gy can be taken as the generalized coordinates.

Ll LT LTSS

Fig. 9.2 Two simple pendula coupled by a spring.



V = mgl (l &cosé‘l) +mgl (l- cosﬁz) +lk(x2 - x,)o
=mgl(1-cos@ )+ mgl (1-cosh,)+ %Hz (sin6, - sin,)’
Since 6 is small
cosf =1-62/2

cos@y=1-62/2  sinB, —sin6, = (6, — 6)).
Substituting these values and simplifying

¥ %(m.g! + ki*) 67 +%(mgi +kl*) @7 - kI” 6,6,

(9.31)
2 2
V= il =mgl+ki* V= . =—k 9.32
96,96, )6, =0 06,06, Ja-0 (9.32a)
6, =0 6 =0
(3% ,
"2~ 30,08, )48 =N 032
. . 1 22 22
Kinetic energy T=Em(x1 +x2)
= Lm8)? + 2m(,)? (9.33)
2 g

1. i
The elements Gy and G5, are the coefficients of 55'12 and 56’3 respectively.
Also, it is obvious that G, and (5, are zero. Hence,
Giu=Gp=m? G;p=Gy=0

(9.34)
The resonant frequencies can be obtained from Eq. (9.16). The secular
determinant

is



, . |mgl+kl* —’ml’® —ki*
V-wG= ) s s 2=[J (9.35)
—kl mgl+ kl* — @ ml
mg 2 ’ 2
[T +k—-w m] -k°=0
[% + 2k — &sz) [% — mzm) =0 (9.36)
=i g B
I m [
g g 2k

One of the resonant frequencies, V' J , is the same as that of a free pendulum of
the same length. In the other mode, both the pendula and the spring participate.

Normal Modes Next we shall find the normal modes of the system.
Eq. (9.14) gives

Z (fo 2 ""QGI';) a; =0 i=1,2 (9.38)

=12

Substituting the values of Vﬁ and Gi-j-
(mgl + k? — @*ml?) a, — kizaz =0 (9.39)
— ki*a, + (mgl + ki* — @*ml*) a, =0 (9.40)

Substituting ("12 = g/l in Egs. (9.39) and (9.40)

ki*a, — kI*ay =0 (9.41)
— kl*a; + kI*ay =0 (9.42)

From Eqgs. (9.41) and (9.42)
Gq=a,=a (9.43)

These eigenvectors correspond to the value of w = wq. To get the eigenvectors
corresponding to the value of w = wy, substitute the value of wy in Egs. (9.39)



and (9.40). We
— ki’a, — kli*a, =0
—kl*a; — kl*a, =0
It is obvious from Eqgs. (9.44) and (9.45)

a1=—ag=ﬁ

Consequently, the matrix of eigenvectors denoted by A is given by

a=(® 'B]

e 25

Using the condition given in Eq. (9.21) that AGA = 1, we have

(e a](mﬂ D]l’zx ,8] (1 o]

B -8 o m)la -8)7l0 1

2ml’a® 0 _[1 0]
0 2m*p*) \0 1

2mli*a? =2ml* f* =1

(1 1
J2mi2 ami?
A=
1 1

From Eq.

get
(9.44)

(9.45)

(9.46)

(9.47)

(9.48)

(9.49)

(9.50)

(9.19)



(1
|

=| (9.51)
I

1
( 91] Namit Nami* | Ql]
|6, R B AR )

\V2mi?  2m?

where (1 and (), are the normal co-ordinates of the system. Expanding Eq. (9.51)

Q O,
6 =2+
Vomit  \omi® (252
S — 9.53
Jami? aml? eias)

Solving

i |
Q1=,f—m2 (6, +6,) (9.54)
IZ
0, =J—’”2 6,- 0, (9.55)

Next we shall see the physical meaning of these normal modes. For the Qq
mode, we take Qp = O; therefore g1 —qp =0 or q1 = q» (9.56) That is,

the two pendula are oscillating in phase. This is the symmetric mode of
oscillation shown in Fig. 9.3 (a). For the Q» mode, we take Q1 = 0; then g1 + qp

=0orq1 =—q (9.57) That is, the two pendula are oscillating out of
phase with each other. This is the antisymmetric mode shown in Fig. 9.3 (b).
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Fig. 9.3 Normal modes of two coupled pendula: (a) Symmetric mode: g1 = g, X1 = xp; (b) Antisymmetric

mode: q1 =—qp, X] = —X2.

9.5 LONGITUDINAL VIBRATIONS OF CO» MOLECULE

In the COp» molecule, the three atoms are in the same straight line. The

complicated interatomic potential can be approximated by two springs of force
constant k joining the three atoms as shown in Fig. 9.4. The displacement
coordinates marking the position of the three atoms are also shown in the figure.
k k
O C o

i M

o = S

Fig. 9.4 A linear symmetrical CO» molecule.

Normal Frequencies The potential energy



1 1
V:Ek (x, — x;)? +Ek(x_,, — x,)?

= ék(xlz + 21% + I% = QII.TQ = 2.1'312) (958)
From Eq. (9.6)
(42 2
4 Vv
i = a_z] % V[ 9 ]k
L 9X ), 0x,0x,
{42 2
Vi = B_V =2k Via =(8_V =0 (9.59)
ox2 \ 9x0x
\ 92 J, 1S
2 2
The kinetic energy
:  — L
T=§mxlz+§M x§+§mx32 (9.60)

From Eqgs. (9.7) and (9.9)
Gy =Gaz=m Gp=M
GIZ = GIB - Gl3 =0 (9.61)

The secular determinant shown in Eq. (9.16) takes the form

k-o'm -k 0
-k 2%k-@’M -k |=0 (9.62)
0 —k k —a*m

Expanding the determinant and simplifying

" (k - &*m) (@’ mM — 2km — kM ) =0 (9.63)
The resonant or normal frequencies of the system are
kY ko 2k
m m M

Normal Modes To find the normal modes of the system, the



expanded form of Eq. (9.14) is needed. To each value of w we will
have a set of a’s. To distinguish them, we shall add an additional
subscript p.

(k —awpm)ay, —ka,, +0=0 (9.65a)
—kay, + (2k - w’M) a,, — kaz,, =0 (9.65b)
0- kay, + (k- @’m) a;, =0 (9.65¢)

Substituting the frequency wq = 0, from Egs. (9.65a) and (9.65c) a11 = ap1 and
az1 = asg.
Hence,

aj] =ay] =az] =a (9.66) That is, the displacements of all the

atoms are equal and are in the same direction. It clearly shows that this
mode is not an oscillation but a pure translation of the system as a whole
and is illustrated in Fig. 9.5 (a).

@ @+ e o
(b)) ~@ ® @
(c) —@ - <« ()

Fig. 9.5 Longitudinal modes of vibration of a COp molecule: (a) translational mode; (b) symmetric

stretching mode; (c) antisymmetric streching mode.

Setting W=a; =spkien, from Eq. (9.65a) ayp = 0 and from Eq. (9.65b)
ajp = — a3zp. Hence, ajp = —-a3zp =bayy =0 (9.67) In this mode, the

centre atom is at rest while the outer ones oscillate exactly out of phase, which is
illustrated in Fig. 9.5 (b). This mode is called a symmetric stretching mode
since both the bonds either stretch or compress at the same time.



b ok
Setting @ = W5 = [E-F H) in Eqgs. (9.65a) and (9.65¢), we get
dyz =— (Mme)aB and i3 = — (M,"Zm)an
Hence,

—2m
Q3=0y3=%) and dyy = ?}' (9.68)

Hence, the two outer atoms vibrate with the same amplitude, while the inner one
oscillates out of phase with them with a different amplitude. This mode of
vibration is illustrated in Fig. 9.5 (c), which is known as asymmetric or
antisymmetric stretching mode, since when one bond gets compressed the
other gets elongated.

Normal Coordinates From Egs. (9.66), (9.67) and (9.68) the
matrix of eigenvectors A can be written as



|( a By
A=la 0 —=
! M ] (9.69)
\@ -8 7 )
The condition given in Eq. (9.21), AGA=1 gives
( \
« a al(m 0 0 (& B 27’ (100
B0 B0 M 0 @ 0 _T"”’:I(Jln(g.m)
—2my \0 0 M) \0 0 1
— o -f ¥
w7 ) \
Simplification gives
o= l p= l ?_F N r 9.71
2m + M) (2m)” L2m(M vomy| ©7D

The normal co-ordinates (1, O, and (3 of the system are given by

(=) (7 }fgq
!x21=|cx 0 _TWHQZ 9.72)
U%J La ;R ijaJ

where a, b and g are given by Eq. (9.71). On simplification



X Qo + OQf+0y
X |=| Qo - 2CmIM)Qzy
X3 Qo - O p+0y

Solving the resulting 3 equations for 0, O, and QJ;

_omxy + Mxy, + mxy  mx; + Mx; + mx,

Q= (9.73a)
(M +2m)a (M +2m)"
n—X X-—-X _
Q,="1—2= : 9.73b
28 @mh o)
Mlx,—2x, +x fl’)-’:J'Vj'}£ —2x5 +
0, = (4 =25+ 3) _ m"M 7% (5 =22 + x) (9.73¢)

(2M +4m)y B (2M + 4m)”?

The vibrations discussed so far are the longitudinal ones. In the molecule, there
will also be normal modes of vibrations perpendicular to the axis. It is evident
from Eq. (9.64) that w3 > wy. In general, the mode that has higher symmetry

will have the lower frequency. The antisymmetric mode has lower symmetry and
therefore it has a higher frequency.

WORKED EXAMPLES

Example 9.1 A simple pendulum has a bob of mass m with a mass mq at the
moving support (pendulum with moving support). Mass mi moves on a

horizontal line in the vertical plane in which the pendulum oscillates. Find the
normal frequencies and normal modes of vibrations.

Solution: From Example 3.8 and Fig. 3.5
T =%(m1 +m)x’ + %m(t’z@? + 2046 cos 6)

where m1 is the mass at the support and m is the mass of the pendulum bob and

[ its length. The coordinates be x and . Since cosq = 1 at the equilibrium
(m +m ml )

position, the G matrix is given by G =| 5 |

k ml ml )

Taking the point of support as the zero of potential energy V



Vi1 = 0 Vip = Vo1 = 0 Vpp = mgl The secular determinant is

—w’ (my; + m) —mlw? _0

—mla’ mgl — o’ mi*

—mz(ml +m) (mgl — mszz) —m* w0t =0

mﬁ[mz_ui]zg
m, 1

w; =0 and &J% mrme
m 1

m; + m
] E’ where @, = 0
L

The normal frequencies are @; = 0 and @, = [
corresponds to translation of the two masses. Using Eq. (9.14)
—w? (m + m) a, — mlw*ay, =0

Substituting the value of @,

That is, the masses will be moving in the opposite direction during the
oscillation. The two normal modes are presented in Fig. 9.6.

— —
1

(@) (b)

Fig. 9.6 The normal modes of a pendulum with moving support. (a) Translational mode, (b) Represents the
frequency wy.

Example 9.2 Find the normal frequencies and normal modes for a double
pendulum, each having a mass m suspended by a string of length 1.



Solution: Fig. 9.7 illustrates a double pendulum in a displaced position.
x, =lsin@ ¥ =1lcosé

X, =[sin@+Isin ¢ v, =lcos@+Icos¢

Fig. 9.7 Double pendulum.



| L 2., .
ngm(xf+yf)+5m(*§+«"’§)
T =mi*&* + %mizéz +mi* cos (8 — 9)0p

The reference level for potential energy is at distance 2/ below the point of
suspension.
The height of the upper mass above the zero level = [ + [ (1 — cos6)

The height of the lower mass above zero level =/ (1 — cosf) + [ (1 — cos¢)

V =4mgl — 2mgl cos@ —mgl cos ¢

o2V (3% )
V = | —— :me V =| ———— -
"7 06 Jomo - 12 Laﬁ{ﬁjfkﬁ
$=0 ¢=0
v
22 a¢2 - 21
$=0

The elements of the G-matrix are
G]l = mez Gzz = mI2 GIZ = GZI = m!2

The normal frequencies are given by
2mgl — & 2ml* —a’mi?
—w*ml? mgl — @’ mil*

2(mgl — &*mi?) (mgl — @*ml*) — &@*m*1* =0

2[%—&)1[%—(02)—&;" =0

(-2l




s N2g/l V2gil
ar = - or
J2+1 A2 —1

= V2 (‘/2_ B 1) 8/ _ (2
(V2 +1)(v2-1)

B

2 V22 +1)s/t
%_(ﬁ—l)(ﬁ+l)_(2+ﬁ)%

The normal frequencies are

m,:[(z—ﬁ)ﬂ% and mzz[(zhﬁ)%]%

Using Eq. (9.14), for @; we get the following two equations:

[ng!—(Z J_) 2ml ] —(2—&)%1%3%21:0
_(2— ﬁ)%m!z ap +[mg!—(2—\5) %m!z:‘ a, =0

Simplifying

(2&-2 )ay, —(2——\15):12, =0
-(2-2)a, -(1-+2)a, =0

From these, a;, =1,a,, = J2. the two displacements are in the same direction.
Again using Eq. (9.14) for @, the following two equations are obtained:

[2mg£—(2+\/_) 2ml ]am (2+\/_) ml?a,, =0
(2+J_) mi2ay, + l:mgf—(2+\5)%mf2]a22=0

From these we have a, =1 and a,; = — J2. and the two displacements are in
opposite direction. The matrix of eigenvectors is

3

(a] (1 IVQI]:( O+ ]
\ ¢ k\r \I’_JLQQ kv"le—xﬁQz

Consequently,



.. % . ¥
Q1_2+2v‘5 and 0O, 5 2\}’5

To study the nature of a particular mode, say (. set the other normal co-ordinate
to zero.

Q,=0 or E—i—ﬂ or |9=£

2 22 V2

That is, in the Q1 mode, both the masses have displacements in the same
direction as shown in Fig. 9.8(a). This is called the symmetric mode. The Q»

6=—¢/2.

mode appears when Q1 = 0 or That is, Q» mode corresponds to

displacement of the masses in the opposite direction as shown in Fig. 9.8(b).
This mode is known as antisymmetric mode.

(a) (b)
Fig. 9.8 Normal vibrations of a double pendulum: (a) symmetric mode;
(b) antisymmetric mode.

Example 9.3 Consider a system of two harmonic oscillators coupled by a spring
of spring constant k1. The spring constant of the harmonic oscillators is k and the

mass connected to each of the oscillator is m. Find the normal frequencies and
the normal coordinates of the system.

Solution: The system has two degrees of freedom represented by the
displacements x1 and xp shown in Fig. 9.9.



> >

X, X;

Fig. 9.9 Two harmonic oscillators coupled by a spring.

K.E :.*“:1;»mi:§*+l &
2 -

1 1 1 1 1
PE V =§;<x,2 3 Ekxg + kG = ) =k + k) +ok+ & s — Kt

Vii=k+k Voo =k + 1k Vio=—k
Gy =m Gy =m G, =Gy =0

The normal frequencies can be obtained from the secular determinant

k +k —@*m ~k,
=0 (v)

—ky k+k —@’m
2
(k+k - &’m) — k¥ =0

(k + 2k — " m)=0 or (k—a’m)=0

[ k k 2k
o= |— and W =, [—+—
m m m

Frequency @), is independent of k;. It implies that the spring coupling the two
oscillators is not participating in this mode of oscillation. From Eq. (9.14)

2
(k +k —w,ma,, — kjay, =0
—kay, + (k + k — @, m)a,, =0
Substituting the frequency @, = @, = \Jk/m
k] (ﬂ“ = a:).l) =0 or ap=day=0

That is, the displacements are equal and in phase and therefore no change to the
spring that couples the two oscillators. This is understandable as its spring

constant is not appearing in the frequency expression. The mode of oscillation is
illustrated in Fig. 9.10 (a).



(a)
- e
(b)

Fig. 9.10 Modes of vibration of two coupled oscillators.

k 2k

S Wy =ity Ty = =

Substituting the frequency m m
—kj(@ap+ay)=0 or ap=-a;=p

The displacements are equal but in opposite directions. This mode of oscillation
is illustrated in Fig. 9.10 (b). As expected, the spring that couples the two
oscillators gets compressed and elongated alternately. The matrix of eigenvectors



The condition Eq. (9.21) gives

(e zx}lfm O]lfaf ﬁ} [’1 0]

8 -sllo mlla -p)7l0 1
[Zmaz 0 ]_[1 u]
0o 2mp*) \0 1
2ma’ =1 a'2=L or o= L
2m 2m
79 L b
2mf =1 SB= e
i d 1}
A| 2 mi
| -1
\\2m  2m)
From Eq. (9.23)
(1 1)
)| B e
) |11 N\Q)
k 2m 2m)
x]:ﬁ(Q]'FQZ) and xzzﬁ(Ql—Qz)

Solving

The nature of any one of the normal modes can be investigated by setting the

other normal modes to zero. In this way also, we can get the different modes of
vibrations of the system.



REVIEW QUESTIONS

1. Explain stable, unstable and neutral equilibria on the basis of potential
function.

2. For small displacements, the condition for stable equilibrium is that the
potential energy is minimum at the equilibrium configuration. Substantiate.

3. Outline the procedure for obtaining the elements of the V and G matrices of
a system.

4. Explain (i) normal modes of vibration; (ii) normal coordinates; and (iii)
normal frequencies of a system.

5. Express the kinetic and potential energies of a system in terms of normal
coordinates.

6. Sketch the normal modes of vibration of a CO» molecule in the increasing

order of frequency.

PROBLEMS

1. Consider a diatomic molecule consisting of masses m{ and my connected by a

spring of spring constant k vibrating along the line joining the two masses.
Obtain its normal frequencies and normal modes of vibration.

2. A system of two harmonic osicllators having spring constant k is coupled by a
spring of spring constant k. If the mass connected to each of the harmonic
oscillators is m, show that the system has the normal frequencies

\/Eand ,/%
m m

3. A spring of force constant k hanging from a rigid support carries a mass m at
the other end. An identical spring carrying a mass m is connected to the first
mass. The system is allowed to oscillate in the vertical direction. Find the
frequencies of the normal modes of vibration. Also find the ratios of the
amplitudes of the two masses in the two modes.

4. Obtain the two resonant frequencies for the double pendulum assuming
unequal masses and lengths. Discuss the following cases: (i) m1 > mp;

(ii)mq <mp; (iii)mg =mp=mand ] =lp =1L
5. The masses of the bobs of two pendulums are mq and my. The bobs are

coupled by a spring of force constant k. If their lengths are equal to I, obtain
the normal frequencies of the system.
6. Three equal mass points m are connected by 4 springs of same force constant



k as shown in Fig. 9.11. The point O is fixed. When the system is set into
vibrations, the mass points and the springs are constrained to move only on a
circle. Determine the resonant frequencies.

Fig. 9.11 Arrangement of springs and masses on the circumference of a circle.
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Special Theory
of Relativity

The theories developed during three centuries, starting from 1600 AD, had been
very successful in explaining most of the phenomena in physical science.
Newtonian mechanics explained the dynamics of objects on earth and in the
heavens. It successfully explained wave motion and the behaviour of fluids. The
kinetic theory of matter showed the connection between mechanics and heat.
Maxwell’s electromagnetic theory unified the branches of optics, electricity and
magnetism into a single larger field called electrodynamics. Towards the end of
the 19th century, certain new discoveries (X-rays, radioactivity and electron) and
experimental observations (blackbody radiation curves, photoelectric effect,
optical spectra, etc.) were made, which the existing theories failed to explain. Yet
there was a sense of completion among the physicists that they would be able to
explain these phenomena on the basis of existing theories. However, with the
formulation of two revolutionary new theories, quantum theory and theory of
relativity, they were convinced about the inability of classical physics to explain
all the physical phenomena. We discuss the special theory of relativity, which
was proposed by Albert Einstein in 1905, in this chapter.

10.1 GALILEAN TRANSFORMATION

Newton’s first law or the law of inertia states that a system at rest will remain at
rest or a system in uniform motion will remain in uniform motion if no net
external force acts on it. Systems in which the law of inertia holds are called
inertial systems. A reference frame that moves with uniform velocity with
respect to an inertial frame is also an inertial frame. For most purposes, a set of
coordinate axes attached to the earth may be regarded as an inertial frame of



reference. Here, the small acceleration resulting from the rotational motion about
its own axis and the orbital motion about the sun is neglected. An ideal inertial
frame is a coordinate frame of reference fixed in space with respect to fixed
stars. Accelerating frames of reference are noninertial frames.
Consider two inertial systems S and S with coordinate axes xyz and

xyz attached to them. Let S be moving with respect to S with a uniform velocity
v along the xx axes as shown in Fig. 10.1. The origins of the two systems
coincide when t = t = 0. Let an event be taking place at P whose coordinates with
respect to S be (x, y, z, t) and with respect to S be (x, y, z, t) From Fig. 10.1 it is

obvious that these coordinates are related by
x'=x—vt
y =y (10.1)
’ —
7=z
¢=1

These are called the Galilean transformation equations or Newtonian
transformation equations.

Y ' of

Z zZ

Fig. 10.1 The inertial system S and S with coordinates axes xyz and xyz.

The Galilean velocity transformation is obtained by differentiating the above
equations with respect to time and using the result (d/dt) = (d/dt):



dx’ dx

_———V 4 s —
dr’ i o TV
dy’ _dy ,
P or u, =u, (10.2)
dz’ d_z )
dr’  drt 2T

We can get the acceleration transformation equation by taking the derivative of
Eq. (10.2) with respect to time.

dx’ B d’x ,

drrz - dr2 a.( :ax

dzy’ dzy ;

i =—d!2 or d, =day (10.3)
dzzr_dzz ,

d!.'z o drE aZ =a2

That is, acceleration is invariant with respect to Galilean transformation. In
Newtonian formulation, mass is absolute. Multiplying Eq. (10.3) by m, we have
ma’, =ma,

ma’, = ma, or F'=F (10.4)

ma’. =ma.
“ £

This implies that the force on a particle of mass m at the point P is identical in
the two inertial frames. That is, Newton’s second law is invariant under Galilean
transformation. It can also be shown that the other laws of mechanics also satisfy
this principle. This result means that the basic laws of physics are the same in all
inertial reference frames, which is the principle of Galilean—Newtonian
relativity. In other words, no inertial frame is special and all inertial frames are
equivalent.

Newtonian relativity assumes that space and time are absolute quantities.
Their measurement does not change from one inertial frame to another. The
mass of an object and force are unchanged by a change in inertial frame. But the
position of an object and its velocity are different in different inertial frames.



10.2 ELECTROMAGNETISM AND
GALILEAN TRANSFORMATION

Maxwell’s equations predicted the existence of electromagnetic waves

propagating through space with a speed of 3 108 mys. Then, a spherical
electromagnetic wave propagating with a constant speed c in the reference frame
S is given by

v+t -ci=0 (10.5)
For this equation to be invariant, its form in the system S’ should be
P L | (10.6)
Substituting the values of x, y, z, f in terms of X', ¥, 2/, ', we get

o+ +ye+ 2t =% =0 (10.7)

which is not the same as Eq. (10.6). Hence, the Galilean transformation
equations do not hold good in the case of electromagnetism. This seemed to
suggest that there must be some special reference frame wherein the velocity of
light is

3 108 mys.

The 19th century physicists used to view the various phenomena in terms of
the laws of mechanics. The mechanical wave phenomena require a medium to
support the wave. Therefore, it was natural for the physicists to assume that light
and other electromagnetic waves too must travel in some medium. They called
this transparent medium ether and assumed that it permeates all space. They had
to assign very strange properties to ether. It had to be transparent and massless so
that electromagnetic waves could travel through vacuum. On the contrary, it had
to be very hard to support transverse vibrations of the wave motion. The ether
hypothesis led to the following two alternatives: (i) The stationary ether
hypothesis wherein the ether is at rest with respect to the bodies moving through
it. The reference frame wherein the ether could be considered at rest is called the
ether frame (or the rest frame or absolute frame). In this frame the velocity of
light is always c.

(i) The ether drag hypothesis wherein ether is dragged along with the bodies



which move through it.

A number of experiments were designed to check the ether hypothesis. Of
these, the most direct one is the one performed by Michelson and Morley in the
1880s.

10.3 MICHELSON-MORLEY EXPERIMENT

The purpose of the Michelson-Morley experiment was to confirm the existence
of an absolute frame of reference (stationary ether). If the ether is at rest, when
the earth moves through it there must be a relative velocity of the earth with
respect to the ether. What they did was to measure the difference in the speed of
light in different directions.

The experimental set-up used is the Michelson interferometer shown in Fig.
10.2. The light from a source is split into two beams by a half-silvered plate P.
One beam travels to mirror M and the other to mirror My. The beams are

reflected by M1 and M» and are recombined again after passing through P. Beam

2 goes through the plate P three times, whereas beam 1 goes through P only
once. Hence, to make the optical paths of the two beams equal, a compensating
plate P is placed in the path of beam 1. Beams 1 and 2 arrive at the telescope T
and produce interference fringes. If the optical path lengths of the beams are
exactly equal, constructive interference occurs, leading to a bright fringe. If one
mirror is moved a distance I/4 which corresponds to a path difference of 1/2
between the beams, destructive interference occurs, giving rise to a dark fringe.
Thus, by moving one of the mirrors, the fringe system can be made to move past
a crosswire which serves as the reference mark. Let the earth be moving to the
right with a velocity v with respect to the stationary ether. (See Fig.10.2.)
Michelson arranged the interferometer in such a way that PM is parallel to the

direction of the vector v. To reduce mechanical vibrations, the interferometer
was mounted on a large stone that floated in a tank of mercury.
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beams 1 and 2

Fig. 10.2 Schematic representation of the Michelson-Morley experiment.

To start with, the mirrors M1 and My are set such that PM{ = PMp = d. If the

apparatus is stationary in ether, the two waves take the same time to return to the
telescope and hence meet in the same phase. But the apparatus is moving with
the same velocity v to the right. Therefore, the time required by the two waves
for their to and fro journeys through the same distance will not be equal. First,
we consider beam 1 which travels parallel to the velocity v. The transmitted
wave travels towards Mq with relative velocity ¢ — v. After reflection at My it

travels towards the glass plate P with relative velocity ¢ + v. Hence, the time

required by this wave for its round trip is
o d ., d _ 2 __ 2
Ye-v oc+v A=V c1-vEiIeY) (10.8)

The path of beam 2 when the interferometer is moving with velocity v parallel to
beam 1 is illustrated in Fig.10.3 (a). By vector addition, the velocity component

] A A

perpendicular to the direction of motion of the interferometer is (=¥

(See Fig. 10.3b). The time taken by beam 2 to travel from P to My and back is



2d 2d

Lo = —
2 (Ez _ szuz Ai— vzfﬁ,zjuz (10.9)

The difference between the time taken by the two beams is

[; -1 -1/2 ]
A:::l—:zzgll(l—é] —(l—é] J
C Lk C k C

Y

(b)

Fig. 10.3 (a) The path of beam 2 while the interferometer is moving with velocity v parallel to PM1; (b)

vector addition of the velocities v and c.

Since v/c << 1, using binomial expansion

AN Path difference 24 v- /e~ 2av-
N = = =

AN # ¢ (10.10) If v = 0, then Dt = 0
and the two beams take the same time.
In their experiment, Michelson and Morley rotated the interferometer through an

angle of 90°. In the rotated position, beam 2 will be parallel to the velocity
v and beam 1 perpendicular to it. This leads to a total difference in time

(Dt) + (Dt) which is equivalent to a path difference of 2 (Dt)c = 2dv2/c?.
Therefore, there would be a shift in the fringe system across the crosswire in the
telescope. The number of fringes shifted



AN = Path difference - 2d v fe” = 2dv (10.11)

Wavelength A )

Michelson and Morley reflected beams 1 and 2 back and forth 8 times so that the
path length is 10m. With A = 5000 A, Eq. (10.11) leads to a fringe shift of

2(10m) 3x 10*ms™1)?
Ay AEWOL RIS L gy (10.12)
(3x10°ms )" (5x10" " m)

Detection of this fringe width is possible, since their apparatus was capable of
observing a fringe shift as small as 0.01 fringe. But they could observe no
significant fringe shift. They repeated the experiment at different places at
different times of the day and at different seasons. But they did not observe a
significant fringe shift, indicating the absence of ether and that the speed of light
in the interferometer is the same for the two perpendicular paths. This null result
was one of the great puzzles of physics towards the end of the 19th century.

The null result can be explained if the Galilean transformation is abandoned
and the velocity of light is assumed to be the same in all inertial frames. Then for
beam 1, t1 = 2d/c and for beam 2, ty = 2d/c, which leads to Dt = t1 — tp = 0. It is

also evident from Eq. (10.11) that DN approaches zero, if v << c. Hence, we may
assume that the Galilean transformation is valid when v << c. In other words, the
Galilean transformation is valid for mechanics but not for electromagnetism,
since the velocity of electromagnetic waves is equal to c.

The results of Michelson and Morley were a real challenge and a number of
explanations were put forth over a period of years. The radical new theory
proposed by Einstein in 1905 explained the various experimental results
satisfactorily and changed our ideas about space and time.

10.4 THE POSTULATES OF SPECIAL THEORY OF
RELATIVITY

Einstein in his theory dropped the concept of ether and the accompanying
assumption of an absolute frame of reference at rest. Also, he revised the
classical ideas regarding space and time by asserting that absolute motion is
meaningless. Einstein’s ideas are embodied in two postulates. The first one is an
extension of the Newtonian principle of relativity to include not only the laws of
mechanics but also those of the rest of physics.

Postulate 1-The principle of equivalence: The laws of physics have the



same form in all inertial reference frames.

Postulate 2—Constancy of the speed of light: The speed of light in free space
(vacuum) is always a constant c¢ and is independent of the speed of the source,
the observer or the relative motion of the inertial systems.

These two postulates form the foundation of Einstein’s special theory of
relativity. It is referred to as special to distinguish it from his later theory, the
general theory of relativity, which deals with noninertial frames.

10.5 LORENTZ TRANSFORMATION

The transformation equations for inertial frames of reference moving with
uniform relative velocity were derived by Einstein. However, they are called
Lorentz transformations since Lorentz derived (in 1890) the same relations in
electromagnetism. Consider two reference frames S and S moving with uniform
relative motion as described in Section 10.1. Let two observers O and O observe
any event P from systems S and S, respectively. Let the event P is produced at
t = 0 when the origins of the two frames coincide. For the observer at O, the
coordinates of the event at a particular instant be (x, y, z, t). The same event is
described by the coordinates (x, y, z, t) for the observer O on the system S.

The velocity of S with respect to S is along the x-axis. Hence, y = y and z =
z (10.13) According to postulate 1, a uniform rectilinear motion in S must
go over into a uniform rectilinear motion in S. Hence, the transformation relating
x and x must be linear. A non-linear transformation may produce acceleration in
S even if the velocity is constant in S. In addition, the transformation must
reduce to Galilean transformation at low speeds. Therefore, the transformation
equation relating
x and x can be written as x = k(x — vt) (10.14) where k is independent of
x and t. Since S is moving relative to S with velocity v along the positive x-axis,
x = k(x + vt) (10.15) The same constant k is used, since according to the
first postulate nothing distinguishes S and S from one another except the sign of
the relative velocity. Substituting the value of x from Eq. (10.14), we have



x=k[k(x—vt)+ vt']

1-k?)

or, t' =kt + X (10.16)

We then write the tentative form of the transformation equations as:

X =k(x—vt)

y=y

’=z (10.17)
-l

.t’=kc°+M

Our next step is to get the explicit form of the constant k. Let us assume that
the event is a pulse of light emitted from O at time t = 0. The pulse of light
spreads as a spherical wave travelling with the velocity c. The equation of the

wavefront in S at time ¢ is: x% + y2 + 72 = 2 2 (10.18) The wavefront in the
reference frame S is x.—Z + 1:’2 + Z"z =C2 1"2 (]0.]9]

Here, we have used the second postulate that the velocity of the light wave is the
same in all directions in either frame of reference. Substituting the tentative
transformation equations, Eq. (10.17) in Eq. (10.19), we have

200 (1 — 12 3 3w pdsl
kz(I—Vf)2+‘;}2+ZZ=C2k2fz+2CIl(l k) |, e (1=K
‘ ¥ k2v?

We must choose k such that Eq. (10.20) reduces to Eq. (10.18), since each
equation represents the position of the wavefront as measured in S. Comparing
the  coefficients of the terms in x in  both  equations

(10.20)




k=

FI—VZJ"L‘Z (10.21)

Substitution of this value of k in Eq. (10.12) gives the co-ordinate transformation
equations:

,_ x—=Vt

r= T (10.22a)
Y=y (10.22b)
e (10.22¢)

5 t—(v.xffz)

2,2 (10.22d)

Equation (10.22) is called the Lorentz transformation equations, which
Lorentz derived in electromagnetism. Here, it is done on a more dynamical
basis.

The inverse transformation can be obtained by interchanging the primed and
unprimed quantities and reversing the sign of the relative velocity, since S and S
differ only in the sign of the relative velocity. With the usual abbreviations

¥ B 1 B 1
ﬁ—; ?_Jl—vzfcz _\/1—,32 (10.23)
the Lorentz transformation and the inverse transformation simplify to
x'=y(x— Bct) x=y(x"+ fct’) (10.24a)
y=y y=y (10.24b)
=z or: =g (10.24¢)
r’:y[r—ng r=}f[£'+€f) (10.24d)

In the low velocity limit, where b << 1, it follows that the Lorentz transformation
reduces to the Galilean transformation. It may be noted that the space
transformation involves time and the time transformation involves the space



coordinate. Hence, the transformation is sometimes referred to as space-time
transformation.
Lorentz transformation sets a limit on the maximum value of v. If v > ¢, the

quantity /1 — ;32 becomes imaginary. The space and time coordinates would

then become imaginary, which is physically unacceptable. Hence, in vacuum
nothing can move with a velocity greater than the velocity of light.

10.6 VELOCITY TRANSFORMATION

Again, consider two inertial systems S and S moving with relative velocity

v along the xx-axes. Consider a particle at P which is moving with a velocity u
as measured by an observer in S. Its velocity as measured by an observer in S is
u. The velocity components in S and S are



dx dy dz

. =— H., =— . =—
Yoodt Yo dt ©odt (10.25)
TR A i il
= y = ar <= (10.20)

Differentiation of the Lorentz transformation equation denoted by Eq. (10.22)
gives:
dx’ = y(dx — vdt) dy’ = dy

dz’ =dz [df = de) (10.27)

Substitution of these values in Eq. (10.26) gives:
, . dx—vdt  (dx/dt)—v

e = B 2
dt —(vdx/c”) 1—(v/c”)(dx/dt)
u: - Uy — V
e (10.282)
U u1— B2
'y = 2 =—2 (10.28b)

y(l—vu, /c?) 1—(vu,/c?)

o i, _ uzu,,‘l—ﬁz

¥ y(l - vuxf'cz) 1—(V£€xf|£'2)

u (10.28c¢)

These are the Lorentz velocity transformations. It may be noted that the
velocity components u’, and «’, also depend on uy. The inverse transformation

is obtained by replacing v by —v and interchanging primed and unprimed
coordinates:



', Tl O
: (10.29b)

u, = ) = 5
oyl (vl )] 1+ (v, /ct)

ur u!a ]._ 1{52

I

i, = = 10.29
¢ ¥ [1+ (vid', / c? ) 1+ (v /c?) ( )
[f u’ is along the x"-axis, #; =u’,u;, =0,u; =0. Then
VO i NPT EE % vi. D
1—(uv/c?) 1+ w'vic?) k)

Equation (10.30) is referred to as Einstein’s law of addition of velocities. Here, v
is the velocity of frame S with respect to S and u is the velocity of the event P
relative to S and u is the velocity of the event P relative to S. (See Fig. 10.4)
¥ ¥

P‘—Hr'

Vv

r

2 -
Fig. 10.4 Inertial frames of reference S, S and event at P.
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That is, the velocity of the source does not add anything to the velocity of light
emitted by it. In other words, it is impossible to exceed the velocity of light by
adding two or more velocities, no matter how close each of these velocities to

are that of light.

10.7 LENGTH CONTRACTION



Let S and S be inertial systems moving with relative velocity v along the xx axes.
Consider a rod at rest in the inertial system S lying parallel to the x-axis. Though
the system S is moving with a relative velocity, to the observer in S the rod is at
rest. The length in an inertial frame in which the rod is at rest is called its proper
length. The length of the rod L, =x; — x{, where x{ and xj are the coordinates

of its two ends measured at the same instant of time. To an observer in S, the
length of the rod L = xy —x7 where x1 and xp are the coordinates of its two ends

measured at the same time; therefore, tp = t1 = t. Using Lorentz transformation

Xy =y(xy — Vi) x| =y(x —vh)

Use of these expressions in L, =x; —x; gives
Ly=y(x—x)=7L

L=I,1- (10.31)

Since ,[]1-— sz is always less than unity, the length L < Ly That is, to an

observer in S the rod looks as though it is contracted parallel to the direction of
motion.
The effect is reciprocal. If a rod has a length Ly in S, to an observer in S

which is in relative motion, it will appear to be of length LUJI— ]32_ The

phenomenon of length contraction is referred to as Lorentz-Fitzgerald
contraction. Thus, the space which is reduced to the measurement of length in
physics and the geometrical shapes of objects cannot be absolute but only
relative.

10.8 TIME DILATION

Consider two successive events occurring at the same point x in the inertial
frame S. Let # and # be the times recorded by the observer in frame S. Then
the time interval measured by him is #; — /. For the observer in S, the rest frame

is S itself. The time interval between events in the rest frame, that is, time
interval as measured by a clock in S, is called the proper time Dt. Hence,



Ar=1t; - (10.32)

However, an observer in frame S measures these instants as

=M + (vx’fcz )] 1, =yt + (vx’h:*z)]

The time interval according to the observer in frame S is then At =, — ¢}, which is
given by

At =y(t; —t]) or At=yAT

AT AT
AL= = (10.33)
\/ 1-v?/c* \/l - ,6’2 '

Since g > 1, it follows from Eq. (10.33) that the proper time interval is a
minimum. The effect is known as time dilation and is equivalent to the slowing
down of moving clocks. Hence, growth, aging, pulse rate, heartbeats, etc. are

slowed down in a fast-moving frame. If the velocity of the moving frame
v=c, At — oo and the process of aging will stop altogether.

The time dilation effect has been verified experimentally by observation on
elementary particles and by atomic clocks accurate to nanoseconds carried
aboard jet planes.

10.9 SIMULTANEITY

Another important consequence of Lorentz transformation is that simultaneity is
relative. Consider two events occurring at two different points xq and xy at times

t1 and tp in the inertial system S. Let f{ and ¢; be the times at which the two

events are observed to occur with respect to S. Then from Lorentz
transformation



’ VX, : v
{ = y(r, = —;J £ = }f(rz o [—);2)

, F V
Lh—h=y(; —1) +Z—2(I1 —X3) (10.34a)

If the two events are occurring at the same instant in §, 1, — f; =0 and

r , V
=1 =:—2(11 —X) 20 (10.34b)

That is, two events that are simultaneous in one reference frame are not
simultaneous in another frame of reference moving relative to the first, unless
the two events occur at the same point in space. It implies that clocks that appear
to be synchronized in one frame of reference will not necessarily be
synchronized in another frame of reference in relative motion.

10.10 MASS IN RELATIVITY

In Newtonian mechanics, mass is considered to be a constant quantity
independent of its velocity. In relativity, like length and time, it is likely to
depend on its velocity u. That is, m = m (u) and when u = 0, m = m, the rest

mass of the particle. We now obtain the form of m(u) by applying the law of
conservation of linear momentum, which is a basic principle in physics, together
with Lorentz velocity transformations.

Consider an inelastic collision between two identical bodies in the inertial
system S which is moving relative to the inertial system S with a velocity v along
the xx-axes. (See Fig. 10.5.) Assume that the identical bodies are moving in
opposite directions along the x axis with velocities u and —u in S. The masses of
these bodies as observed from the system S be m1 and my and their velocities be

ujand up, respectively. In S the masses of the bodies are equal, and their

momenta equal and oppositely directed. Hence, after the collision the two bodies
will stick together and will be at rest in S. After collision, the mass (mq + mp)

will be moving with velocity v in system S. Applying the law of conservation of
linear momentum to the system S



myy + moty = (M + my)v (10.35)

where according to Lorentz velocity transformations, #; and u, are

4 = u +v _u'+v 1036
: 1+ ('v/c?) 1+x (10-363)
e ~u'+v  —u'4y T
T l-(u'vict)  1-x (10.36b)
where, x=u'vlc? (10.37)
AY s N "
Before collision Before collision
mou W m W —u
O— O —0
After collision After collision
OO—»v O
5 S (i
z z

Fig. 10.5 Collision between two bodies taking place in the system S as observed from the system S.

Substituting the values of w3 and up» in Eq. (10.35)
Substituting the values of #; and u, in Eq. (10.35)

ml(“'*‘"},m (ﬂJz(mﬁmz)v

1+x 7 k 1—%
m o 1+x
m, 1-x (10.38)
Squaring Eq. (10.36a) and subtracting ¢? from both sides
- 2 A3 joed S 8.
ulz—czzu +v +22cx_62=u +v c2 € X (10.39)
(1+x) (1+ x)

Similarly, from Eq. (10.36b) we have



. u? +v:—-ct-c*x?
2 (1— x)? (10.40)
From Eqgs. (10.39) and (10.40)
u% —c? _ 1+ x)z

(10.41)

1+ x «.,/l——u%kz
= [ ) 10.42
1-x e le :2‘2 ( )

Combining Eqgs.(10.38) and (10.42), we get

2 e (10.43)
m fl-ul/c? '

If the velocity of the second body as observed with respect to S is zero, then its
mass m; 1s my, the rest mass of the identical body. This gives

L
2.2

m = —
\/I—T (10.44)

Thus, in general, if a mass is moving with a velocity u relative to an observer

o my
’”——;71_”2”2 (10.45)

In relativity, the invariant quantity is the rest mass m. In classical physics, m is

used in place of m also since the speeds acquired by objects are considerably
small as compared to that of light. The momentum is defined by

Mgua

T (10.46)

Newton’s second law of motion takes the form

p=mu=

(10.47)

Thus, the change in the definition of mass has modified the definition of
momentum and Newton’s second law of motion.



10.11 MASS AND ENERGY

We see in this section how kinetic energy and total energy gets modified in
relativity. Consider a particle of rest mass m( acted upon by a force F through a
distance x in time t along the x-axis. Because of the force, the particle attains a
final velocity wu. Then the kinetic energy T is defined as

X X d_ de
T—-{[Fdx— E(mu]dx—JEd(mu)
— ju d(mu] :}HU-[H d(}/ﬂ!] (1048)
0 0
1

where, (1 - u? /2 J'fﬂ

Carrying out the differentiation

du u’ du
d(yuw) =ydu +udy = A=/ 22 L (=2 /)"
_ du
- = w2l o2 JSIZ (10.49)
Substituting this value of d(yu) in Eq. (10.48) we have
T udu 5 1 A
I'=m j = mye |: }
) ) (- "y NI (1-u?/c?) 2 s
myc? 2 2 2
— myc® = mc” — myc (10.50)

- (l_uzfcz)lfz

Equation (10.50) looks very different from the classical expression %2 mu?. This
relation implies that mass is a form of energy. Einstein called m()cz, the rest
energy of the object. It is the total energy of the object measured in a frame of

reference in which the object is at rest. By analogy, mc?, the sum of kinetic



energy and rest energy, is called the total energy E: E = mc? (10.51)
Equation (10.51) which states the relationship between mass and energy is
Einstein’s mass-energy relation.

The change of mass to other forms of energy and vice versa have been
experimentally confirmed. This interconversion is easily detected in elementary
particle physics. Electromagnetic radiation under certain conditions can be
converted into electron and positron. The energy produced in nuclear power
plants is a result of the loss in mass of the fuel during a fission reaction. Even the
radiant energy we receive from the sun is an example of conversion of mass into

energy.
A useful relation connecting the total energy E, momentum p and rest energy
moc2 can be  obtained as  detailed below. @~ We  have

Using the results p = mu and E = mc?, we get
E? = ctpt + mﬁ ¢t (10.52)

which is the required relation. This allows us to examine the possibility of particles
with zero rest mass. With my= 0, Eq. (10.52) reduces to

E=c¢p (10.53)
When mgy = 0, me* = muc or =

Hence, massless particles must travel at the speed of light. Examples of particles
in this category are photon, neutrino and graviton.

10.12 RELATIVISTIC LAGRANGIAN OF A
PARTICLE



We shall try to find the relativistic Lagrangian and Hamiltonian of a single
particle, which will give the spatial part of the the equations of motion in an
inertial frame. The Lagrangian L is, in general, a function of the position
coordinates x;j, the velocities X; and time. In nonrelativistic mechanics, the

generalized momentum components of a particle are defined by p, =(dL/0x;).

For a single particle acted upon by conservative forces, assuming a similar
definition for the momentum components in relativistic mechanics, one has

oL
Px _B—JC_ (10.54a)
_dL _
P, _a_z._ (10.54¢)
where y? = x? 4 j2 + 22, u is the velocity of the particle in the inertial frame

under consideration. The velocity-dependent part of L can be obtained by
integrating Eq. (10.54). Integrating

L=—myc® J1-u?/c? -V (10.55)

where the constant of integration is taken as the potential function V which is a
function of position coordinates.
Though the Lagrangian contains the potential function V as in nonrelativistic
mechanics, the remaining in Eq. (10.55) is not equal to the kinetic energy. When
1

R 2
u- |4 u |
USSC—my ? 1 g | = c* I-— =—moc® + —mgu®  (10.56)
C 20 2
The second term on the right resembles the kinetic energy term of nonrelativistic
mechanics.

The form of the Lagrangian in Eq. (10.55) can be justified by obtaining
Lagrange’s equations of motion which are given by



d (af_,] oL
| =0 (10.57)

di\di ) ox
From Eg. (10.55), for the x-co-ordinate
oL mgyx oL 9V

i
% fFg T @ T

Similar are the expressions for y—and z- coordinates. Substituting these values

in Eq. (10.57), we have
d  myx +8V=U ﬁ:i
dt 1—,32 E:lr [
d aV
— =——=F
e Px e (10.58)

This agrees with the equation of motion of a particle, and therefore L given by
Eq. (10.55) is the correct one in relativistic mechanics.

10.13 RELATIVISTIC HAMILTONIAN OF
A PARTICLE

We can define the Hamiltonian of a system in a way similar to the definition in

the nonrelativistic case H = Zf}f pi—L
i

In the case of a single particle, this equation reduces to



H =ipx + 5’,0}- + sz ik
Using Egs. (10.54) and (10.55)

= = (¥ + 32 + )+ mc? 1= B +V
1-p

2 Bor i B
= Mok +niuc2ﬁ+ y = Tt hae -y /e )+V

Jm ="l

M
=—+V
h_u?/c2 (10.59)
We have
mic*
E?=¢p? +m§c4 or ﬁzc‘zp2 +m§.i'4
l=u"le¢
1 2
l—u/e® myce®
Substituting this value of 1/(1-u?/¢?)
/2
()
H=n10c2|l+ f;ﬂ +V (10.60)
Lot
which is the Hamiltonian of a single particle. The two Hamilton’s equations are
oH
o A pz ”;ﬂ N2 (10.61)
9 (L+ p*hmge”)!
o OH OV ¢

10.14 SPACE-TIME DIAGRAM

We have already adopted a notion of space-time as the setting in which physical
events take place. The Lorentz transformation equation implies that space and
time can no longer be considered independent entities. This four-dimensional
world which is a linking together of space and time is called the four-



dimensional space-time continuum. Any four-dimensional space involving
time in one of the axes is referred to as four-space or world space. The four-
space with ict as the fourth coordinate is referred to as the Minkowski four-
space. Thus, events are defined by 4 space-time coordinates and represented by
points called world points. The position of a particle at different times
represents a sequence of events and is called a world line.

For an event at (x, y, z, ict) in such a four-space, let a position vector or
distance s be introduced such that the square of s has the form s2=c22_x?_

2_,2 2

y© —z (10.63) We can easily prove that the quantity s< is invariant under

the Lorentz transformation (See Worked Example 10.1). That is, 22— x%- y2

_ 2 =22 K2 y2 ~ 72 (10.64) Here (x, y, z, ict) are the four
coordinates in the reference frame S and

(x, y, z, ict) are those in the frame S. Since the Lorentz transformation keeps the
magnitude of the position vector in four-space constant, it is an orthogonal
transformation. If (xq1, y1, z1, ict]) and (xp, yp, zp, ictp) are the coordinates of

any two events, then the quantity
1/
[ 1
2= OG-0 — (-1 - - - (-2) > (10.65)

is called the interval between these two events.

A full visualization of space-time requires a four-dimensional picture. We
represent the situation in a two-dimensional plane by suppressing the two
coordinates xp and x3. Consider a particle moving with a uniform velocity u

along the x1-axis. This can be represented by the straight line OA (See Fig.10.6)

having a slope tan_l(u/c) with the ct-axis (the x4-axis). This is understandable
since x = ut = (u/c) ct. The line OA is the world line of the particle. For a light
ray u = c¢ and therefore tan~! w/c = tan~! 1 = 45°. Hence, the path of a light ray

is represented by the straight lines OB and OC inclined at angles of 45° to the
coordinate axis in Fig. 10.6 (b). These lines are defined by the equation



X ct 4 A
C
tan™ % B '
world line of : light
Fut ightcone
59 light wave SEF 5t =g0
R, 3 :
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5 =X, =X
/ 0] X, =X 0
R,
Past
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(a) (b)
Fig. 10.6 (a) World line of light wave (b) light cones.
s2=c22 _x2 =0 (10.66) If we restore xp and x3 this equation
becomes s2 = ¢2t% — x2 — y2 —72=0 (10.67) where s is the interval

between the origin and the point (x, y, z, ict). The interval for all points on
the world line of a light ray vanishes, and the line in two dimensions is
called a null line and in three dimensions it becomes a cone with apex at

O, called a null cone. The value of s2 = 0 on the surface of this cone.
World lines of material particles lying within this cone must pass through
the origin. The null cone constitutes the space-time representation of light
and hence it is also called a light cone.

The light cone divides the four-dimensional space into two regions
characterized by the inequalities: Region Rq : 2 =02 X2 - y2 ~ 72 <0
(10.68) Region Ry : s2 = 2 2 —x2 —y2 — 22> 0 (10.69) As
already mentioned, s2 = 0 on the surface of the light cone. The intervals are said

to be space-like, time-like or light (null)-like according to whether s2 is less
than, greater than or equal to zero. Events lying inside the upper and lower cones

are separated from the origin by time-like intervals (52 > 0). In all frames of
reference, in the upper cone we have events which lie after the event at the
origin. Hence, this region is referred to as absolute future. In the lower cone, we
have the events which preceded the event at the origin and hence it is referred to



as the absolute past. All events in the two side cones are separated from the

event at the origin by space-like intervals (s2 <0).

10.15 GEOMETRICAL INTERPRETATION
OF LORENTZ TRANSFORMATION

A geometrical interpretation of Lorentz transformation was given by Minkowski
in analogy with the transformation of cartesian coordinates under spatial
rotation. For anticlockwise rotation of cartesian coordinates in two dimensions

through an angle f about the z-axis, we have
(x") [ cos sing \ [ x
| . =1 . @ ¢ I (107{1]
Ly k—sm(ﬁ cos ¢ k}?

where (x, y) and (x, y) are the coordinates of a point before and after rotation. In
the space-time case, consider a rotation of the xq x4 plane through an angle q as

shown in Fig. 10.7 where (x1, xp, X3, X4) stands for (x, y, z, ict). The coordinates
of the point P Dbefore and after rotation are related by

X/ cos@ sin@\( x X =x, cos@+ x,sin@
l( 1 =l( : l( 1 or 1 1 . 4 (l{]?l)
ij k—sm 8 cosf kx4 Xy ==X sin@+ x, cos @
x5 X4
v ;
A X,
Fe] :
0 |

Fig. 10.7 Rotation of xq x4 plane through an angle q.



If we set tan 8 = iv/c = i3, where = v/c

1 i

and sinf=
10.72
AL—if= Jl— ( )

Substituting the values of cos @ and sin@in Eq.(10.71) and setting

cosf@ =

x=x%=x", x4 =ict, x3 =ict’ , we get

e X vt x—Vi
o -y B ] o I3 10.73
J-F -7 i-v/e R
, - (vx_,.-""czj t —(vx/c?)
= = . 10.74
Jl ~ \/l —v?/c? ( ;

Equations (10.73) and (10.74) together with y = y and z = z are the same as the
Lorentz transformation equation denoted by Eq. (10.22). Thus, the Lorentz
transformation can be regarded as a rotation in the xq x4 plane of Minkowski

space through an imaginary angle defined by Eq. (10.72).

10.16 PRINCIPLE OF COVARIANCE

The postulate of equivalence requires that the mathematical equations
representing the physical laws should be covariant, co means the same. If the
equation in one inertial frame is A = B, then that in another frame should be A =
B . Here A and B may both be scalars, vectors, tensors or any other geometrical
object. In other words, if a particular component of A is multiplied by M while
going from one coordinate system to another, the corresponding component of B
should also be multiplied by the same factor. The equation is said to be covariant
as both sides vary in the same manner. This principle is called the principle of
covariance.

We have already seen that the length of a rod contracts and time does not

remain invariant. The quantity that remains invariant is ds? = dx? + dy2 + dz? -
c2dt?
Therefore, one must wuse four-dimensional vectors whose norms

at +a? +a? +a?, a, being imaginary, remain invariant. Such vectors transform



according to the rule a, =Cyg ag (10.75) Here we use Einstein’s

convention, according to which a repeated index indicates that we have to take
the sum over all the possible values of the index.

In this case the index b is repeated, so we have to sum over all values 1 to 4, the
possible values for a and b. However, when we use Latin indices the summation
is for 1 to 3.

10.17 FOUR-VECTORS IN MECHANICS

A vector in four-dimensional Minkowski space is called a four-vector, if its
components transform under a Lorentz transformation in the same way as the
X1, X2, X3, X4 coordinates of a point. For example, A, = (A1, Ap, A3, Ay) is

defined to be a four-vector if, under a Lorentz transformation,

Al = y(A +ifA,); A=Ay, Ay = A, Al =y(A —iBA)

(10.76)
Equation (10.76) can be put in the matrix form as
(A (v 00 fﬁ?\(ﬂl\]
e 10 Bl
470 0t 04 o
\4i) \-ify 0 0 7 ){4)

Here prime refers to the §” frame of reference. Now
AP+ AR+ AP + AR = (A +iBAY + A + A + 7 (A - A
=7 (=B ) AT+ 4 + A5+ 7 (1= BA;

= Al + A5 + A + Af (10.78)

That is, the length of a four-vector is unchanged under a Lorentz transformation
which is equivalent to a rotation of axes.

A position four-vector, written as X, can be represented by the components
X1, X2, X3, Xy as



—(X11X21X3=X4)—(x JC4)—(’: Y, Z, ict) (10.79)

where x stands for the usual three-dimensional position vector with components
X, y, z. From Eq. (10.76) it is evident that the differential of X is also a four-vector
given by

dX , = (dx, dx;) = (dx, dy, dz, icdr) (10.80)

and, dX[* +dX 5 +dX{? +dX}} =dX{ +dX5 +dX; +dX}
This corresponds to the relation

ds® = dx® + dy® + dz* — ¢*dr* = invariant (10.81)

Let two events, having coordinates X1, Xp, X3, X4 and X1 + dX1, Xo + dX»,
X3 + dX3, X4 + dXy, respectively, refer to the positions of a particle at times ¢

and t + dt in the inertial frame S. If u is the three-dimensional velocity of the
particle in the inertial frame S,
ﬁzu,r Qzuv d—zzuz (10.82)
da - g = dt
In the four-dimensional world, time t is a coordinate and is not an invariant
quantity. An invariant parameter that can be considered for use is the proper

time interval dt  which is defined by the relation

’2
drz————dr ——(dx2+a'1p +dz%) (10.83)
C E‘
L [(ax) Y (d V]
dr=dt Jl-—|| = | +| 2| +|Z] |
’ 2 \ar) ") "ar) |

=dt 1=/, WP =ud+ul+ul (10.84)

Proper time interval dt is the time recorded by a clock moving with the particle

(see Section 10.8). Since ds? is an invariant quantity, dt is also invariant. Hence,
for the four-velocity Vv, we have



dx

V,=—=, =1,2,3,4 10.85
i U ( )
_(dx, dX, dX, dX4J_{ﬁ dy dz .fcﬂ)
dr dr’ dr’ dr dr’ dr’ dt’ drt
Using Egs. (10.82) and (10.84)
dx dx_d! u,
dr dr dr l_uzf,.-'cz
d_ W e u
dt 1,‘l—u2,.-"f62’ ar  J1—u?/c?
Consequently,

(

’ ‘\\h u,.-: -Jl uf,-jz Jl HZ“CZ \/l HZEZJ

ic

)
= 1
.\Jl — uzg’:cz \/l —~u?/c? J (4080)

Momentum Four-Vector
The rest mass of a particle mg has the same value when it is at rest in all inertial
frames. Multiplying the four-velocity by the invariant rest mass mg, one gets

P,=(R.P, R, P)=mV,
|( 1My
\/l TR Jl—uz’ 2J (10.87)

Here, Py, is the four-vector momentum or the four-momentum. Since
1

m :muz’(l—-uzfcz)i




gl
R =myuy = ————===mu, = p,
«.}l— uzf"cz
MigH
By = mguy = 2},. S ey =y
l=p*ie
Mgl
B, = myuy = ——te = mu, = p,
1-u®/c
o imyc oo ime®  iE
4 = —. — — =
J1—u®/c? ¢ ¢
Hence, writing p for Dx» Py Dy
: iE
b, = (P Pys Pz tmﬂ) = [Ps?) (10.88)

Obviously, the fourth component of the momentum four-vector is proportional to
the total energy of the particle. As the length of a four-vector is invariant

- 2
E E

pz i [LJ = constant or p2 — — = constant (10.89)
c c

When p =0, E=myc? Hence, the constant in Eq. (10.89) is — mf} ¢* . Consequently
E?= Czpz +m02c4_] which is Eq. (10.52).
Four-Force

From Eq. (10.88), it follows that



dE
dP, = (dp, I—] (10.90)

C

is a four-vector. Dividing both sides of Eq. (10.90) by d7, one gets the four-vector
force or four-force which is given by

g 4B _(db i dE)
B dr \dt cdr

dp _dp a't_f 1

(10.91)

dr di'dt  [i_,2/> (10.92)

dE dE dt d g
L L T
I b g e

dT 1

dt 2 (10.93)

where Eq. (10.84) is used. Work done by a force f in a displacement dl =1 - dl

Equating the work done to the increase in kinetic energy

et o FerPora
dt di
Hence,
i ﬁ_ i | ar i fu
cdt ¢ 1—u?/c? dt e 1-u?/e? (10.94)
Consequently,
F "( d L i1 (10.95)
f - e i |

Four-Acceleration

One can get the four-acceleration A, easily from Eq. (10.86)

av, (af a1
Wil 1] —! ;], ic—l,kﬁ (10.95a)
—u‘/c

* dr 'Ldrk 1—u?/c?



10.18 CHARGE CURRENT FOUR-
VECTOR

It is an established experimental fact that the total charge in a system is not
altered by the motion of its carrier. Hence, one can state that the total charge in
an isolated system is relativistically invariant. Consider a volume element dV =
dx;y dxp dx3 with charge dq in it. Then the charge density

dq
=_1 or dg = p dx, dx, dx
P dv q = P ax;ax, dx,

Multiplying both sides by dx,,
dx,,
dq dx, p drl dx, dx; dt

d(ict)

ic

dx4

dx,
—p—dx dx, dx,

dx,,
‘P—dﬁd’ﬂzd’% (10.96)
The quantity dx, dx, dx, dx,/ic is Lorentz-invariant and hence it is a scalar. Since
the charge is invariant, the left hand side of Eq. (10.96), dg cbcp is a four-vector.

Consequently,

dxﬁ

- A 5
u=p di
will be a four-vector called the current four-vector. Now

dx

=pd—:=pul; Jy = pu,, J3 = pu,y (10.97a)
dx, d(ict) .
Jy = = =
A=pP rr P = icp (10.97b)

Hence, the four-vector



J‘u = (J]': Jz-_, J31 J4]= (\j_‘(" ‘j}.-s -jZ" 'i"-‘p]
J, = icp) (10.98)

where j is the current density with components j,, j,. Jj,. The charge-current
equation of continuity in electrodynamics

. 0p
V.j+—=0 10.99
I+ ( )
can now be expressed in the covariant form as
dJ,
=—==0 (10.100)
dx,,

This relation establishes the Lorentz covariance of the charge-current
conservation relation.

10.19 INVARIANCE OF MAXWELD’S EQUATIONS

The classical theory of radiation is based on Maxwell’s equations for the
electromagnetic field. The two basic quantities describing the electromagnetic
field are the electric and magnetic field strengths E and B which are functions of
space and time. Maxwell’s equations in free space are

E{}V‘E=p (10.101)
V-B=0 (10.102)
oB
VxE+—=0 (10.103)
ot
JE :
VxB- Ho&y E = Hy) (10.104)

where g, and p, are respectively the permittivity and permeability of free

space. These coupled first order differential equations can be solved to get E and
B, which gives a complete description of the electromagnetic field.

Instead of E and B, the field equations can also be conveniently expressed in
terms of a vector potential A and a scalar potential f. Eq. (10.102) implies that B



can be written as

B=VxA (10.105)
With this definition of B, Eq. (10.103) takes the form
A
vX(E-I-E;_t)_O (10.106)

Since the curl of the gradient of a scalar function is zero, from Eq. (10.106) we
have

dA

E+—=-V (10.107
ot ¢ J
where ¢ is the scalar potential. From Eq. (10.107)
Ez—aaA—?.;?) (10.108)
S

which gives the electric field in terms of the potentials A and f.
The other two equations, Eqgs. (10.101) and (10.104), can also be expressed in
terms of A and f. Substituting the value of E in Eq. (10.101)

0A
(R

d I,
Vip+ L (V-A)=-L£
¢ at( ) i (10.109)

Substitution of Egs. (10.105) and (10.108) in Eq. (10.104) and the use of the
result gy = 1/¢? gives

d( O0A :
Vx(VxA)-gu E[———Vﬁﬁ):#@m}

ot
1 0*A 99
V(V-A —v2A+—— —v
( ) et o2 2 Jt = Hol
1 A _f | a¢]
Vig—d 9 wlv. iy
22 32 k 2 o = My (10.110)

The solution of Maxwell’s equations is thus reduced to solving the coupled



equations, Egs. (10.109) and (10.110), for A and f{.

The potentials A and f as defined above are not unique. We now use a property
of classical electrodynamics, called gauge invariance, to decouple the two
equations. The transformations

A—>A'=A+Vy (10.111)

¢—>¢’=¢*%—f (10.112)

where ¥ is an arbitrary scalar function, will leave B and E unchanged. The fact
that Vx V¥ =0 leaves B unchanged by the change A — A + V¥, The changes
in A and ¢ do not affect the electric field, since Eq. (10.108) changes to

Ez_v{¢_ag)_a(A+v;g

ar ot
Jdr ot ot
JA
Y -
¢ 5 (10.113)

That is, the gauge transformations to (A’, ¢) leads to the same E and B as before
and therefore the transformations leave Maxwell's equations invariant. One can
use this invariance to select the family of potentials (A, ¢) such that

1
V-A+c—23—?=0 (10.114)
The condition in Eq. (10.114) removes the coupling of the two equations,

Egs. (10.109) and (10.110).

The freedom available in the definitions in Egs. (10.111) and (10.112) together
is called gauge transformations, and the condition in Eq. (10.114) is known as
the Lorentz gauge condition. In view of this condition, Egs. (10.109) and
(10.110) reduce to



V2 _Laz_¢=_ P

o 10.115
= ( )
1 9°A
VA —— —=— ] 10.116
cg arz Hol ( )
Four-Vector Potential
. . » 197 .
The differential operator V° — = a? on the left hand side of Egs. (10.115) and
c

(10.116) is referred to as the d’Alembertian operator and is denoted by the
symbol []2. This operator is Lorentz invariant (See Example 10.10). In terms of
the operator [ ]2, Egs. (10.116) and (10.115) reduce to

(17 A = - tho] (10.117)
of )\ 1Py
L] [C‘ﬁ]_ T (10.118)
where we have used the relation c? = 1/egmp. We have already defined the
charge current four-vector as
Ju= (J, icp)

We may therefore write the two equations, Eqgs. (10.117) and (10.118), together
in the form of the four-vector relation

124, =— tod , (10.119)

Since J, is a four-vector and [12is a four-dimensional scalar, Aﬁ must be a four-
vector, called four-vector potential, defined as

A#=(A1,A21A3=A4)=(As ?J (10.120)

Equation (10.119) gives Maxwell’s equations in the four-vector form, which
implies the invariance of Maxwell’s equations. The Lorentz gauge condition, Eq.
(10.114), can now be expressed in terms of A;;. From Eq. (10.114)



AL 199
\% A+E2 o =0

0A, 0A, A, d(id/c)
=0
dx ¥ ox, ¥ dxy " d(ict)

04, _I_BAZ +8A3 +8A4 _
dx;  dx, dxy  dxy

0 (10.121)

which reduces to the following in the covariant form:

My
B, (10.122)

The transformation equations for the electromagnetic potentials A and ¢ from the
inertial frame § to inertial frame §” are

|( Al |( y 0 0 ify |(A1

’ 0 10 0| A
. | 10.123
4 Tl o o1 o 4 Witesl
\ig’tc) \=ipy 0 1 ¥ Jigl/c

10.20 ELECTROMAGNETIC FIELD
TENSOR

The electric and magnetic field strengths of the electromagnetic field are
expressed in terms of the vector potential A and scalar potential f. From Eg.
(10.105)



B =i o=
1 ax,  ox (10.124a)
ah o4 10.124b
dA, dA
By = —= 2
A Yol Cv (10.124¢)
From Eq. (10.108)
£ _ 04 9¢ ’ i _ 04  dig/c)
: o ox c d(ict) ax;
i dd;, JdA
EEI =£— iz Fql (Sﬂ}’) (101253)
i 0A, JA,
i ST T 42 (10.125b)
i JA; 04,
-3 T 0% 43 (10.125¢c)

In general, the components of F are given by

0A, O0A
F,=—Y-—£ F,=—F F, =0 10.126
Ay BI# axp Hv v HH ( J

These are the components of an antisymmetric tensor F,, defined by

( 0 B, ~—B; ~iEl¢c
T e By —hyle (10.127)
Hy ! B, -B, 0 —iE,lc

\iE /¢ iE,/c iE,lc 0O

which is the electromagnetic field four-tensor.

10.21 GENERAL THEORY OF



RELATIVITY

The special theory of relativity requires the modification of the classical laws of
motion. The laws of electromagnetism, including the Lorentz force law, remain
valid in relativity also. Though Newton’s law of gravitation is successful in
explaining a number of phenomena, conceptually it is found to be inadequate.
The gravitational force of attraction between bodies is assumed to be transmitted
instantaneously, that is, with infinite speed. This is in contradiction to the
relativistic requirement that the limiting speed of a signal is the velocity of light.
We have learnt that the laws of physics are the same in all inertial frames and
that only the relative motion of a system with respect to another can be
considered a physical reality. The generalization of the special theory of
relativity to noninertial reference frames by Einstein in 1916 is known as the
general theory of relativity.

The basis for the general theory is the principle of equivalence, which states that
a homogeneous gravitational field is completely equivalent to a uniformly
accelerated reference frame. Consider two reference frames: (i) a non-
accelerating (inertial) reference frame S in which there is a uniform gravitational
field; and
(ii) a reference frame S which is accelerating uniformly with respect to an
inertial frame but in which there is no gravitational field. Two such frames are
physically equivalent. That is, experiments carried out under otherwise identical
conditions in these two frames should give the same results. This is Einstein’s
principle of equivalence.

The principle of equivalence is related to the concept of two types of mass:
gravitational mass and inertial mass. Newton’s law of gravitation states that one
body attracts another body due to the gravitational force, and the strength of the

GMm
force is proportional to the product of the masses of the two bodies: F' =—— e

Ve

(10.128) where m¢; is the gravitational mass of the object, M is the

gravitational mass of the earth, r, is the radius of the earth and G the

gravitational constant. The gravitational mass measures how strongly an object
is attracted to other masses. The other type of mass is the inertial mass. Newton’s



second law states that F = mja (10.129) where my is the mass of the object or more

precisely, the inertial mass. Inertial mass m; measures how strongly an object resists a change in its
motion. No experiment has been able to indicate any measurable difference between inertial and

gravitational mass. Experiments have proved this result to better than one part in 1012. Hence, this may be
taken as another way to state the principle of equivalence: gravitational mass is equivalent to inertial mass.

An important prediction of the general theory of relativity is that light is affected
by gravity. One of the basic properties of light is that it propagates along a
straight line. However, a prediction of Einstein’s theory is that the positions of
stars whose light passes near the edge of the sun should be displaced due to
deflection by the gravitational field of the sun. Fig. 10.8 (a) illustrates the
deflection of light from a star in the gravitational field of the sun. The speed of

light with mass E/c? is reduced in the vicinity of the mass M, thus bending the
beam. A calculation of this deflection gives 1.75 seconds for the net deflection of
star light grazing the edge of the sun. A measurement could be made only during
a total solar eclipse; otherwise the light from the stars would be lost in the
brilliant sunshine. An opportune eclipse occurred in 1919 and the experimental
results were compatible with Einstein’s predictions.

Apparent
position

True position
of star

Precession

mass m

Telescope
(Observer)
(a) (b)




Fig. 10.8 (a) Deflection (not to scale) of a beam of star light due to the gravitational attraction of the sun;
(b) Precession of an elliptical orbit.

As per Einstein’s theory, the orbits obtained for planets are very similar to the
ellipses of classical theory. However, the ellipse precesses very slowly in the
plane of the orbit, so that the perihelion is at a slightly different angular position
for each orbit, as shown in Fig. 10.8 (b). This shift is greatest in the case of the
planet Mercury, which is close to the sun and hence in a very strong gravitational
field. The perihelion advance of Mercury is predicted to be 43 second of arc in a
century. This agrees with the discrepancy between classical theory and
observation, which was known for many years before the advent of general
theory of relativity.

A light beam must travel by the shortest path between two points. We have
already seen that it travels by a curved path. That is, if a light beam follows a
curved path, then that curved path must be the shortest distance between the two
points. This suggests that space itself is curved and the gravitational field is the
one that causes the curvature. Indeed, the curvature of space or of four-
dimensional space-time is a basic aspect of general relativity.

Figures drawn on plane surfaces are governed by the rules of classical
Euclidean geometry whereas those on curved surfaces are not. For example, in
plane geometry the sum of the angles of a triangle is 180°. To construct a
triangle on a curved surface, say a sphere, consider the large triangle (See Fig.
10.9a) with one vertex at the pole and two others B and C on the equator. Since
the meridians forming two sides of that triangle make 90° with the equator, the
sum of the angles ABC and ACB is equal to 180°. In addition, we have the angle
BAC. Hence, the sum is always greater than 180°, if the curved surface is a
sphere. However, if a triangle is drawn on a saddle-like surface, the sum of the
angles of the triangle will be less than 180°, as shown in Fig 10.9 (b). In this case
the surface sinks between the vertices of the triangle, whereas in the former the
surface bulges up between the vertices. In these cases the sides of the triangles
are not straight lines in the usual sense. They represent the shortest distances
between two given points and are called geodesics. In the geometry of curved
surfaces, geodesics play the same role as that of straight lines in plane geometry.
The curved surface of the sphere is said to have positive curvature since the
surface always lies on one side of the tangent plane to the surface at a point. The



saddle-like surface is said to have negative curvature as the surface and the
tangent plane at a point intersect.

a+ B+ y>180° o+ f+ y< 180°
(a) (b)

Fig. 10.9 Sum of angles of a triangle on a two-dimensional curved surface:
(a) Positive curvature surface; (b) Negative curvature surface.

Electromagnetic radiation of a given frequency emitted in a gravitational field
will appear to an outside observer to have a lower frequency, that is, it will be
red shifted. Consider photons emitted from the surface of a star of mass Mg,

radius Ry and observed on earth. As the gravitational field of the star acts on the
photon in an opposite direction, the photon loses energy, resulting in a decrease

in frequency. The effective mass of the photon is hv/c? and therefore the
decrease in energy is

=2z
R\ ¢*

5

Hence, the observed frequency v is given by

GM , hv

hv' = hy — 5

( ;
Ve V'U— e (10.130)



A frequency decrease means wavelength increase, and we say that visible light is
shifted to red.

WORKED EXAMPLES

Example 10.1 Show that X2 + y2 + 72 — 2 is invariant under Lorentz
transformation.

r

Solution: Replacing x, y, z,tby X', V', 2,

2
2
% yz +22 -2 = },2 (x"+ w’) + y'z gl Cz},z [r’ I (vx’/cz)]

2 2
=X’2?2[1—‘:_2W+}1’2+z’2_I’zyzcz |(l—v—}

2 ) | &2

2 > - G
=x""+y +z" -

5 ] ] - & = 5
That is, x> + y* + 22 — ¢? #* is invariant under Lorentz transformation.

Example 10.2 A rocket leaves the earth at a speed of 0.6c. A second rocket
leaves the first at a speed of 0.9¢ with respect to the first. Calculate the speed of
the second rocket with respect to earth if: (i) it is fired in the same direction as
the first one; (ii) it is fired in a direction opposite to the first.

w +v 0.9¢ +0.6¢

Solusion: Q@) #= v (0.9¢) (0.6¢) =Llialde
1+ L4
¢ ¢
—0.9¢+0.6¢ 0.3¢
(i) u= - (0.90) (060) ~ Sy 0.652¢
2

Example 10.3 The length of a spaceship is measured to be exactly half its proper

length. What is (i) the speed of the spaceship relative to the observer on earth?
(ii) the dilation of the spaceship’s unit time?

Solution: (i) Taking the spaceship’s frame as the S one, the length in the frame S



L=1Iy.J1- 5 B=vlc

It is given that L = Ly/2. Then

| 2 2

|
%=Lﬂ l—v—z or l—v—2=z
is given by ¢ ¢

v=0.866¢c
(ii) From Eq. (10.33), we have

That is, unit time in the S clock is recorded as twice of unit time by the
observer. In other words, the spaceship’s clock runs half as fast.

Example 10.4 An inertial frame S moves with respect to another inertial frame
S with a uniform velocity 0.6 ¢ along the x x-axes. The origins of the two
systems coincide when t =t = 0. An event occurs at x1 = 10m, y1 =0,2z1 =0, {1

2 x 10~/s. Another event occurs at x2 =40m, yp =0,z =0, ty =

3 x 107/s . In S, (i) what is the time difference? (ii) what is the distance
between the events?

Solution: (i) From Eq. (10.34 a)

! r :VV
lh—h = 702 _rl)"'C_g(xl - ]
1 | |
= = = =125
£ \/1 2/ 1-036 +Jo.64
S 2
vl i

1.25% 0.6 (—30m)
3% 10%ms™!

=125%1075-075%x10%5=05%10"s

ty—t=125x3-2)107"s +




7 (% —vi,)

=7 —vy) X, =
X _xlr=7"(-’fz —xl)—}""’(fz —fl)

(ii) From Lorentz transformation

=1.25x30m - 1.25(0.6) (3 10*ms ™) 1075
=375m-225m=15m

Example 10.5 How fast must an unstable particle. move to travel 20 m before it

decays? The mean lifetime of the particle at rest = 2.6 x 10-8s.

Solution: The mean lifetime of 2.6 10755 is in a frame of reference in which the
particle is at rest. That is, Dt = 2.6 10~8s. Lifetime in the laboratory frame
At 2.6x107%s

Af =
t \/l—vz,.-""'cz \/l—‘uz,frr:'2

The distance travelled in the laboratory frame in time Az is 20 m. Hence,

—E or /_‘Itzﬁs

—At v

Vv

Equating the two values for At

Squaring and simplifying

v=2.8x108m/s

Example 10.6 The average lifetime of m-mesons at rest is 2.3 10~5s.

A laboratory measurement on m-meson gives an average lifetime of 6.9 10~5s.
(i) What is the speed of the mesons in the laboratory ? (ii) What is the effective
mass of a m-meson when moving at this speed, if its rest mass is 207m,?

(iii) What is its kinetic energy?

Solution: (i) Proper time interval Dt = 2.3 X 10~5s. For the lifetime in the
laboratory Dt, we have



_ -6
At‘:L or 6.9%107% = AT 4

Jl=v* [ c* ] —y? [o*

Solving, v = 0.9428¢

(ii) m:%.smce R o =§,
1-v“/c '
m=207m, X @z 621m,
2.3
(iii) Kinetic energy T = mc* — myc* = (621 - 207)m,c*

T =414(9.1x 10'kg) 3x 108 ms™)? =339.07 x 10713]

339.07x107°]J

T 16x10-" /v =211.9x10%V =211.9MeV
DL X I,.-‘e

Example 10.7 A poo meson of rest mass m(, velocity u decays in flight into two

photons of same energy. If one of the photons is emitted at an angle g to the
direction of motion of the pco meson in the laboratory system, show that its

2
energy hv is given by py = o€ : y=1 / 1—u
2y(1—ucosfic)

2/.2

Solution: The two photons have the same energy. Hence, both will be making the
same angle with the incident direction (See Fig. 10.10).

aov

Fig. 10.10 poo meson disintegrating into two photons.

By the principle of conservation of energy



ymgc® = 2hy (i)

Conservation of momentum gives,

h
ymgi = 2% cos @ (ii)
g
From Egs. (1) and (i1)
ymyu = yni,c cos @

i
or, cosf = ; (ii1)

From Eq. (i)
_ymye® _ yimye’
2 2y

hv

/2
Z?LI_ 2]
__ myc
2y(1 —ucos/c)

Example 10.8 Energy and momentum conservation in pair production by photon
is not possible if the process takes place in vacuum spontaneously. Prove.

Solution: Figure 10.11 illustrates pair production by a photon of energy hv.

P

Fig. 10.11 Pair production by a photon.
Let p1 be the momentum of the electron and py be that of positron. The rest
mass of electron and positron are the same, say m(. The resultant of p; and p»
can be obtained by the parallelogram law of velocities which must be equal to



hv/c:

hv

2
[TJ =pi + p3 +2p p; cos (i)

By law of conservation of energy,
I}/ 1/ -
hv =(c*pi +mgc?)Y? + (c*p3 + myc)” (11)

Squaring and rearranging

2
kv 1/ 1/
(T) = pi +p2 +2mge” +2(pf +mge?) (p3 +mict)r i)
From Egs. (1) and (iii)

pipycosB— mic® =(pf +mic?) " (p] +mic?)”
Squaring both sides

pi p3 cos” 8- 2p pamyc’ cos@= pi ps +(pf + p3)mye”

pi pi(cos® 0 —1)=myc?(p} + p3 +2p, p, cos ) (iv)

—pi p3 sin” @=mgc (p{ + p3 + 2pyp, cos ) (v)

For the minimum value of cosq = -1, the right side of Eq. (v) is mic*(p, = p, )%,

which is positive. However, the left side of (v) is always negative or zero. Hence
both sides must vanish. The left side vanishes for g = 0 or p. The right hand side
vanishes only when q = p and p1 = pp. When this condition is satisfied, from

Equation (i) we have v = 0. That is, the photon is nonexistent. Hence, such a
process cannot take place.
Example 10.9 A p-meson of rest mass mp decays at rest into a muon of rest

mass my, and a neutrino of zero rest mass. Evaluate the energy of the neutrino.

N 2 2
Also show that the kinetic energy of the muon 7}, =(m, —m,)" c / 2m, .

Solution: Let p be the momentum of the neutrino. Then its energy = cp. By the
law of conservation of momentum, the momentum of muon is equal and
opposite to the momentum of neutrino. By the law of conservation of energy
Energy of p-meson = Energy of m-meson + Energy of neutrino



mxcz = c2p2 +1Pn‘flrc*4 + pc

2 ) 2 4
My C —pc—\/c p~ +myc
Squaring and rearranging

2 4 2 4 _ 2
nigc” = n, ¢ =2mc"pc

2 2 2
(mﬂ,'_ ,u) ¢

Energy of the neutrino = pc =
2m,

Kinetic energy of y-meson 7, = Energy of u-meson —m,c*

4 B, o 18 2
T, \/f_‘p +mr:' — M, C” =mgc” — pc—my,c

2 M
(mﬁ—m#]r:r

=myc’ - = mﬂcz
2m,
2 2 2.2 2 2.2 2.2 2
_ _2mpce” —my ¢? +my,c” —2mm ¢ _ my +my,c” = 2mom ¢
2m,, 2m,

22
(m, —m,)"c

2m,

¥ 9 9 19
Example 10.10 Show that the operator *= FTaa is
ox*  dy* 9z* o

invariant under Lorentz transformation.

Solution: To prove the above invariance, one should know the relation between
partial differentiation with respect to one set of variables (x, y, z, t) and the
corresponding partial differentiation with respect to the other set of variables

(%, y, z, t).The variables are related by the Lorentz transformation:



x'=y(x = vi) =y i ,:zy(t_"_;) (i)
c
d ox” d dy' d 9z d  dt” 9 i
I 5 & = ;T ; (11)
dx Jdx dx” dx dy’ Jdx dz' OIx dt
From Eq. (i) we have
ox’ ay’ a9z’ at’ ¥V
= = =0 =0 = ——
3 7 ox ox ox c?
Consequently,
ol [3 _LBJ i
ax Naw ~ Zor =
In the same way
LI VL R N B o
dy oy’ dz 9z’ a U\ar Ix’

3 ( 9d ;wa)r d ;va)

w2 Var 2o )T 2 ar

B ai"ﬂ’”z:_ja%“i_:”z% )
;fz = 1;;2:2 ;; = 88;2 (vi)
aa; - 88:2 + 722 T 297y axa;, (vii)

Using Egs. (v), (vi) and (vii), we get

3¢ . 8% 3% 1 3 92 v 92
+ S —
P 9P 9 o WA

9’ 9° 0°
= 4 + —
d® PR @EE F 9

That is, [ ]? is Lorentz-invariant.




Example 10.11 Obtain the transformations for the components of the
momentum-energy four-vector.

Solution: From Eq. (10.88), the momentum-energy four-vector is given by
( iE :
B, =(H,Pz,%,P4)=Lp,7]=(p, ime)
For a four-vector A, from Eq. (10.76) one has in inertial frame §”

Al = ?’(Al + fﬁA4) A=A, Ay = A, Ap= ?’(A4 - fﬁAl)

1
where f=Vv/c,y= ﬁ ~ Using this relation, the momentum-energy four-

vector components in inertial frame S” are given by

L, (. v iv iE vE
R =ykﬂ+?P4J=}/(px+?_ =) Px — 5

Example 10.12 Obtain the transformations from inertial frame S to inertial
frame S for the components of the four-force.

Solution: For a four-vector Ay, from Eq. (10.76) one has in inertial frame S



, iv F ' F 'V
Alzi"[Al"':Aths A = Ay, Ay = A, A4=?’[A4—3_A1)

C

From Egq. (10.95), for the four-force one has

f z' f-u

ge K0 .

Now the corresponding four-force in inertial frame S’ is

- '/ £ i
|\ e e

Now, for the first component

(ii)



K= [F +_F4] (iii)
That is,
i ( g .w .f, f-ll 1
2/ 2 7 27 3 T 272 |
\/l—u' /e k\/l—u jc cc f1—u?/c i

l s u,-’zfcz |—

v
V1= v/ 1 —u?[c? rfo_c_z(”&u""_'_f}‘uJ""fZ”z)]
- v —W

Since the factor outside the square bracket is l/(l — Vil ,f";r:z) (See Example 10.13)

fi=

P P g L
fit - l:fx Cz (Jr_tux+fyuy+fz“z)J1(1_mJ
U
} 1
Vit
= x
1)
(iv)
1 u’zfr:zf
1—u?/c? "
1 —w% /et
2 z v)
S — v

|
I
<

C ; . :
¢ Jl1—u"?/c? L& I~ /et ¢ J1—u?/c?




The fourth relation involves the power since f.u has the unit of power.

Example 10.13 A particle is moving with a velocity u in an inertial frame

S and with velocity u in inertial frame S which is moving parallel to the x-axis
with a velocity \% relative to S. Show that
1 272

—u’
\/ | :,{cJ‘ZI,.-""-r:'2 \/ 1

Solution: From Eq. (10.86) the four-velocity

cC
A (T v jc%)




In the S’ frame

V= |( u’ ic \
ot — .
L i= w2/ 1-u?/ J (11)
According to Eq. (10.76)
( v - )
VJ:}" V4—IVVI':}!! i o L My ]
245 2
\ | all—ufet < sl=u/c” )
(l - vu, | cz)
1-u?/c?
But from (ii)
V)= (iv)
Equating the two expressions for V,/
| ;V(l —vu, /c? )
\/ 1-u"/c? ) J 1-u?/c? i

I —u < .,.-""r:2 1

\/ 1- .r,4:2;"'rr:2 \/l — ,.-"'IICZ B (1 — Vi, ..-'fl'fz)

REVIEW QUESTIONS

1. What are inertial and noninertial frames of reference? Give examples.

2. Explain the significance of the null result of the Michelson-Morley
experiment.

3. What is a Galilean transformation?

4. State the postulates of the special theory of relativity.

5. State the Lorentz transformation equations and express them in matrix form.



6. State and explain the relativistic law of addition of velocities.

7. Explain time dilation and length contraction.

8. Explain how the length contraction, time dilation and mass variation
expressions might be used to indicate that c¢ is the limiting speed in the
universe.

9. What are proper time and proper length?

10. Show that the addition of a velocity to the velocity of light gives the velocity
of light.

11. State the expressions for rest energy, kinetic energy and total energy of a
relativistic particle.

12. Suppose the speed of light were infinite, what would happen to the
relativistic predictions of length contraction, time dilation and mass variation?

13. ‘In special theory of relativity, mass and energy are equivalent.” Discuss this
statement with examples.

14. Will two events that occur at the same place and same time in one reference
frame be simultaneous to an observer in a reference frame moving with
respect to the first?

15. Does time dilation mean that time actually passes more slowly in moving
reference frames or that it only seems to pass more slowly?

16. Does E = mc? apply to particles that travel at the speed of light?

17. Explain how relativity changed our notion about space and time.

18. ‘Events that are simultaneous in one reference frame are not simultaneous in
another reference frame moving with respect to the first.” Comment.

19. Is mass a conserved quantity in special relativity?

20. Show that the velocity of a particle having zero rest mass is equal to the
velocity of light.

21. Draw the graph of kinetic energy versus momentum for (i) a particle of zero
rest mass; (ii) a particle of nonzero rest mass.

22. What is a four-space? What is a world line?

23. When do you say an interval between two events is (i) time-like (ii) space-
like (iii) light-like?

24. Comment on the statement: ‘The Lorentz transformation can be regarded as
a rotation of coordinate axes x, y, z, ict in space time.’

25. Explain how the momentum components py, Py, Pz along with iE/c, where

E is the total energy, form a four-vector.
26. What is the charge-current four-vector? Express charge-current equation of
continuity in electrodynamics in the covariant form.



27. What is a four-vector potential? Express Maxwell’s field equations in the
four-vector form.

28. Explain the principle of equivalence. What is a geodesic?

29. What is gravitational red shift? Account for it.

30. Write notes on (i) precession of the perihelion of planetary orbits; (ii)
bending of light in the gravitational field.

PROBLEMS

1. A rocket travelling away from the earth with a speed of 0.5 c fires off a second
rocket at a speed of 0.6 ¢ with respect to the first one. Calculate the speed of
the second rocket with respect to the earth.

2. An object passes at a speed of 0.8 c. Its length is measured to be 72.5 m. At
rest what would be its length?

3. At what speed would the relativistic value for time differ from the classical
value by 2 per cent?

4. A person on a rocket travelling at a speed of 0.5 ¢ with respect to the earth
observes a meteor come from behind and pass him at a speed 0.5 c. How fast
is the meteor moving with respect to the earth?

5. Two spaceships leave the earth in opposite directions, each with a speed of 0.5
c with respect to the earth . What is the velocity of spaceship 1 relative to
spaceship 27

6. A free neutron has an average lifetime of 1000 s. How fast must a beam of
neutrons travel for them to have a lifetime twice this long with respect to the
laboratory?

2

7. A proton has a kinetic energy of mpc<. Find its momentum in units of MeV/c.

8. A particle with mean lifetime of 10~5s moves through the laboratory at a
speed of 0.8 c. What will be its lifetime as measured by an observer in the
laboratory?

9. What is the speed of a beam of particles if their mean lifetime is 3 1077s?

Their proper lifetime is 2.6 10~ 7s.
10. Calculate the rest energy in MeV of electron and proton. Mass of electron =

9.11 10731 kg, Mass of proton = 1.67 10_27kg.

11. What is the kinetic energy of a proton moving at a speed of 0.86 c? Its rest
energy is 939 MeV.

12. If the kinetic energy of an electron is 5 MeV, what is its velocity?



13. A meson having a mass of 2.4 10~28 kg travels at a speed of v = 0.8 c. What
is its kinetic energy?

14. At what speed will the mass of a body be twice its rest mass?

15. Evaluate the speed of a particle when its kinetic energy equals its rest energy.

16. Calculate the mass of a particle whose kinetic energy is half its total energy.
How fast is it travelling?

17. What is the speed and momentum of an electron whose kinetic energy equals
its rest energy?

18. The mean lifetime of a muon at rest is 2.4 10~%. What will be its mean
lifetime as measured in the laboratory, if it is travelling at v = 0.6 ¢ with
respect to the laboratory?

19. p-mesons coming out of an accelerator have a velocity of 0.99 c. If they have

a mean lifetime of 2.6 107Ss in the rest frame, how far can they travel before
decay?

20. At what speed will the relativistic value for length differ from the classical
value by 1 per cent?

21. A beam of particles travels at a speed of 0.9 c. At this speed the mean

lifetime as measured in the laboratory frame is 5 1055, What is the particle’s
proper lifetime?

22. At what speed will the mass of a body be 20 per cent greater than its rest
mass”?

23. Derive an expression showing how the density of an object changes with
speed v relative to an observer.

24. 1f the sun radiates energy at the rate of 4 1026Js_1, evaluate the rate at
which its mass is decreasing.

25. Find the momentum and velocity of an electron having kinetic energy of 10.0
MeV. The rest energy of electron is 0.512 MeV.

26. A particle having rest mass m) is travelling at a speed of u. If its momentum

% 2

- | 1 p
is p, show that v p=mc| ——— 1] q) — =1+
7= 1= u2 ¢ | (i) 1-u?/c? macz

27. An electron is accelerated to an energy of 1.0 BeV. (i) What is its effective
mass in terms of its rest mass. (ii) What is its speed in terms of the speed of
light?

28. Derive the following relations between momentum p, kinetic energy T and



rest mass m) for relativistic particles:

] 2 3 oy T2+2} ‘ET
0 n P P 1 T

29. Compute the effective mass for a photon of wavelength 5000 A and for a
photon of wavelength 1.0 A.

30. Show that the rest mass of a particle of kinetic energy T and momentum p is
o I T
g pr =
2T
31. Show that (i) a particle which travels at the speed of light must have a zero

rest mass; (ii) for a particle of zero rest mass, T = E, p = E/c.
32. A charged p-meson of rest mass 273 m, at rest decays into a neutrino and a

given by s, =

m-meson of rest mass 207 m,. Find the kinetic energy of the m-meson and the

energy of the neutrino.

33. Two electrons are ejected in opposite directions from a radioactive nucleus
which is at rest in a laboratory. If each electron has a speed of 0.67 c as
measured by a laboratory observer, what is the speed of one electron relative
to the other?

34. A p*-meson is created in the earth’s atmosphere 200 km above the sea level.
It descends vertically at a speed of 0.99 c and disintegrates in its proper frame

2.5 10_8 s after its creation. At what altitude above its sea level is it observed
to disintegrate?
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Introduction to
Nonlinear Dynamics

The mechanical problems we considered so far have linear time evolution
equation. However, most of the dynamical systems and phenomena in nature are
nonlinear. We are not fully equipped with simple tools to handle nonlinear
problems, although linear ones have been extensively studied. Many of the
nonlinear problems are reduced to linear ones by approximations. In many
situations such linearization procedures are valid to a large extent. In this context
a remark by Albert Einstein is worth noting : ‘Since the basic equations of
physics are nonlinear, all of mathematical physics will have to be done again.’ In
this chapter, we shall discuss some of the general features of nonlinear dynamic
systems, time-dependence and stability of their solutions.

11.1 LINEAR AND NONLINEAR SYSTEMS

In Example 1.6, we discussed the familiar linear harmonic oscillator having

D, =~ ki,
L

frequency where k is the spring constant and m is the mass of the
particle executing the motion. The force acting on the system



2
g:miéz_m (11.1)
dt

The time evolution equation for the position of the particle is then

dz.r 2
—+ apx=0
ar o

This equation is linear in x and in the second derivative of x. Its general solution is

(11.2)

x= Asin(@yt + @) (11.3)

where the amplitude A and the phase f are constants. That is, if the mass is
displaced from the equilibrium position, it will oscillate sinusoidally about that
position with an angular frequency wg. In this example, we have a linear

system.
Next we shall consider a slightly more complicated system. If the system has

an additional force term of the type bxz, the time evolution of the equation
d*x b |

— +@px+—x" =0 (11.4)

dt m

Now the system is a nonlinear one, since the position x of the particle in the

equation is a squared one.

A system whose time evolution equations are nonlinear is called a nonlinear
system. The dynamical variables describing the properties of the variables such
as position, velocity, acceleration, etc. appear in the equations in a nonlinear
form.

In linear systems, if f1(x, t) and fy(x, t) are linearly independent solutions of

becomes

the time evolution equation for the system, then the linear combination c1f1(x, t)
+ ¢ f7» (x, t) where cq1 and ¢y are constants, is also a solution. However, it is not

in the nonlinear case. We can also explain the concept of nonlinearity in terms of
the response of a system to a stimulus. Let a stimulus s(t) give rise to a response
g(x, t) to a particular system. If we change the stimulus to 2 s(t), a linear system
will have the response 2 g(x,t). For a nonlinear system, the response will be
different from 2 g(x, t), can be smaller or larger than 2 g(x, t). That is, if a
parameter that describes a linear system is changed, then the other parameters
will change correspondingly. For nonlinear systems, a small change in a
parameter can lead to dramatic and sudden changes of the co-ordinates and other



parameters in both qualitative and quantitative behaviour of the system. It may
be noted here that most of the real systems are nonlinear at least to some extent.

11.2 INTEGRATION OF LINEAR EQUATION: QUADRATURE
METHOD

Again consider the linear equation, Eq. (11.2), for our discussion. It can be
written in the form of a pair of coupled first order equations:

X=Yy (11.5a)
j::—g)%x (11.5b)

Multiplying Eq. (11.5a) by aﬁx and Eq. (11.5b) by y and adding the two

- d(1 1
yy+ @pxx =0 or —[— v+ —mgxz) =0
’ dr\ 2 2
Integrating
1
S +a5)=1, (11.6)



The constant [; is called the first infegral. Since y =, therefore y*/2 may be

identified with scaled kinetic energy and mgf / 2 with potential energy. Therefore,
I; can be identified as the scaled total energy E’. From Eq. (11.6)

dx

: 21, — @i x’
y= dr 1 0
dx
“ 21, — i )

This equation can now be solved as an explicit integral or quadrature. That is,
dx
21, — 02X LLL.8)

After integrating both sides, we have a second constant of integration /; and
therefore we can write

t+1,=

sz Y I2f(l—m 252 /21) (1)
\/ 1 0 \/ 1 0~ 1

Evaluation of the integral is straightforward if the substitution sin 0 = @w,x/,/21,

is done. Integration gives

1 . | @px
t+1,=—sin”! 11.10
o {;—yl] ( )

V21

0

x(t) = sin (@t + [,@,) (11.11)

which is the same as Eq. (11.2). Though this procedure is somewhat roundabout
for this simple linear equation, it becomes more natural when nonlinear terms
appear in the differential equation. Even the method of quadrature fails in certain
cases where the nonlinearity is higher than second order.

It is obvious from Eq. (11.11) that the period of the oscillator

T =2m/dy- This

can also be obtained from Eq. (11.8). Since Iq is the total energy FE and at the

y=i=0

classical turning points A ] from Eq. (11.6)



Wi x* = 2E or x=1+2E'/ @,
Hence, the period of the pendulum T, from Eq. (11.8), is
J@fwﬂ

T—1 J dx _ 2%
B | p— 2.2 an (11.12)
_u@j‘% 2E —{pX Wo

Thus, the period is independent of energy.

11.3 INTEGRATION OF NONLINEAR
SECOND ORDER EQUATIONS

Nonlinear second order equations are very common in physics and a majority of

2
them are in the form d—:+f(x)=0 (11.13)
dt
where f(x) might be a polynomial, rational or transcendental functions of x. As
an example, we may consider a particle moving under a force function which is

of third order in the displacement x. Then the equation of motion is



d*x

?z—f(x)z—(A+Bx+Cx2 + Dx?) (11.14)
t
where A, B, C, D are constants. Equation (11.13) can be put in the form

x=y y==f(x) (11.15)

Dividing one equation by the other

y_ofw o dy_—f®@

X y dx ¥
vdy =—f (x) (dx) (11.16)
Integrating
%}-‘2 =- -[f(x)dx + constant
1( dx\ _[
——| + x)dx = I, (constant
2[(#] Sx) p ( ) (11.17)
Replacing f(x) wusing Eq. (11.14) and performing the integration
1( dx’ By Gx D
—[—J +(Ax+—x2+—x3+—x4):fl (I1.18)
2\ dt 2 3 4

For convenience, we may rewrite Eq. (11.18) in the form

(dx * 2 3 4
kE =a+ bx+ cx” +dx’ +ex (11.19)

The right hand side of Eq. (11.19) can be factored as

e(x—a)(x=F)(x—y)(x-09)
Consequently, Eq. (11.19) can be written as



dx

2
[EJ = e(r— ) (k= ) (k= 7) (1= &) (11.20)

which can be transformed into the standard Legendre form

dx )’ 2 2.2
— | =0-x*)1—-k*x*) (11.21)
dt
dx
dt =
Ja=x) (1- k2?) (11.22)
Integrating
dx
dt = 11.23
j jJ(l—xz)(l—kzxzj ( )

The integral on the right hand side of Eq. (11.23), denoted as F(x, k), is called the
elliptic integral of the first kind.

-x[ dx
2 (1= x2) (1 £227) (e

An alternate form of Eq. (11.24) can easily be obtained by making the substitution
x =sin 6.

F(x, k)=

9
dé
F(fik){[ (11.25)
! J1—k*sin@

Tabulated values of the elliptic integral are available in mathematical handbooks.
The inverse of the elliptic integral given in Eq. (11.25) or Eq. (11.24) are the
Jacobi’s elliptic functions. For more details regarding elliptic integrals, refer to
Appendix A.

11.4 THE PENDULUM EQUATION

Another most studied nonlinear system is the simple pendulum. It can be
integrated exactly in terms of elliptic functions. Let the departure of the string
from its equilibrium position be q. The time evolution equation for the position



2 .
of the bob can be writtenas ¢ ¢ , gsin@ _ (11.26)

dt* l
where [ is the length of the pendulum. If we approximate sin g byg we get the
familiar equation of a harmonic oscillator
0+wmi0=0 m§=% (11:27)

with the general solution given by Eq. (11.3).
We shall now solve the original nonlinear equation without the approximation.
Writing Eq. (11.26) as two coupled equations



6=y and  y=—w]}sin6 (11.28)

Dividing one equation by the other

dy &J[,z sin @
do y
ydy=—w}sind do (11.29)
Integrating
1
—;-,=2 = mg cos @ + constant (11.30)

2

The constant can easily be identified as scaled mechanical energy E’, which is
equal to E/ml?, where E is the total energy. From Eq. (11.30)

deo
dt =
J2(E’ + &33 cosé)

%zJZ(E”+a)§ cosf) or

Integrating
de

tzJJZ(E’+a)§ cos )

+ constant

(11.31)

The constant of integration may be dropped as it produces only a phase shift.
To change the integral in Eq. (11.31) into a standard form, let us introduce the
new parameter @ by the substitution

’

cos@=—
mg (11.32)

In terms of @, Eq. (11.31) takes the form

a
fi fij d& (11.33)
2g DJcosH’—cosm .

For turther simplification introduce the transformation

cos@=1-2k>sin>¢  and k=sin? (11.34)

Since cos@=1—2sin*(w/2)=1- 2k>



cos@ —cos@=1-2k%sin? ¢ — (1 - 2k2) = 2k(1 - sin? ¢) = 2k? cos? ¢
1 B 1 1
\/cosﬁ' —cos@ \/2;42 cos? ¢ 2k cos¢ (11.35)

The definition of k suggests that it is a constant. Hence, differentiating Eq.
(11.34)



—sin@ d@ =— 2k* X 2sin¢ cos ¢ d ¢

2k*sing cosp do
E

sin — cos —

df =

From Eq. (11.34)

kzsinzgta:l—ccsﬁ’:l—[l— 2sin® §J=

Hence,

singzksinq} and cosg= 1-k*sin® ¢

From Eqgs. (11.35) to (11.37)

dg 2k* sing cos ¢ dop

2sin® —
2

Jcosﬁ cos @ Ikcosgﬁxksmg?},! — k*sin’ ¢

V2 dg

1-k*sin® ¢

Consequently Eq. (11.33) reduces to

[t ay
t= |-
g 31— k?sin® ¢

where,

In terms of elliptic functions

sn| f,’ —51n¢——sm—

Angle q(t) in terms of time can

be

(11.36)

(11.37)

(11.38)

(11.39)

(11.40)

written as



a0 (e )
sin 7 =5 L ,RJ
t

@(t)= 2sin” {k ST

]:' (11.41)

11.5 PHASE PLANE ANALYSIS OF
DYNAMICAL SYSTEMS

For understanding the dynamics of linear and nonlinear systems, the description
of its behaviour in phase space is quite useful. The two independent variables

(x, px) here (Xs =) define the space in which the solution moves. For a

particle having only one independent variable, the phase space is only two-
dimensional and hence it is often referred to as the phase plane. At any time the
value of the phase space co-ordinates (x, y) completely defines the state of the
system. For a system having n independent variables x1, x,..., X, , each variable

can be thought of as an independent phase space co-ordinate in the associated n-
dimensional phase space. A given solution to the equations of motion will map
out a smooth curve in the phase plane as a function of time. This is called a
phase curve or phase trajectory and the motion along it is called the phase
flow. Because of the unique properties of solutions to differential equations,
different phase space trajectories do not cross each other. A picture made up of
sets of phase curves is often called a phase portrait.

2

S
‘—+—-“-,x =1 (11.42)
2E  2E

Clearly the phase trajectories are concentric ellipses (See Fig. 11.1). The semi-
major and minor axes can easily be determined as detailed below. At the turning



points of the ellipse, Y ~=*=Y.  Hence, from Eq. (11.42)

wix*=2E o x=x+2Elw,
When x = 0, again from Eq. (10.42)
},2 =2E or y=12E

Hence, the semi-major axis @ and semi-minor axis b are given by

a=@ b=A\PDE (11.43)

@y

The origin of the phase plane x = y = 0 corresponds to an obvious equilibrium
point of the motion. Thus, the existence of a constant first integral has provided a
definite geometrical constraint on the phase flow.

. y:-!—\/ﬁ

=N
x==2E |, &_// x=+~2E/®,

y==v2E

Fig. 11.1 Phase curves for the simple harmonic oscillator.

Phase Curve of Damped Oscillator

Next we shall consider oscillations with damping forces proportional to velocity.
The equation of the oscillator is then



i+2bi+wix=0 (11.44)
This is equivalent to the coupled equations

y=k and  y=-w@jx—2by (11.45)

The trial solution
x=e¥ (11.45a)

in Eq. (11.44) gives the equation
e’h(,12+2bi+a}§)=0 or A*+2bA+aw; =0

The quadratic in A gives the roots

A Ay =—b+t b - &} (11.46)

b <y, the roots /1 and I are complex and the motion is oscillation with

When

decreasing amplitude. The solution just spirals into the equilibrium point at the
origin at a rate depending on the damping coefficient b (See Fig. 11.2a).

In the case of Bzl or b=y, the solution is aperiodic damped motion.
Phase trajectories for these cases are obtained numerically and are given in
Figs. 11.2 (b) and (c). The trajectories in these two cases approach the origin.

For nonlinear systems such as Eq. (11.13) with a constant first integral and
executing bounded motion, the phase portrait is again a set of concentric curves
centred at the origin. However, for more general nonlinear systems, the phase

portrait is more complicated.

Yi

@@ -t %%.x

(a) (b)
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Fig. 11.2 Phase curves of a damped oscillator: (a) . The solution spirals into the equilibrium
Pl 3] 2 )
j &5 3 P g PG 3
point; (b) e s (c) : @ . In (b) and (c) the trajectories approach the origin.

11.6 PHASE PORTRAIT OF THE
PENDULUM

One of the most studied examples is the simple pendulum. Its time evolution
equation for the displacement is given by Eq. (11.26). To have uniformity in
notation with the previous section, we denote the variables ¢ and ¢ as x and y,
respectively. In the new notation Eq. (11.28) takes the form

= and y=—ajsinx (11.47)
Proceeding as in Section 11.4, in place of Eq. (11.30), we get

1 y
Eyz :a}g cosx+ FE (11.48)

where E is the scaled total energy. The phase space diagram of the pendulum is
shown in Fig. 11.3.

For very small energies the pendulum will just oscillate about the equilibrium
point x = y = 0 in nearly linear fashion. For small energies the phase space
trajectories are ellipses centred on the origin. As the energy increases, the
pendulum
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Fig. 11.3 Phase curves for the pendulum.

executes larger librations until finally a point is reached with the pendulum
standing straight up with the mass directly above the point of pivot and starts to
execute rotational motion. That means the pendulum has sufficient energy to

S + .
== the value of y for these two values of x being zero.

/1

swing fromx =0 to

When y = 0 and ¥~ * 7 from Eq. (11.48) £ =00 =21 1y other words, the

pendulum will just complete the circle if it has the energy Er=g/l. pg the
energy increases further and further, the rotational motion gets faster and faster.

=+
The point = with y = 0 is an equilibrium point, but an unstable one. This
phase pattern will be repeated at every multiple of 2p to the left and right since

Y= 20

the restoring force is periodic. Thus, at every there is a stable

equilibrium point and at every x=t{2n+1)n there is an unstable equilibrium
point. These points marks a transition from librational motion to rotational
motion and the phase curves change from closed to open ones. The open one
corresponds to unbounded rotational motion.

The pair of space curves that separate the librational and rotational motions
and that meet at the unstable equilibrium points is termed the separatrix. Inside
the separatrices, the motion is completely periodic and oscillatory. Trajectories
outside the separatrices correspond to running modes in which the pendulum
has sufficient energy to swing over the top. One type of running mode has

angular velocity © >4

e <0

(anticlockwise motion) and the other type has angular

velocity (clockwise motion).



11.7 MATCHING OF PHASE CURVE WITH POTENTIAL V(x)
For conservative systems, the energy E is a constant of motion and
can be written as the sum of kinetic and potential energies. We may

write E = %.1‘:2 +V(x)= % y? +¥(x) (11.49) where the potential function

is some nonlinear function of x. For conservative systems, the phase
curves are often referred to as level curves and their constructions are
somewhat easy.

Simple Harmonic Oscillator

V)=

For the simple harmonic oscillator 2 and the curve V(x) versus x is a
simple parabola in which the motion is confined between the classical turning

points given by * ok / L0 Matching of this parabola with the phase curve
of the oscillator (See Fig. 11.1) is illustrated in Fig. 11.4. Clearly the ellipses are
between the classical turning points in the parabola.

A V(x)

\ / V(x)= %mﬁxz

§

il
v

Phase curve

Fig 11.4 Matching of phase curves with potential V(x) for a simple harmonic oscillator.

Simple Pendulum

For the pendulum, Vix)=-(g/l)cosx, which is a nonlinear periodic potential

(See Fig. 11.5). Below the periodically spaced maxima the motion is bounded
and hence elliptical. Above the maxima, as discussed the motion is rotational



and hence unbounded. The minima are stable equilibrium points whereas the
maxima give the unstable equilibrium points. The matching of the potential
energy curve with the phase curve is illustrated in Fig. 11.5.

4 N(x)

Fig. 11.5 Matching of phase curves with potential V(x) for a pendulum.

11.8 LINEAR STABILITY ANALYSIS

Phase portraits for conservative systems are not difficult to construct. They have
characteristic closed curves around stable points and hyperbolic type regions in
the neighbourhood of unstable points. For nonconservative systems, construction
of phase portraits are difficult unless an explicit solution is known to the
equations of motion. However, it is possible to construct an approximate local
phase portrait by identifying the equilibrium points, referred to as fixed points
or critical points and drawing phase curves in their neighbourhood. Fixed points
will be satisfying conditions satisfied by equilibrium points. Therefore, one can
build up a fairly good phase portrait of any system by identifying reasonably
stable fixed points, which are the organizing centres of a system’s phase space
dynamics.



For discussion, consider a general second order system of the form
E=T{5Y) (11.50a)
y=2gxy) (11.50b)

where fand g are typical nonlinear smooth functions of x and y. Let the values of

x and y at fixed points of the motion be xj and yg, respectively. As x=y=0 at

fixed points
F(xp, ¥,)=0 (11.51a)

g(xg, ¥o)=0 (11.51b)

The number of such fixed points depend on the form of f and g. The stability of
fixed points can be understood by considering the time evolution of some small

(0x,0¥)

displacement about (x(, yo). For small displacements, we need retain

only the linear terms in the Taylor expansion of the functions f and g. The
linearized time evolution of displacements dx and dy are then given by

Ox = f,(xg. Yo) Ox + £, (g, Yo )0y (11.52a)

0y = g,(xg. ¥o) 0x + g, (X9, Yo)Oy (11.52b)

Equations (11.52a) and (11.52b) can be expressed in the matrix form as

i[rc?xw _[rtir_r(xus Yo)  Jfy(%: Yo) | l_tfﬁﬂ
dt[0y] | 8:(x0. %) 8&y(x0, Yo)|[OY

Equation (11.53) is often referred to as the linearized equations. The 2 2 matrix
in Equation (11.53), denoted as M, is often referred to as the stability matrix.
Let [1 and I> be the two eigenvalues of the matrix M and the eigenvectors

(11.53)

associated with the eigenvalues be D1 and D». A solution of the first order linear
equations in Equation (11.53) is given by the roots of the equation



det|[ M- AI|=0 (11.54)
where I is the unit matrix. The general solution of Eq. (11.53) is given by

5X:I'_‘1D|E’-A1I +f2D2E’.AQI (IISS)

where X stands for the column vector formed by dx and dy. This procedure can
easily be extended to nth order system of the form

= Fl XX =12, 3000

The nature of phase curves will depend on
the eigenvalues of the stability matrix I; and Ilp. However, the form of

eigenvectors determines the actual directions of the local phase flows. The
different possibilities are discussed in this section.
Case (i): [1 < Ip < 0- a stable node. As the eigenvalues are negative, the local

flow decays in both directions determined by D1 and Dy into the fixed point, as

illustrated in Fig. 11.6 (a).
Case (ii): [1, [ > 0—an unstable node. The local flow grows exponentially away

from the fixed point in both directions, as shown in Fig. 11.6 (b).

Case (iii): /1 < 0 < Ip—hyperbolic point or saddle point. One direction grows
exponentially and the other decays exponentially, as illustrated in Fig. 11.6 (c).
The incoming and outgoing directions are often referred to as the stable and
unstable manifolds of the separatrix, respectively.

Case (iv): M=—o+if, 4y =—a—if,(xp>0) —a stable spiral point. Since
the two eigenvalues 11 and 12 have the negative real part —a, the flow spirals in
toward the fixed points, as shown in Fig. 11.6 (d).

Case (Vv): h=a+if. p=a-if__ an unstable spiral point. Because of the
positive real parts, the flow spirals away from the fixed point (Fig. 11.6 e).

Case (vi): A ZI0 Ay =10 elliptic point or simply centre. As the two

eigenvalues are purely imaginary, the phase curves will be closed ellipses, as
shown in Fig 11.6 (f). This will be a stable equilibrium point.
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Fig. 11.6 Local phase flows for: (a) stable node; (b) unstable node; (c) hyperbolic point; (d) stable spiral
point; (e) unstable spiral point; (f) elliptic point.
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In the last three cases, whether the flow is clockwise or anticlockwise is
determined from Eq. (11.53) by setting dy = 0 and dx > 0. If 0¥ >0 the motion

is upwards and hence anticlockwise; if 0y < G, the motion is downwards, which
corresponds to clockwise motion.
The cases we considered so far have nondegenerate roots /1 and I>. When the

roots are degenerate, the general solution of Eq. (11.53) will be of the form

S . :Jlr
OX =[6 Dy + ¢, (D + Dyt)]e (11.56) The sign and nature of the eigenvectors
D1 and Dy decide the nature of the fixed points.

Case (vii): Dp is a null vector and Dq is arbitrary. The flow lines will be

independent, intersecting straight lines forming a stable star if | < 0 and an
unstable star if | > 0. These are represented in Figs. 11.7 (a) and 11.7 (b),
respectively.

Case (viii): Dy is not a null vector; the flow lines will be curved, forming a

stable improper node if | < 0, as shown in Fig. 11.7 (c) and an unstable



improper node if [ > 0, as shown in Fig. 11.7 (d).

Ay Ly
% :
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Ay 04
X X
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Fig. 11.7 Local phase flows for (a) stable star; (b) unstable star; (c) stable improper node; (d) unstable
improper node.

11.9 FIXED POINT ANALYSIS OF ADAMPED OSCILLATOR

To illustrate the fixed point method of analysis, we discuss the case of a damped
oscillator. The equation of motion of the damped harmonic oscillator is

i+ 2bk+ wpx=0 (11.57)

where 2b is the damping coefficient. Eq. (11.57) can be written as a pair of coupled
first order equations:

i=y (11.58)
y=— g_-]gx — 2by (11.59)
At the fixed point, * =" =Y. With this condition, from Egs. (11.58) and (11.59),

we have x = 0, y = 0. Hence, the only fixed point is xg = yg = 0. Writing the
coupled equations denoted by Egs. (11.58) and (11.59) in matrix form



d[x] 0 1 -’ [x
—| |= 5 I (11.60)
dr|y] |-y -2b]ly
The eigenvalues of the matrix are the roots of
A 1 . ”
3 =0 or A"+ 2bA+wy; =0 (11.61)
—-ay -2b-A4

Solving
A =—b+\b* -} Ay=—b—\b* - (11.62)

Depending on the values of A;, A; and @y, three possibilities arise:

Case (i):  b* > @} —Under this condition 4; < A, < 0. Hence, the fixed point
(0, 0) is a stable node.

Case (ii): b2 <a)02; A= ,7[; =—bh+ i,,‘mg — b% . Hence, the fixed point (0, 0) is
a stable spiral.

Case (iii): p? = m,%; Ay = A, =— b, whichis a degenerate case. The (0, 0) fixed

point then corresponds to a stable improper node.

11.10 LIMIT CYCLES

Apart from the simple fixed points (equilibrium points) in the linear stability
analysis, a dynamical system may exhibit other type of stable solutions. These
are the limit cycles that are characterized by periodically oscillating closed
trajectories. A system exhibiting such a feature is the Van der Pohl oscillator

¥—b(l—x")i+wox=0 (11.63)

which may be transformed into the following two-coupled differential equations
of first order:

X=y (11.64)

y=b(1—x)y - aix (11.65)

This has a fixed point at (x, y) = (0, 0), which will be an unstable node if



-

Lraady and an unstable spiral point if Qe

. (Problem 11.2). Considering
the unstable spiral point, as x and y increase, the nonlinear term —bx2y dominates
in Eq. (11.65), which suggests a decay back to the origin. That is, trajectories far
from the origin move inwards. By continuity there must be at least one solution
that stays in the middle. This solution is the limit cycle of the system (See Fig.
11.8), which is a closed orbit encircling the origin. Solutions starting either
within or outside it are attracted to it but can never cross it. The exact shape of
the limit cycle has to be worked out numerically.

Z

Y

)

Q‘D 4
Limit cycle

Fig. 11.8 The limit cycle.

In a stable limit cycle or attracting limit cycle all the trajectories approach
the limit cycle, whereas in an unstable limit cycle or repelling limit cycle all
the trajectories move away from it. If one set of trajectories (inside or outside)
approaches the limit cycle and the other set moves away from it, the limit cycle
is said to be a semi-stable or saddle cycle.

WORKED EXAMPLES

Example 11.1 Find the possible fixed points of a damped pendulum with
damping force proportional to velocity. Discuss their stability.



Solution: The equation of motion of a damped pendulum is

2
d—f+zb@+§sin9=0 (i)
dt dr |

where 2b is the damping coefficient. Writing x for 8 and y for 6, Eq. (i) can be
written as

=y (ii)
. :
y=- 7 sin x — 2by (iii)

At the fixed points, =0, v=0. This gives y=0 andsinx=0o0r x=*nr.
Thatis, the fixed points are (x,, y,) = (xnz,0),n=0,1, 2....... From Eqgs. (ii) and
(iii), we have



ox =29y
5}'=—%cosx§x——2b§y

These equations can be written in the matrix form as

d [|_§ﬂ B [ b : ox
dt L(?}’J I-A%cos x, —2b|loy
The eigenvalues A; and A, of the matrix are the solutions of

-4 1

" =0 o A*+2bA+8
_TCOan —2b—-A4 [

cosx, =0

A=-b+ ’b2—§cosxn ﬁgz—b—quz—§cosxn

At the fixed points, (x,,_, yn) = [i (2;.! + 1)z, O]

Al=—b+,/bl+§ and  Ay=—b- 3;24.%

That is, 4, < 0 < A, which corresponds to a hyperbolic point. At the fixed points

(I”, yn): (x2n 7, 0)

/llz—b+’b2—§ and @:—b—,}bz—%

This leads to three different cases:

(iv)

(v)
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Fig. 11.9 Phase plane for damped pendulum for s,

Jp=hs=—Db+i IIE—JJE.
Case (i): b2 < g/l: / which corresponds to a stable

spiral point. To find the flow direction, on setting dy = 0 and dx > 0, Eq. (iv)

gives 07 <0 Hence, the flow direction is clockwise. The phase curve for this

case is illustrated in Fig. 11.9.

Case (ii): b2 > g/l: This condition leads to 17 < Ip < 0, which corresponds to a
stable node.

Case (iii): b = g/l: 'We have the degenerate case with I{ = Ip = -b
corresponding to a stable improper node.

Example 11.2 Consider the conservative nonlinear system of the coupled

equations of Voltera in connection with the growth or decay of population of two
species, one of which thrives on the other: x =x —xy and y=—y+xy

Discuss the possible fixed points, their stability and the nature of phase curve.
Solution: At the fixed points, x = y=0. Then x = xy and y = xy. Hence, x = y.

Substituting this condition in x = xy, we have x = x2 which means x = 0 or 1.
Then it is obvious that the system has two fixed points (x1, y1) = (0, 0) and (xp,

y2)
= (1, 1). From the given equations, we have §x=(1—y)8x—x8y



Sy=y8x+(-1+x)8y

In the matrix form,
ox| [1- Fc'i
4o " li=12 0
di|oy| | ¥ —l+x Lc?y
) .. ) 1 0 _
For the fixed point (0, 0), the stability matrix reduces to LU l] which has

eigenvalues A ==x1. Hence, itis a hyperbolic or saddle point. The eigenvectors

0
of the matrix corresponding to +1 and -1 eigenvalues are | ] and | l( ]

\0)
respectively. The general solution is then

(Ox (1 (0 )
La,J"-‘l Ln]f‘ ik u] (i)

where ¢; and ¢, are constants.

0 -1
For the fixed point (x5, v2) = (1, 1) the stability matrix reduces m{l U]

having eigenvalues A==i. Hence, the point (1, 1) is an elliptic point. The flow

direction can be obtained by setting dy = 0 and dx > 0 in Eq. (i). When this
condition is applied, we have & j»> 0. Hence, the rotation about the elliptic fixed

point is anticlockwise. The approximate phase portrait is illustrated in Fig. 11.10.
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Fig. 11.10 Phase portrait of the coupled equations of Voltera Example 11.3 Solve the nonlinear equation of

motion ¥ + px° =0 b = constant



which corresponds to the motion of a particle under a nonlinear restoring force.
Hence, show that the period is explicitly dependent on the energy, given that

a

_[ dx T

et =t 2a

Solution: Given equation is ¥ + px> =0, where b is a constant. (i) This equation

can be written in the form of a pair of coupled first order equations

x=y (ii)
y=-bx’ (iii)
Dividing Eq. (11) by (iii) and rearranging
yy+bx’i=0
i 4
afy o), (iv)
a2 4)
which is the first integral of Eq. (i). Since y=x, the constant can now be
identified as the total energy E. Then
.2 4 4
Bl g o g
2 4 { 4

dx dx

4 = L 4/ (V)
Jz{ﬂ,gf_] J2E—bx*/2

=

4



The classical turning point can be obtained by setting the potential energy to

b (4EY4
E when x=0. That is, T=E or Jc:i'L? .

Integrating Eq. (v) and introducing a factor of 2 to take care of a full cycle, the
period

T_g(@f)” .
) o) y \2E —bx* /2
A

Writing a* =\J4E/b

ro 22 J- x 42 J dx
Vb X \fa‘i - Vb s Jat - x*
Substituting the value of the integral
sz m 22
Vb 2a  a\b
Replacing a
r=_2%,
(bEY"*

That is, the period is explicitly dependent on energy.

REVIEW QUESTIONS

1. Explain integration of linear second order equations by the method of
quadrature with the help of an example.

2. What is a phase curve? Illustrate diagrammatically the phase curve of a simple
harmonic oscillator.

3. Explain the phase portrait of a damped oscillator.

4. With the necessary diagram, explain the phase portrait of a pendulum.

5. The existence of a constant first integral provides a definite geometrical
constraint on the phase flow. Substantiate.

6. Draw the phase curve of a simple pendulum and match it with the curve



representing the potential.

7. Explain how an approximate phase portrait is built up for nonconservative
systems.

8. Explain the following with the local phase flow curves: (i) stable node (ii)
unstable node (iii) hyperbolic point (iv) stable spiral point (v) unstable spiral
point (vi) elliptic point.

9. What are (i) stable stars (ii) unstable stars (iii) stable improper nodes
(iv) unstable improper nodes?

10. Outline the fixed point stability analysis of the damped linear harmonic
oscillator.

11. What are limit cycles? Distinguish between stable limit cycle and semi-stable
limit cycle.

PROBLEMS

1. Discuss the fixed point analysis of a pendulum and show that the fixed points
are either elliptical or hyperbolic.

2. Investigate the Van der Pohl oscillator
equation

¥ —b(1-x?)x+wpx =0
and show that (x, y) = (0, 0) is a fixed point which will be an unstable node if
b* > 4e; and an unstable spiral point if 5% < 4¢f -
3. A one-dimensional system is described by the following equation of motion:
X+ox+Px+yx’ =0
Discuss the possible fixed points and their stability.
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Classical Chaos

At times, sudden and exciting changes in nonlinear systems may give rise to the
complex behaviour called chaos. Chaotic systems, although deterministic,
exhibit extensive randomness. Chaotic trajectories arise from the motion of
nonlinear systems, which are nonperiodic but still somewhat predictable. Such
complicated chaotic dynamics can be present even in deceptive simple systems.
The existence of chaotic dynamics in mathematics dates back to the days of
Poincare at the turn of the 20th century. However, only in the second half of the
20th century has the wide-ranging impact of chaos in the different branches of
physics been visualized. We shall discuss here some of the definitions, concepts
and results that are basic to the field of chaotic dynamics.

12.1 INTRODUCTION

Chaos describes the complicated behaviour of dynamical systems that lies
between regular deterministic trajectories and a state of noise. It is used to
describe the time behaviour of a system when the behaviour is aperiodic, that is,
when it never repeats exactly. Chaos shows up in systems that are essentially
free from noise and are relatively simple. The three major components that
determine the behaviour of a system are the time evolution equations, the values
of the parameters describing the system and the initial conditions. For example, a
small change in one or more of the initial conditions could completely alter the
course of the system, and the final outcome cannot be predicted.

The theoretical framework needed to describe chaos and chaotic systems is
beyond the scope of this book. However, certain qualitative features will be
developed without introducing serious mathematics. The description of the
behaviour of the system will be described under phase space or state space.



12.2 BIFURCATION

Bifurcation means splitting into two parts. The behaviour of dynamical systems
is influenced by the value of one or more control parameters (m). The control
parameters could be the amount of friction, the strength of an interaction, the
amplitude and frequency of a periodic perturbation or some other quantity. The
term bifurcation is generally used in the study of nonlinear dynamics to describe
the change in the behaviour of the system as one or more control parameters are
varied. The control parameter may suddenly change a stable equilibrium position
into two such positions, or a system initially at rest may begin to oscillate. The
phenomenon of additionally arising solutions or of solutions that suddenly
change their character is called branching or bifurcation. Bifurcation for the
logistic map function is discussed in Sections 12.3 and 12.5, and the diagram is
represented in Fig. 12.6.

If the behaviour of a system in the neighbourhood of an equilibrium solution is
changed, it is called a local bifurcation. If the structure of the solutions is
modified on a larger scale, it is called global bifurcation. In the simple systems
we study here, we encounter only the bifurcations generated by a single control
parameter.

12.3 LOGISTIC MAP

To understand the phenomenon of chaos, we consider a simple mathematical
model used to describe the growth of biological populations. If N is the number

of insects born at a particular time and Nq is the number that survives after one
year, the simplest way one can relate the two is to write N7 = AN (12.1)

where A is a number that depends on the conditions such as food supply, weather conditions, water, etc.
Suppose that A remains the same for the subsequent generation. If A > 1, the number will increase year after
year, leading to an explosion. If A < 1, the number will decrease and end up with extinction. To limit the
growth of population, we have to incorporate another term that would be insignificant for small values of N

¥
v

but becomes significant as N increases. One possible way is to add a term of the type Y0 where Bis very

small. The effect of this term should be to decrease the population. In such a case Eq. (12.1) becomes



N,=AN,-BN;  B<<A (12.2)

The number in the subsequent years then changes as follows:

N, = AN, — BN; (12.3a)
Ny = AN, - BN} (12.3b)
In order to have N,,, 1 > 0, N,, cannot exceed a value, say N,,. That is,
5 A
ANmax - BNmax 2 or Nmax S E (12.4)
Let us introduce a new variable Xn defined by
NH'
X = T (12.5)

It means that x;, is the population in the nth year as a fraction of Npgx. It is

obvious that the value of x is in the range 0 1. With this definition, Eq. (12.2)
Xn + leax = Arermax - B(Jf” Nmax)z

A

gives =Ax,N_, — (x,N_..)*

Xns1= A.‘C” (1= IM) =.JrA(-r) “26)

where Eq. (12.4) is used. Eq. (12.6) is an important one as it played a crucial role
in the development of chaos. The function fA(x) is called the iteration function

since the population fraction in subsequent years can easily be obtained by
iterating the mathematical operations as per Eq. (12.6). The plot of the function
fa(x) versus x for four values of the parameter A is illustrated in Fig. 12.1. In the

figure the diagonal line is the plot of fao(x) = x.
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Fig. 12.1 Function fx (x) versus x for various values of A.

Since the environment represented by the parameter A remains a constant over
a period of time, we expect the value of population fraction x also to settle down
into some definite value. This value of x may change gradually if A changes
gradually. Hence, if we start with some value of x(

x1 =fa (xp) x2 = fA (x1) x3 = fa (x2), (12.7) The function fa (x) is
therefore referred to as the iterated map function or the logistic map
function.

The nonlinear equation, Eq. (12.6), is a parabola since it is in the form
y=bx-— cx?. The maximum value exceeds unity if A > 4. If A < 1, xq, xp,..., tend

to zero, which means the population is heading towards extinction. Hence, we
need consider only the range of values 1 <A < 4.
The successive terms x1, xp, x3,... generated by this iteration procedure is

called the trajectory or orbit. The first few points of a trajectory depend on the
starting value of x. The subsequent behaviour is the same for almost all starting

points for a given value of A. An x-value, called x", defined by the condition
xy = f(xy)

is called a fixed point of the iterated map. The subscript A to X" is to indicate



that it depends on A. The fixed point "+ means that successive iterations are

expected to bring x,,+1 closer and closer to the limiting value *+ and further
iterations produce no additional change in xp. For the logistic map, the fixed
points can easily be determined by solving the equation

x*zAx*(l—x*) or x*(Ax*—A+l):0

-3 * l
x,=0 and X4 =1—I (12.8)

That is, in general there are two fixed points in the range 0 < x < 1. For

A<1,x1 =9 45 the only fixed point in this range. However, for A > 1, both the

fixed points fall in this range. In Fig. 12.1, whenever the f4 (x) curve crosses the

diagonal line, the map function has a fixed point.
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Fig. 12.2 Representation of the iteration in Eq. (12.6) starting from x( = 0.8 and A = 0.6.

Next we shall see how a trajectory that starts from some value of x different
from zero approaches zero if A < 1. Fig.12.2 gives the graphic representation of
the iteration map starting from xg = 0.8 with A = 0.6 . From the starting value of

x( = 0.8 on the x-axis, draw a vertical which meets the f4 curve. The intersection
value determines the value of xj. From the intersection point, draw a line
parallel to the x-axis to the diagonal. Directly below this intersection point is x1

on the
x-axis. From the intersection point on the diagonal, draw a vertical to the fa



curve. The resulting intersection point on the fo curve determines xy (see Fig.

12.2). Continuing this process we approach the final value x = 0. In general, we
conclude that if A < 1 the population dies out, that is, x 0 as n increases.

Next, we shall consider the situation when A > 1. Fig.12.3 illustrates the plot
of fA (x) against x along with the diagonal line and the trajectory starting at

x = 0.08. From the figure we see that the trajectory is heading for the fixed point

oy =LA . It may be noted that all trajectories starting in the range

0 < x < 1 approach this same attractor (refer to Section 12.4). It may also be

noted that for A > 1, X" = 0 has become a repelling fixed point since trajectories
starting near x = 0 also move away from the value. In Figs. 12.4 and 12.5 we
have plotted fa (x) versus x for A slightly less than 3 (A = 2.9) and for slightly

greater than
3, respectively. In the case given in Fig. 12.4 (A < 3) a spiralling of the

trajectories on to a stable fixed point X is noticed, whereas in Fig.12.5 (A > 3) a

spiralling away of the trajectories from an unstable fixed point X" takes place.
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Fig. 12.3 Graphic representation of the iteration procedure with A = 1.9 and x( = 0.08 leads to

x =047,
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Fig. 12.4 Graphic representation of the iteration procedure with A = 2.9 and x( = 0.08. Note the spiralling of

the trajectories on to the stable fixed point b E=hio
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Fig. 12.5 Graphic representation of the iteration procedure with A = 3.2. Note the spiralling away of the

S
trajectories from the unstable fixed point x .

From what we have seen, for a stable fixed point A must satisfy the condition
1 <A < 3. Such a fixed point constitutes an attractor since values of x; iterate

toward it. When A is slightly greater than 3, it is noticed that the trajectory does

not settle down to a single attracting value but alternates between the two values
or attractors.

xp = 0.559 and xp+1 = 0.764 (12.9) This is often referred to as

period-2 behaviour. In other words, at A = 3
a period doubling bifurcation occurs. The point at which the bifurcation
takes place is called a critical point. For the parameter A = 3.5, a double



bifurcation corresponding to a fourfold cycle involving the four attractors
occurs.

Xp =0.501 X, + 1= 0.875 x, + 2 = 0.383 xp, 4 3 = 0.827

As A is increased there is an eightfold cycle for A = 3.55, a sixteenfold cycle
for A = 3.566, ... This continues until the value.
A = 3.5699456 (12.10) called the Feigenbaum point is reached.
Beyond A, the behaviour becomes chaotic. Fig. 12.6 is a plot of x against A
which illustrates the bifurcations. These are sometimes referred to as

Feigenbaum diagrams. For values of parameter
A beyond A, successive x;, terms generate all possible random values. In

this chaotic region, two points that are initially very close generate
successive sequences that do not remain near each other. As a
consequence, the region in the (A, x) plane beyond A is extremely densely
populated. That is, we have an attractor of an infinite set of points. Another
interesting property of the diagram is the presence of nonchaotic windows
embedded in the chaos. Odd cycles (e.g.,3 cycles) also appear in the
chaotic regime.

1.0 —

X
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Fig. 12.6 Bifurcation diagram for logistic map function.

12.4 ATTRACTORS

In the section on logistic maps (Section 12.3), we have seen that (i) if A < 1, all
trajectories starting in the range 0 < x < 1 approach the fixed point zero, (ii) if



A > 1, trajectories starting in the range 0 < x < 1 approach the same fixed point

x,=1=(V . . . .
H L -'*}. Such a fixed point constitutes an attractor since the values of xp

iterate toward it. In general, the attractor is that set of points in phase space to
which the solution of an equation evolves long after transients have died out. As
an example, consider the state of the damped harmonic oscillator

d*x  dx

Ez"*bg”“ﬁx:“ (12.11)

The phase space variables specifying the state of the oscillator are the position

x and velocity v = (dx/dt). Any initial condition eventually comes to rest at the
point (x, v) = (0, 0), which is the attractor for the system. Here the attractor is a
single point.

In a dynamical system, if trajectories originating from starting values of the
parameter x between 0 and 1 approach the final value, say x = 0.47, then that
point is called the attractor for those orbits. The interval 0 < x < 1 is called the
basin of attraction for that attractor since any trajectory starting in that range
approaches x = 0.47. In Section 11.10, we considered a system in which the
initial conditions start the motion on a trajectory that does not lie on a stable path
but that evolves towards a stable orbit in phase space called a limit cycle. The
limit cycle is an example of an attractor. For chaotic systems, the attractor can be
geometrically much more complicated.

If the attractor is a fixed point, we say its dimensionality dg is O since a point

is a 0-dimensional object in geometry. If the attractor is a line or a simple closed
curve, its dimensionality dg = 1, since a line or a curve is a 1-dimensional

object. Extending this nomenclature, a surface has a dimensionality da = 2, a
solid volume a dimensionality dg = 3. We can have hypervolumes of higher

dimensions also. The dimensionality of an attractor gives us an idea of the
number of active degrees of freedom for the system.

In nonlinear dynamics there is a different type of attractor, called strange
attractor, whose dimensionality is not an integer. A familiar example is the one
associated with the logistic map (Section 12.3) in the region where the parameter
A > 3.5699. In that region the map becomes the chaotic occurrence of a strange
attractor in a dynamical system, which is an indication that the system is chaotic.
Hence, strange attractors are also called chaotic attractors.



12.5 UNIVERSALITY OF CHAOS

In the section on logistic maps (Section 12.3) we discussed the basics of the
period doubling route to chaos. From a study of period doubling, Feigenbaum
discovered that there might be some universality underlying the phenomenon of
chaos. He studied the bifurcation diagram for the logistic maps of the two
functions

Xow1=Ax (1 —x) (12.12)

and,
X, 41 = B sin(mx,) (12.13)

and found the same rate of convergence for both the maps.

To understand more about convergence and other details, let us consider the
logistic map equation, Eq. (12.12), which is the same as Eq. (12.6). A portion of
the bifurcation diagram of the logistic map in Fig. 12.6 is reproduced in
Fig. 12.7. In the figure, A is the parameter value where period-1 gives birth to

period-2, Ay is the value when period-2 changes to period-4, and so on.

Denoting the parameter value at which period-2" is born by Ay, let us examine

A= Ay
Aﬂ+i & Aﬂ
Feigenbaum found that this ratio is approximately the same for all values of n.
Surprisingly, for large values of n this ratio approached a number, called

Feigenbaum d, that was the same for both the map functions defined by Egs.
(12.12) and (12.13).

8 = lim 8, = 4.66920161 (12.15)

n—3

the ratio &, = (12.14)

Later, he was able to establish the same convergence ratio for the iterated map
function that has a parabolic shape near its maximum value.
As part of the numerical investigation of mapping functions, Feigenbaum

introduced the Feigenbaum a by the relation
d
o= lim 1= 2.5029 (}2 }f)J
n—=320 Lptl ’

where d,, is the size of the bifurcation pattern of period 2 just before it gives

birth to period 2 * 1 (see Fig.12.7). The ratio involves the d’s for the



corresponding parts of the bifurcation pattern. The theory leading to the number
2.5029 applies only in the limit of higher order bifurcation. The agreement with
experiment is therefore only to be expected.

0.9

A, 4, A,
3 3449 3544

Fig. 12.7 A portion of the bifurcation diagram for the logistic map function given in Eq. (12.12).

0.3

Subsequently, universality has been discovered in other nonlinear systems
also. It may be mentioned here that these features do not hold good for all
nonlinear systems.

12.6 LYAPUNOV EXPONENT AND CHAOS

So far we have been discussing chaos in a qualitative way. In this section, a
method of quantifying the chaotic behaviour is introduced. Consider a one-
dimensional state space and let xj and x be two nearby points. Let xq(t) be a

trajectory that arises from the point x( while x(t) be one that arises from x. The
distance between the two trajectories s = x(t) — xq(t) (12.17) grows or

contracts exponentially in time. The time rate of change of distance between the
trajectories is



§=X—Xg
The time development equation be

X0 =f(x) Xo (1) = f(xp)

By a Taylor series expansion

f)= flxy)+ d”):i(:) (x = x,) + higher order terms
0
Neglecting higher order
) . df (x
i) = i)+ LY x-x)
dx |
jzm (= xg) = df (x) S
dx |, dx |y
Writing
d
Al
dx x=0
ds
— = Adt or Ins = Af + constant C
§
s=CeM
Since the constant C=st=10]

s()=s(t=0) e

(12.18)

(12.19)

terms

(12.20)

(12.21)

(12.22)

(12.23)

(12.24)

That is, the distance between the two changes exponentially with time. If [ is
positive the two trajectories diverge, and if | is negative the two trajectories
converge. For | > 0, the motion will be chaotic, and Lyapunov exponent [
quantifies the average growth of an infinitesimally small deviation of a regular

orbit arising from perturbation. For t >> (1/]), chaos is appreciable.

In species with two or three dimensions, we may define Lyapunov exponent
for each of the directions. If the system evolves by an iterative process instead of

a temporal process, then Eq. (12.24) assumes
s(n) = SDEHA (12.25)

form

where n is the number of iterations and the exponent / is now dimensionless.



12.7 FRACTALS

In Fig. 12.7 we note that the lower section between Ay and A3 looks like the
region between Aj and Ap when the parameter axis between Ay and A3 is

expanded by a factor d and the vertical axis for that region is expanded by a
factor a. The upper portion requires a different degree of magnification. A
geometrical structure having this replicating behaviour under magnification is
said to be self-similar. Such self-similar objects are referred to as fractals since
their geometric dimension is often a fraction, not an integer.

The geometrical construction of a fractal is based on a simple iteration rule

that is applied repeatedly. In the limit of infinite number of iteration steps, the
fractal arises. We shall consider two of the familiar examples, the Cantor set and
the Sierpinski gasket.
Cantor set: Consider a line segment, remove its middle third and get two line
segments. Then remove the middle third in each of these two line segments to
get a total of four. When this procedure is continued infinite times, there arises a
series of dots with characteristic spacings, which is called the Cantor set. The
formation of the Cantor set is illustrated in Fig. 12.8. At various stages in its
generation, the set is self-similar since magnification of the set at the latter stages
of generation have the same appearance as the set itself at the earlier stages of
formation.

Fig. 12.8 The iterative construction of the Cantor set.

Sierpinski gasket: An equilateral triangular area forms the basic element of the
Sierpinski gasket. The iteration rule is to subdivide each triangle into 4
congruent parts and remove the central one. Its self-similarity is obvious. Fig.
12.9 illustrates the iterative construction of the Sierpinski gasket.



Fig. 12.9 Iterative construction of the Sierpinski gasket.

Fractal Dimension A number of methods are available for
determining fractal dimension. However, no method is foolproof.
Fractals and their dimensionalities play a crucial role in the
dynamics of chaotic systems. For ordinary objects such as smooth
curves, areas and volumes, the dimension is obvious as it coincides
with visual conception. However, fractals behave differently. To
start with, let us consider the dimensionality dr, in ordinary

Cartesian or Euclidean space. In one dimension, consider a line
segment of length q¢ divided into a large number of equal smaller

parts, each of length a << gg. In two dimensions, it is the
subdivision of a square of side ag into many equal smaller parts,
each of side a. In three dimensions, a cube of side ag is subdivided
into number of equal cubes, each of side a << gg. Denoting the
total number of smaller parts by N (a), we have



dg
N (a) ={“‘%) (12.26)

For the cases we considered above, it is obvious that dg = 1, 2 or 3, respectively.
From Eq. (12.26) we have

_In N(a)
-~ in(%)

B In N(e) B
= n (}’;) e= a/au (12‘2’”

dg

This formula for the dimension dris found to be applicable for fractal dimension
dp also. Sometimes, fractal dimension is also referred to as capacity dimension
or box dimension. The fractal dimension dg is then given by

d I InN(e) .. InN(g,)
— m -——-= 1m —
F e In (};) n—e [n (};) (12.28)

Here, in general, the number N((E) depends on the box size (E.
As an example, we shall evaluate di for the Cantor set. For the Cantor set,

after the first division, the length a1 = ag/3 = a0/31, ap = agp/9 = a0/32, agz =

ap/27

= a0/33, and so on. After the nth division a;,, = ag/3"™. After each subdivision, the

number always doubles. Thus, N(ag) = 1, N(a1) =2 = 21, N(ap)=4= 22, N(a3)

= 8 = 23, and SO on. Consequently,
g Tl M2

= =0.6309 (12.29)
N

For the Sierpinski gasket

P T o B B (12.30)

a0 in2" In2
All fractals are not similar. The self-similar objects form a simple class of
fractals. In a different class of fractals, called self-affine fractals, their self-
similarity is apparent only if different magnification factors are used in different
directions. The fractal set generated by stochastic processes are referred to as




random fractals.

12.8 ROUTES TO CHAOS

Having understood the basics of chaos, we can now try to discuss the following
routes or transitions to chaos: (i) Period doubling (ii) Quasi-periodicity (iii)
Intermittency (iv) Crises.

More routes to chaos are undoubtedly there and more will undoubtedly be
recognized when we learn systems with larger number of degrees of freedom.
An experimental system may change its behaviour from regular to chaotic as the
control parameters of the system are slowly changed. A given system may
exhibit different types of routes to chaos for different ranges of parameter values.

Xn+1=Axpn(1 —xp) 0 <x<1 (12.32) where A is an adjustable

parameter. We have seen that for small values of A all iterates converge on
to a single limit point. This behaviour continues till A reaches the value 3.
At A = 3 a period-2 bifurcation occurs. As A is increased further, the
period-2 bifurcates into a period-4 cycle ( A = 3.5) which subsequently
bifurcates into a period-8 cycle (A = 3.55), and so on. The values at which
bifurcations occur become closer, converging to a critical value

A = 3.5699456. At this point the orbit becomes aperiodic. Beyond this

point the chaotic orbits, period-3 and other odd-period cycles start to
appear, giving rise to the long time chaotic behaviour of the system. For A
beyond the value at which a 3-cycle is born, each fixed point of the 3-cycle
bifurcates into a pair of fixed points, one stable and the other unstable.
Such bifurcations are called saddle-node bifurcations.

Driven nonlinear oscillators, Rayleigh-Benard instability of convective
turbulence, chemical reactions, etc. are some of the physical examples of period
doubling.



X, = (R + rsin@,f)cos @zt
X, = rcos @, (12.33)
X3 = (R + rsin@,r)sin @t

where wr and w; are the two angular frequencies. Eq. (12.28) describes the

motion on the surface of a torus whose larger radius is R and whose cross-
sectional radius is r. The angular frequency wg corresponds to the rotation

around the large circumference, while the angular frequency w;- corresponds to

rotation about the cross-section.
If the ratio of the two frequencies (w,/wR) can be expressed as a rational

fraction such as n/m, then the type of motion is called frequency-locked, since
an integral multiple of one frequency is equal to another integral multiple of the
other. In this case the motion will eventually repeat itself and they are usually
referred to as closed orbits. If the frequencies are not related rationally, the
motion never exactly repeats itself. Such orbits are usually termed quasi-
periodic. Thus, a single orbit will eventually cover the torus uniformly. Under
certain circumstances, if the control parameter is changed further, the motion
becomes chaotic. This route to chaos is sometimes referred to as the Ruelle-
Takens route since its theoretical possibility was first suggested by them in 1971.

In the quasi-periodic process, as the control parameter is changed one might
expect a long sequence of different frequencies as a mechanism for producing
chaos in the system, as Landau had proposed such an infinite sequence of
frequencies as the mechanism for producing fluid turbulence. However, at least
in a number of cases it has been found that the system becomes chaotic instead
of introducing a third distinct frequency for its motion.

The quasi-periodic process involves competition between two or more
independent frequencies characterizing the dynamics of the system at least in



two different ways. In one, a nonlinear system with a natural oscillation
frequency is driven by an external periodic force and the competition is between
these two frequencies. In the other, spontaneous oscillations develop at two or
more frequencies as some of the parameters of the system is varied. In this case
we have competition among the different modes of the system itself. In both
cases, as these frequencies compete with each other the result may be chaos.

Some of the physical systems that display the quasi-periodic transition from
regular to chaotic behaviour are the periodically perturbed cardiac cells,
periodically driven relaxation oscillators, turbulence in a fluid flow confined
between two coaxial cylinders with the inner cylinder rotating, etc.

Intermittency occurs whenever the behaviour of a system switches to and fro
between two qualitatively different behaviours, even though all the control
parameters remain constant and the external noise is absent. Though the system
is described by deterministic equations, switching behaviour is random. Two
types of intermittency are important. In the first type, the system’s behaviour
seems to switch between periodic and chaotic behaviours. For some control
parameter value, let the behaviour of the system be predominently periodic with
occasional bursts of chaotic behaviour. As the control parameter value is
changed, the time spent being chaotic increases till finally the behaviour
becomes chaotic all the time. As the parameter is changed in the opposite
direction, the time spent in the periodic state increases and at some value the
behaviour is completely periodic throughout. In the second type of intermittency,
the system’s behaviour seems to switch between periodic and quasi-periodic
behaviours.

A crisis is a bifurcation event in which a chaotic attractor and its basin of
attraction suddenly disappear or suddenly change in size as some control
parameter is adjusted. The type that disappears is called boundary crisis. The
sudden expansion or contraction of a chaotic attractor is called an interior crisis.
The appearance or sudden enlargement of fractal structure in a basin boundary is
called metamorphosis.

The behaviour of a system at a crisis event can be illustrated with the help of
Fig.12.6. In the figure, the bifurcation diagram suddenly ends at A = 4. The
chaotic attractor which is present for A values just below 4 disappears in a



boundary crisis.

The subject of chaos, as mentioned in the beginning, is introduced in a
qualitative way. It is hoped that what is needed for understanding the basics of
chaos has been conveyed.

REVIEW QUESTIONS

1. Explain bifurcation with the help of a diagram. What is period-doubling
bifurcation?

2. What is a logistic map? What are the fixed points of an iterated map?

3. Explain with an example the period doubling route to chaos.

4. What is a Feigenbaum diagram ? What are Feigenbaum d and a ?

5. Explain the concept of attractors in chaos. What is a basin of attraction? What
are strange attractors?

6. Write a note on fractals.

7. What is a Lyapunov exponent? How is it related to chaos?

8. Explain the quasi-periodicity route to chaos.

9. How are fractal dimensions determined?



Appendix A Elliptic Integrals

Elliptic  integrals of the  first kind are the integrals

¢ dx’ 2
e )
- = (A.1)
',:[J(l—x 2)(1-k%x'?)

An alternative form can easily be obtained from Eq. (A.1) by substituting

F(x, k)=

x' =sin@’ dx’ =cos @ d&’

8
6! dglr dg!
T . =.[ I LA2)
) cos@\1-k>sin2@ 41— k’sin’ ¢’
Thus, Egs. (A.1) and (A.2) are equivalent forms of elliptic integral of the first
kind. The inverse of the elliptic integral in Eq. (A.2) or Eq. (A.1) are the Jacobi

elliptic functions. To understand elliptic functions, write the elliptic integral in
Eq. (A.2) as

F(8,k)=

&
d ,
u= g (A3)
L\ 1- k2 sin? @

Evaluation of the integral in Eq. (A.3) for k = 0 gives

8
u:Jdﬂ’z @ =sin"! x (A.4)
0
The same result can also be obtained from Eq. (A.1), since when k = 0 the integral
is just the arc sin integral:
u=sin"' x=sin" sin@=@
sing=sin@=x (A.5)

Let us now consider the situation when k 1T 0. When k 11 0, the integral is not a
simple one. It will be a complicated function, called the elliptic function, denoted
as sn. In that «case, in place of Egq. (A.5) we have



sa(u, k)=sin@=x

(A.6)

There are other elliptic functions; for example, the one denoted as cn which is

defined by
cn(u, k) =cos 6

Elliptic integral of the second kind is
S Y
Eh=[ [F——5dv k<l
o 1=

)
E©,k)= [{I-k?sin’ 0’ dor

or its equivalent

where x = sin 8. The elliptic integral of the third kind is

!

(x n k)=
'{[(l+nx’2)\/(1— YO (1=K

Its equivalent is

[Te.n0= J' 49

o (1+ nsin 6‘)\/(1 k? sin? 6"

Again, x=sinf. Tabulated values of elliptic integrals are
mathematical handbooks.

(A7)

(A.8)

(A.9)

(A.10)

(A.11)

available in



Appendix B



Perturbation Theory

The majority of systems in classical mechanics, as already indicated, cannot be
solved exactly. Perturbation procedure is an approximation method for obtaining
solutions of such systems.

Hp.q)=H,(p,q)+eH,(p,q) (B.1)

where e is the perturbation parameter and is assumed to be <<1. For example,
the motion of the earth about the sun is an exactly integrable two-body problem.
However, in the case of Jupiter, the influence due to other planets and 16 moons
is not negligible and can be considered a small perturbation on the two-body
problem. The perturbation theory considers techniques for obtaining
approximate solutions to H in the form of exact solutions to Hpy plus some

corrections due to Hi(p, q). In other words, in the procedure the integrable

system plays an important role in solving the non-integrable system.
The basic idea of perturbation theory is to expand the solution x(t) in a power

series in e:  x(f) = xg(t) + exy(t) + Ex5(1) +... (B.2)

where x()(t) is the exact solution to the integrable part H(y and the corrections
x1(t), x2(¢),... are calculated by a recursion procedure. If e is very small, only a

few terms in the expansion in Eq. (B.2) will contribute to the value of x(t) and in
the limit e £ 0 only the integrable part of the problem remains. It may be noted
here that the series may not converge always even for a very small value of e. In
Eq. (B.2), the first, second, third and subsequent terms are respectively called the
zeroth order, first order, second order and higher order corrections to the
problem. To illustrate the procedure we shall apply it to some simple cases.



X’ +x—6e=0 (B.3)
where € << 1. The part
*Ex=0

can be taken as the integrable zeroth order problem since it gives x = 0 and —1 as
the two roots. Next, we shall consider a power series expansion of the form

oo

X=ay+aq &+ a2£‘2 +...= z a,&" (B.4)
n=>0

as the solution of the perturbed problem in Eq. (B.3), where @, is the zeroth
order root about which we are expanding. Substituting Eq. (B.4) in Eq. (B.3), we

have
@y + e+ a,& + .. +(ay + £ + 0, +..)—6£=0 (B.5)
Equating each power of € to zero we get
coefficient of £°: ag +ay=0 (B.6a)
coefficient of £ :2aya, + @, —6=0 (B.6b)
coefficient of £ :a? +2a,a, +a, =0 (B.6c)

Equation (B.6a) gives ap = 0 and —1, the expected zero order roots. From Eqgs.
(B.6b) and (B.6¢)
forap=0:a,=6,a,=-36

foray=-1:a,=-6,a,=36
Corresponding to these two sets, we have the two solutions
X = 68368 +... (B.7)
X, =—1—6£+36 +... (B.8)

In the limit € — 0, these solutions tend to the zeroth order values, as required.

Regular Perturbation Series for Differential Equation Consider
the first order differential equation

jx_;='x+£x2 0<e<<l (B.9)



with the initial condition x(0) = a. Expanding the solution x(t) in a power series
of the type in Eq. (B.2)

() = Xg (1) + Ex(t) + €215 (1) + o (B.10)
Substituting this expansion in Eq. (B.9)
.ifu + E.i'l + 82 jfz +..= (IU + £X + 82 Xa + ...)+ E(Iu + £X + szz +...)2

Equating the powers of &, we get

Power of £°- Xy = X (B.11a)
Power of gl:j;l =x + xg (B.11b)
Power of £2: &, = x, + 2x,%, (B.11¢)

The zeroth order part, Eq. (B.11a), gives
o
Yo

dt

Integrating and using the initial condition

xo (1) = ae' (B.12)
Substitution of this value of xy(f) in Eq. (B.11b)
M+ ae? (B.13)
dt
From Eq. (B.10), we have
x(0) = xo(0) + £x,(0) + £2x,(0) + ... (B.14)

Since x()(0) = a, the initial condition x(0) = a, will be satisfied by all values of e
only if x,; (0) = 0 for n > 1. With the initial condition x1(0) = 0, the solution of
the inhomogeneous Eq. (B.13) gives



x(t)=ae' (e - 1)

Substitution of Egs. (B.12) and (B.15) in Eq. (B.11c) gives

dxz 3 2.t
—~t=x,+2ae (e —-1)
i ?

Equation (B.16) when solved gives
x5(1) = adel(ef - 1)
Combining Eqgs. (B.10), (B.12), (B.15) and (B.17), we get
x(t)=aé' [l + ga(e =)+ &2a* (¢ —1)*]+...
which is the solution of Eq. (B.9).
which is the solution of Eq. (B.9).

(B.15)

(B.16)

(B.17)

(B.18)

Perturbed Harmonic Oscillator The differential equation

representing a harmonic oscillator is



— <+ x=0 (B.19)

Let a cubic perturbation act on the system. On including the perturbation, the
differential equation takes the form

2
i—j +alx— e =0 (B.20)
I

Again, assuming a solution of the type given in Eq. (B.14) and substituting it in
Eq. (B.20), we have

X+ &Fy + 2%, + & (xy + &x, + €xy) — (xy + £x; + €2x,)> =0 (B.2])

Equating the coefficients on both sides

coefficient of & gives: X, + a;gx(} = (B.22a)
coefficient of &! gives: X R =x (B.22b)
coefficient of € gives: X, + a)gxz = 3)‘33;1 (B.22¢)

The zeroth order equation denoted by Eq. (13.22a) has the solution
xo(t) = acos wyt (B.23)
for the initial conditions xp(0) = a and x, =0. Substitution of Eq. (B.23) in
Eq. (B.22b) gives
X+ &ngl = a° cos® @yt (B.24)
Since

4cos® @ =cos36 + 3cosb
equation (B.24) reduces to
3
X F aﬁxl = %(coﬂa)ot + 3cos @yt ) (B.25)

Equation (B.25) is a linear inhomogeneous equation whose solution is of the
form

a 3a®
32w}

X1 (1) = ay cos Wyt + sin Wyt — cos 3@yt + r. @ptsinw,t  (B.26)
oM



The non-periodic term t sin wot in the solution is because of the term 3 cos wgt

in Eq. (B.25), which is in resonance with the intrinsic oscillator frequency. This
can be avoided by expanding both the amplitude x and frequency w, which leads
to a well-behaved periodic solution for Eq. (B.22b). This procedure can be
continued to higher orders in¢ with the necessary corrections for eliminating
non-periodic terms. The procedure is quite cumbersome.
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10.

Answers to Problems

CHAPTER 1
(ax®  Byv? 2
V=- it il ¢ = constant
2 2 2
r’axz .
V=-— T+ ayz +b.xy2 + %} +c ¢ = constant
\

x(r)=%+mL;2(e_’l" —1) v(r)zi(l—e”ﬂ)

V(D) =vee WM x(t) =+ 0 1= WM | = constant
v(t)=vy - v‘ikr jz::z k = constant

x(t)=xy + vyt — k‘;‘iz + f;}:;

v(1) =f:;m(1 —cosar), x(t)=x + :—;— = sin it

v(t)= g x(t)= g

% +b



27

11. (i)m (i) ma’[3ka

f
3m

13.

CHAPTER 2

I. 6x10°N  13.54x10°m/s
2. () 2.72 (i) 7.4

5 g ™8 po Mmg
my+m, my + m,

6. R=26‘+";~’+29"‘ L =96 -9} +16k

. R:71+l3{;+15k V:2z—lij+2k

L =487 +24] - 50k
8. 10.66x 102 kgm/s;9.1eV

CHAPTER 3



. Ox=00880r—rsin@of  dy=sindOr +rcosf 60

X Sx+ 2 Sy

Fhm e T
- X2+ 5 Jx2 + 52

=Y Okt Oy, z=02

X +y xX“+y

=— o, f = Angles of the inclines

. O, =F,cos@+F;sinf=F,
Qg =—rF, sin@+ rF, cos@=rkFy

. O, =F,sinfcosg+ Fsin@sing+ F, cos@



Qp = F, rcosfcos¢ + F rcosfl sing — F rsinf
Qy =— F,rsinfsing + F,rsinf) cos¢

T mi‘—mré2+£2=0 mr0 + 2mr i@ =0
r

8. (i) m¥+kx=0 (ii) m¥+kx= A, sinwt

9. L=%(m1 +m2)5:2+mlgx+ng (a‘f—x},

m + my )X —(m —m = —(ml e
( 1 2} ( 1 2)g =0 km]"'szg

1. .
10. JL:gm(,o2 +p°9* + %)=V (p, ¢, 2)
aV d

A4 d, .. 9V _
o df(p«p) 50 m)+So=

(mp) mpé* + —

X fia  men  aag o3 1.2
11. L—Em(r +r°87 +r g sin H)—Ekr

mi — mrf® — mré}z sin?8 + kr=0

= (mrzé) —mr’@”®sinB cos@=0 = (mrzqi: sin’ 9) =0

dt dt

2

- szn sin 2o T=2v0 sin o
£ g
. . b
13. f£‘=§gsinﬁ, ¢=%, v={@) ! =length

1
14. L—_m]l{] H I =

5 my | 1767 + 5% + 241,66 cos (6 — ¢) ]

—myg(h +1, =l cosB)—myg (I, + 1, — ) cosB —1, cos @)

(my + m)I20+ mylil, ¢ cos(6 — @) + mylil,d” sin(0 — ¢)
+(m1 +mQ)gfl sin@ =0

Lo + Iy Bcos(B — @) — 1,67 sin(f — @) + gsing =0

where @ and ¢ are angles with the vertical.

1%

X



v _ 289 _|_2¢g
6. 9="3k-a) “"\3(r-a)

17. () L=ma’& (1—cos@)— mga(l+ cosé)
. 1., . p
iy @(l—cosB)+—6°sinf@—->-sinf=0
(i) €( ) 5 >
18. M, +(k +k)x —ke, =0 mi¥, + kx, —ky, =0

CHAPTER 4

. mx+kx=0

_ x:acosh[y_b)
a

3. mi—-mgsina+A=0, mb’-Ar=0, v=.glsina

(=]

- - b
_mgsino _[(4glsina
4. A= 2 v—( = J
6. (i) A =mg(2cosf-1) (i) #=60°

_ gi
" _exp(il +A,€)+1
4

A=mg(3cosd—1) hzga

A, and A, are Lagrange multipliers

oo

CHAPTER 5



~1? (2% 1

1. F(r) i LT + 3] L = angular momentum

12

I3

15
17;

2
., F(r)= % (az + l) L = angular momentum

(iv) T =2h 36m 6s

2

(i) €=0.0635; (ii) a=7880km,b=7848 km:
(i) €=0.473; (i) 19610.2 km; (iii) 3271.5 m/s

CHAPTER 6

. (i) e=0.1 (i)a=9596km (i) b=9548 km

(iii) T = 1h 56m 8s



—
0

11

13.
15

16.

17.

2
P Lz aerkeo

H(x, p,)=—+
% P)=7 +5

. Concentric ellipses
2 2
BBty Bo g L2 a?)
2ma 2m 2
y_ Pe 5 w, .
0=—, =ik ===, =—kz
mag Py in P:
2 2
H=Lr pﬁz+V(r)—£lo, L, — angular momentum
2mr 2m
D pi=P, 0i=q; ()pi=—Pyq;=—0;
Yes, FF'=q/Q

F=- (eQ — 1)!2 tan p + constant
[Q. P]=1
) Ly pyl=p: () [x, L)) =z

F, =—cos Pe™?

ad —bc=1

P _ P s P
B przm+mgcosl9~‘k(r~*rh) sz
Py =—mgrsinb mi’—mr@z—mgc058+k(r—rn):0

mrif + 2mr 0 + mgrsinf =0
ml*6 = mfzqﬁvl sinBcost —mglcost
pé = constant (for @, refer to Example 3.10)
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2 2 2
dw
o)) L (dWIJ + z(dWZJ + l [ 3] +V(r)={}:‘l=E
2m |\ dr r’sin*@\ d¢
W; = a0, W, = L/ O, &4 = constants

W, = szm(E Pyt ;- d

3. y=vy (A +t)sintx—%g(,31 +1‘)2 [, = constant

6
1dea
W=W(6)+W + W e O =
6
b
o, — s6)>
f(9)=(21051—( £ .y;coq ; —icxﬁ,-—EIMgIcosﬁ
| sin” & I
'9 s — Oy CG'%H
+
A= a‘% é[ qm H ¢
( - cmﬁ')cmﬁdﬁ' I f do
——y | —— +
% -[ f(8)sin* 6 ¥ ”’-[f(fi‘) ¥

¢ &

L=L,=1#1; #6,¢ y=Eulersangles
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n

I Ml
(16 -9 1
;=|—9 17 1
k | I 19
M M M
L= (b %) Ly =—(g% +¢) Ly =—(a* +b%)
3 3 3
Mab Mac Mbc
112=121=“‘T Li3=13=- 4 ILyy=1Iy=- 4

) L=ol,+ol, ]+olk
, 1
(i) I,=1,=0 (i) T=EI'“(02

M _ . 2 M 5 2 M 5 o2
L.=— (b +c¢ IL.,,=—(a"+c¢ IL.=—(a“+h
11 12( L) 27 12( ) 33 12( )
Ly=Ip=l3=1=ly=13=0

T=%I(qi’>2 sin26'+(5?2)+%13 (gﬁ?cos@+ w)z
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1. Translational moton @, = (; Vibrational motion @, = /k/ 4.

3. = (+V5)  wi=(3-\5)
2m 2m

1-45  1+45
2 2
i wzzg(ml"'mz)([l"'fz)
2myl, 1,
e
. [ 82y +m)? 1y +1,)* = dmy (my +my) log? |
2myl,l,
(i) @y =g/l @, =g/
2_8&m (1 1 g
=22 —4— =
0 my [51 52} e 1+
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10.
L1,
15,
14.
15;
16.
17.

18.

19,
20.

21,
22

23.

24.

25,
27,
29,

G KO

u=10.846 c
L4,=1208m
v=02c
=08
u'=0.8¢c
v=0.87c¢

MeV
c

p=1626.4

At=1.67 x107%s
v=05¢

0.512 MeV; 939.4 Mev
T =901.1 MeV
v=0.996 ¢

T=1.44 % 10+

v =0.866 ¢

v =0.866 ¢

m=2mgy; v=02866c

v =0.866 ¢; p=4.734 x 10722 kms™!

At=3%10%s

54.62 m
v=0.141 ¢

AT=2.18%107%s

v=0.553¢
_ Po
# 1—v?/c?

Am =4.44%10°kg

p =105 MeV/c u=10.9988 ¢
m = 1954 m, w=0,9999998 ¢

m=4.42x 10-%kg  2.208 x 1032 kg



32. T,=4.084MeV  E, =29.70 MeV

33. u=092¢
34. 199947 m

CHAPTER 11

3. (0, 0) - stable spiral if #> o /4
— stable node if 0 < f< a2/4
— saddle point if <0

(£+/-B/y.0)-stable spiral £<0,2|5> a2/4

—stable node £<0,2|8|< a2/4
—saddle point >0
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Action
integral, 79
principle, 157
Action-angle variables, 182, 183
harmonic oscillator, 184, 185
Kepler problem, 185-188
Addition of velocities, 262
Angular momentum, 7, 26
conservation, 7, 27, 28
rigid body, 197
Aphelion, 109
Apocentre, 109
Apogee, 109
Asymmetric stretching mode, 243
Asymmetric top, 203
Attractors, 330
chaotic, 331
strange, 331

Bending of light in gravitational field, 284
Bifurcation, 324, 325, 329, 330, 332



Body

angle, 204

cone, 213
Brachistochrone problem, 87



Canonical
equations of motion, 138
transformations, 142-145
generating function, 144
Cantor set, 334
Capacity dimension, 335
Central force, 98
Centre of mass, 24
system, 25, 123
Charged particle in a magnetic field, 13
Communication satellites, 115
Configuration space, 42
Conics, 109
eccentricity, 109
Conservative force, 8
Constraints, 39-41
holonomic, 39
non-holonomic, 40, 84
rheonomous, 40
scleronomous, 40
Contact transformation, 142



Coordinates
cyclic, 50, 141
cylindrical, 3
Coriolis force, 209, 210

D’ Alembert’s principle, 43, 44



Damped
oscillator, 309, 316, 317
pendulum, 318, 319
Degrees of freedom, 41
Differential scattering cross section, 119

Electromagnetic field tensor, 283



Elliptic
integral, 305, 339
point, 315
Ether hypothesis, 255
Euler’s
angles, 203-206
equations of motion, 211
geometrical equation, 8, 207
theorem, 48
Euler-Lagrange differential equation, 83



Feigenbaum
a, 331
d, 331
diagram, 329
Fermat’s principle, 156
First integrals of motion, 49, 50, 101
Force free motion of a symmetric top, 212-214
Four-vectors, 274-279
charge—current, 278, 279
four acceleration, 278
four force, 277
four velocity, 275
momentum, 276, 277
position, 275
Fractals, 333—-335
dimension, 334
Frames of reference, 1- 4
centre of mass, 25
cylindrical coordinates, 3
inertial, 5, 6
non-inertial, 6
plane polar coordinates, 2
spherical polar coordinates, 3,4

General theory of relativity, 283-286



Generalized

coordinates, 41, 42
kinetic energy, 47, 48

force, 45
momentum, 49
potential, 54
velocity, 42

G-matrix, 233

Gravitational mass, 6
red shift, 286

Hamilton—Jacobi
equation, 173, 174
method, 173-180
central force problem, 181
harmonic oscillator, 177
Hamilton’s
characteristic function, 175, 176
equations, 138, 139, 140
principal function, 174
variational principle, 78-81
Lagrange’s equations, 81, 82
non-holonomic system, 84
Hamiltonian of a system, 53, 137
relativistic, 269, 270
Heavy symmetric top, 215-219



Homogeneity

of space, 50, 51

of time, 53
Hyperbolic point, 314

Impact parameter, 119
Inertia tensor, 200, 201



Inertial
frame, 6
mass, 6
Infinitesimal rotation, 207, 208
Integrals of motion, 49,149
Integration of nonlinear equations, 304—-308
Ionosphere, 10
reflection of radiowaves, 10-12
Isotropy of space, 51

Jacobi’s
identity, 147
integral of motion, 141

Kepler’s laws, 101,102, 108-111
first, 108,109
second, 101, 102
third, 110, 111
angular momentum, 100, 101
central force motion, 100-105
classification of orbits, 103—105
effective potential, 103
law of areas, 101,102
precessing motion, 105
properties, 100-102



Kinetic energy
in generalized coordinates, 47, 48
of a rigid body, 199

Laboratory coordinate system, 122—124



Lagrange
brackets, 151, 152
fundamental, 152
multiplier, 84, 85
Lagrange’s equations, 44—47
from D’ Alembert’s principle, 44-46
from Hamilton’s principle, 81, 82
Lagrangian function, 47
relativistic, 268, 269
Larmor radius, 14
Law of gravitation, 111
from Kepler’s laws, 111, 112
Length contraction, 262, 263
Light cone, 271
Limit cycles, 317



Linear
conservation, 4, 6, 25
momentum, 4
stability analysis, 313-316
Logistic map, 325, 329
function, 327



Lorentz
gauge, 281
transformation, 258—-260
geometrical interpretation, 272, 273
space time coordinates, 258, 259
velocity, 261
Lorentz—Fitzgerald contraction, 263
Lyapunov exponent, 332, 333

Mass-energy relation, 267
Mass in relativity, 264-266
Maxwell’s equations, 279
invariance, 279-282
Michelson—Morley experiment, 255-257
Minkowsky four-space, 270
Modified Hamilton’s principle, 139
Motion of rigid bodies, 196-218
angular momentum, 197
Euler’s
angles, 203-206
geometrical equations, 207
kinetic energy, 199
moments of inertia, 198



principal
axes, 201, 202
moments of inertia, 202
products of inertia, 198
Motion under a force, 9-15
constant force, 9
time dependent force, 10
velocity dependent force, 12
Multiply periodic system, 183

Newton’s laws of motion, 4, 5
Non-inertial frame, 6
Nonlinear systems, 301, 302



Normal
coordinates, 236
frequencies, 236
modes of vibration, 236
Nutation, 218
angle, 204

Orbital transfer, 116-118

Pericentre, 109

Perigee, 109

Perihelion, 109

Perturbation theory, 341-345



Phase
curve, 308
curve and potential, 312-313
flow, 308
integral, 182



oscillator

damped, 309

harmonic, 308

pendulum, 311

plane analysis, 308-310

portrait, 308

of pendulum, 310-311

Plane polar coordinates, 2
Poinsots ellipsoid of inertia, 200
Point transformation, 142
Poisson brackets, 146-151

equation of motion, 148

fundamental, 146

in quantum mechanics, 157

integrals of motion, 149

invariance, 150, 151

properties, 147, 148
Poisson’s theorem, 149
Postulates of relativity, 258



Precession
angle, 204
of the perihelion, 285



Principal
axes, 201, 202
moments of inertia, 202



Principle
of covariance, 273
of equivalence, 258-284
of least action, 153-155
different forms, 155
Jacobi’s form, 157



Proper
length, 263
time interval, 275

Quadrature method, 302—-303

Rate of change of a vector, 208, 209
Rayleigh’s dissipation function, 56
Reduced mass, 100

Reflection of radiowaves, 10—12



Relativistic
Hamiltonian, 269, 270
Lagrangian, 268, 269
Rocket, 31-34
Routes to chaos, 335-338
crises, 338
intermittency, 337
period doubling, 336
quasi-periodicity, 336
Rutherford scattering, 119-122

Saddle point, 314

Satellite parameters, 113
Scalar potential, 279, 280
Scattering cross section, 118
Sierpinski gasket, 333, 334
Sleeping top, 219



Small oscillations
CO» molecule, 241-244

coupled pendula, 237-240

double pendulum, 246-247

normal coordinates, 236

normal modes, 235, 236

pendulum with moving support, 244-245
theory, 233-235



Space

cone, 214

curvature, 285
Space-like interval, 272
Space—time diagram, 270-272
Spherical top, 203
Stability matrix, 313-314



Stable
node, 314
improper, 316
spiral, 315
star, 316
Steiner’s theorem, 201
Symmetric stretching mode, 243
top, 203
Symmetry and conservation laws, 50-54



homogeneity
of space, 50
of time, 53
isotropy of space, 51
Synchronous satellites, 115
System of particles, 24-33
energy conservation, 29-31
kinetic energy, 28



momentum
angular, 26-28
linear, 25, 26

Time dilation, 263, 264
Time-like interval, 272

Torque, 7

Total scattering cross section, 119
Transfer orbit, 116



Transformations
canonical (see under Canonical) Galilean, 252-253
gauge, 280, 281
Lorentz (see under Lorentz) Two-body problem, 98-100
Universality of chaos, 331



Unstable
node, 314
improper, 316
spiral, 315
star, 316

Van der Pohl oscillator, 323



Variation
d-, 79
D-, 154
Vector potential, 279, 280
Velocity dependent potential, 54, 55
Vibrations of CO» molecule, 241-244 Virtual work, 42, 43

Voltera’s equation, 320



World
line, 271
point, 271
space, 270
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